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Foreword 



rniiK tremendous research and development effort that went into the 
X development of radar and related techniques during World War II 
resulted not only in hundreds of radar sets for military (and some im- 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. lieeause this 
basic material may l>e of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the siqier- 
vision of the National Defense Research Committee*, undertook the great 
task of preparing t hese volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office; of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead ami direct the entire 
pVOjeet. An editorial staff was then selected of those liest qualified for 
this type of task. Finally the authors for the various volumes or chapters 
mi sections were chosen from among those experts who were intimately 
familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work at 
MIT for six months or more after the work of the Radiation Laboratory 
ivas complete. These volumes stand an a monument to kUl nn.iip. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and the\ 
worked so closely together even though often in widely separated labora 
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. Hut to all those who contributed 
in any way to this great cooperativ e* development enterprise, both in this 
country ami in Knglaiid, these volumes are dedicated. 

L. A. DuMkiouk. 
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Preface 



Tin; wink OB Imk.iL'c computers d«W ib ed in this volume was carried 
out under the pressure of war. War gives little opportunity far the 
advancement of abstract knowledge; all effort* must be eoneentrated on 
meeting immediate needs. In developing terfmfrpiei far the design of 
linkage computers, the author has therefore been forced to OOIMXU tr«te 01 
linding practical methods far the design of computers rather than 00 
developing a unified and systematic analysis of the subject. The war has 
thus given to this work a special character t hat it might not otherwise have 
hud. 

The impulse to the development of the methods presented in this 
volume for the mathematical design of linkage eomputers grew out of a. 
collaboration of t he author with Me friend. Dr. Vladimir Valid. That col- 
laboration was begun in Trance in HMO, and was brought to a premature 
end by the progress of the war. Though them ideas and methods have 
largely l>ccn develo]x*d by the author since that time, hi wishes to 
emphasize that eredit for the initiation of the work is shared by Dr. 
Vancl. It must be mentioned also that the techniques described in this 
book were for the most part developed before the author became ;isso- 
eiated with the Kadiation Laboratory. 

The author wishes to express sincere grat it ude to I >r. II. ML .hones, the 
editor of this volume, who gave the book its present form, contributing 
many examples ami many improvements t o t he methods. iSco, ! 6*7, 6*8, 

(H5, 8-0.) 

The book would never have been completed in such a short time with 
nut the assistance of Miss ( onstancc D. Boyd, who read the manuscripts, 
and Miss Kliaabeth .J. Campbell, Mrs. Kathryn (i. Kowler, Miss Virginia 
Driscoll, and Miss Patrica J. Boland, w ho calculated the tables and drew 
nomograms. The author also wishes to thank Dr. I. Maddaus, Jr., for 
bibliographical research. 

The publishers have agreed that, ten years after the date on which 
each volume In this scries is issued, the copyright thereon shall be 
relitapiished, and the* work shall become part of the public domain. 

A. SVOHOU.N. 

PllAli \, < '/.Ki HOSMJV AM \, 

June, 1046. 
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CHAPTER 1 



INTRODUCTION 

1-1. Types of Computing Mechanisms. — Computing mechanisms 
may he divided into I WO distinct types: arithmct ieal computing machines, 
familiar to the layman through their common use in business offices, and 
continuously acting computing mechanisms and linkages that range in 
complexity from simple cams and levers to enormously complex devices 
for the direction of naval and antiaircraft gunfire. 

The arithmetical computing machines accept inputs in numerical 
form, usually <>n a keyboard, and with these numbers perform the simple 
arithmetical operations of addition, subtraction, mult iplieat ion, and 
division — usually by the iteration of addition and subtraction in counting 
devices. The results tire finally presented to the operator, again in numei 
ical form. In their simplest forms these machines have the virtue of 
applicability in a wide variety of computations, including those* requiring 
very high accuracy. Hy elaboration of these devices, as by the introduc- 
tion of punched-tape control, their possibilities for automatic o|>eration 
can Ih» greatly increased. Characteristic of their operation, however, is 
their production of numerical results by calculations in discrete steps, 
involving delays which are always appreciable and may l>e very large 
if the required calculation is of complex form. 

Continuously acting computing mechanisms an- less flexible and have 
less potential accuracy, but their applicability to the instantaneous or to 
(he continuous solution of specific problems even quite complex ones 
makes them of great practical importance. They may serve as mere 
indicators of the solutions of a problem, ami require further action by 
human agency for the completion of their function (speedometer, slide 
rule); or they may themselves produce a mechanical action functionally 
related to other mechanical actions (mechanical governors, automatic 
gunsight). 

Continuously acting computers fall into two main classes: funetion 
generators and dilTi h ntinl Ot|UpUoil solvers. Function generators pro- 
duce mechanical actions — usually displacements or shaft rotations — that, 
are definite functions of many independent variables, themselves intro- 
duced into the mechanism as mechanical actions. Simple examples of 
such mechanisms are gear differentials, t wo- and three-dimensional cams, 
slide multipliers and dividers, linkage computers, and mechanized nomo- 
grams. Computers <>f the second class generate solutions of some definite 

I 
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differential or integroditferential equation— often an equation that, 
involves functions continuously determined by variable external cir- 
cumstances. Klementary devices of this type are the integrators, eoin- 
ponent .solvers, speedometers, and planimeters. 

From these elementary devices one can build up complicated mecha- 
nisms that perform elaborate calculations. We may mention their 
application in gunsighUs, bombsighte, automatic pilots (for airplane*, 
submarine^ ships, and torpedoes), compensators lor gyroscopic com- 
passes, tide predic tors, and other robots of varied types. 

The present volume will deal only with the problem of designing con- 
tinuouslv acting computing mechanisms. 

1-2. Survey of the Problem of Computer Design.— Tl iere is no si t. 
rule or law for the guidance of a designer of complex mechanical com- 
puters. He must weigh against each other many diverse factors in the 
problem: the accuracy required; the cost, weight, volume, and shape ol the 
nimpiltl . | .;i!..i,irr!ia and delay in act ion j t he forces required to operate it; 
its resist ance to shock, wear, ami changes in weather conditions. lie must 
consider how long it will take to design the computer, how easily i1 can 
Uv hu i| t . | lo w easily it can be operated by a crew, whether suitable sources 
of power will be available, and so on. The complexity ol the theoretical 
Jim | practical problems is so great that two designers working on a given 
problem will never arrive at precisely the same solution. 

For practical reasons, a designer should be asked to find a computer 
that meets certain specified tolerances, rather than the beet possible 
computer for a given use. lie should know what, will be the maximum 
totaled error of the computer, the maximum cost, weight, and volume 
occupied the maximum number of operators in the crew, the maximum 
num | )er of scrvomechanisms allowed, and so on. Tolerances provide a 
convenient means for controlling the development of the compute r, and 
if established in a practical way- they ]>cnnit some freedom of choice by 
the designer. 

Choice of Approach to ih Design Problem.— Iho type of compute, to be 
built is sometimes indicated in the specifications. If not, the first task 
of the designer is to decide whether the computer is to be mechanical, 
electrical optical, or a combination of the*. At the same time that this 
important decision is made, the designer must weigh in his mind the path 
that his thinking will follow. There are t wo principal methods for design- 
ing a computer: the constructive method and the analytic 

The constructive method makes use of a small-scale model of the real 
system with which the computer is to deal. For example, a constructive 
antiaircraft fire-control computer might determine the elements of the 
lead t riangle by maintaining within itself and measuring the elements of a 
small model of this triangle. 
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In using the analytic method, the designer concentrates on the analyt ic 
relations between the variables involved. A relation between variables, 
such as 

l-sy + l (1) 

can be given mechanical expression in terms of displacements or shaft 
rotations, without regard to the nature of the quantity represented by the 
variables .r f t/, and z. Kor example, one may possess two devices t hat 
generate output displacements xy and x/y, resect ively, given input dis- 
placements x and t/. Combining these with a third device tor adding their 
output displacements, one can then produce a computer that , given input 
displacements a: and y } generates a final output, displacement, z having 
continuously the value specifi ed by Kq. (I). The computer is then a 
"mechanization" of Kq. (1), rather than a model of any special system 
involving variables .r t i/, and .: thus related. 

Computers designed by analytic methods consist of units ("cells") 
that mechanize fairly simple relations, so connected as to provide a 
mechanization of a more complex equation or system of equations. Tot- 
ally given problem a great variety of designs is possible. This variety 
arises in part from the possible choice among mechanical cells mechaniz- 
ing a given elementary relation, and in part from the variety ol ways in 
1 1 i i - 1 1 the relation between a given set. of variables can be given analytic 
expression. Thus, each of the equations 

z - f ff + j\ (2/>) 

zy - .r(2/ 2 + I), (2r) 

[all equivalent to Kq. (1)| suggests a different method of connecting 
mechanical cells into a complete computer. This flexibility in analytic 
design methods makes it possible to arrive at designs that a it in general 
more satisfactory mechanically than those obtained by constructive 
methods. 

In the present volume we shall be concerned entirely with mechanical 
computers designed by the analytic method. 

Block Diagram of (he Computer. — To each formulation of the problem 
in analytic terms there correspond* a block diagram of the computet 
In this diagram each analytic relation between variable.-, is represented 
by a square or similar symbol, from which emerge lines represent ing the 
variables involved; a line representing a variable common to t wo relatione 
will connect the corresponding squares in the diagram. In mechanical 
terms, each square then represents an elementary computer that estab- 
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lishes a specified relation bet w een the variables, and the* connecting lines 
represent the necessary connections between these elementary com- 
puters. By examination of block diagrams the designer will be able to 
M0 the principal virtues of each computing scheme: the complexity of the 
system, the working range of variables, the accuracy required of individual 
components, and so on. On this basis he can make at least a tentative 
selection of the block diagram to be used. 

Selection of Component* for lite Computer. — Know ing the accuracy and 
mechanical properties required of each computing element, the designer 
can select the elementary computers from w hich the complete device is hi 
be built. 

As an example of the diverse factors to be borne in mind, let us suppose 
that it is required to provide a mechanical motion proportional to the 
product of two variables, .V, and V A slide multiplier of average size 
will allow an error of from 0.1 per cent to 0.5 per cent of the w hole range 
of the variable; this error will depend on the quality of the construction 
— on the backlash and the elasticity of the system. A linkage multiplier 
will have an error of some 0.3 per sent due to its structure, practically no 
error from backlash, and a slight error due to elasticity of the system if the 
unit is well designed; the space required by a linkage multiplier is small, 
but its error cannot be reduced by increasing its m/,c. If these devices do 
not promise, sufficient accuracy, the designer must use multiplier- basin I 
on other principles. It is possible to perform multiplication by use of 
two of the precision squaring devices illustrated in Kig. 1*28, by connect- 
ing them in the way suggested by the equation 

XiX* - HXi + x*y - - (3) 

The error of such a multiplier may be as low as 0.01 per cent, but the 
system has an appreciable inertia. About the same accuracy is attain 
able by a multiplier based on the differential formula for multiplication, 

rf(A",.v 2 ) - XidXi + XtiTt; (4) 

this employs two integrators, and is commonly used when two quantities 
arc to be multiplied in a differential analyzer. This scheme is useful only 
when it is possible to allow a slow change in a constant added to the 
product A'i.W- a change which will result from slippage in the integra- 
tors, negligible for a single multiplication but accumulating with repetition 
of the operation. 

From this discussion it should 1*5 evident that there is no "best" 
multiplier. Similarly, other components of a computer must be selected 
with due regard for their special characteristics and the demands to Ik; 
made upon them. 

Mathematical Design of the System, — From the block diagram one 
should proceed to the mechanical design of a system through an intcr- 
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mediate step— that of establishing the 11 mathematical design" of the 
system. The mathematical design ignores the dimensions not essential 
to the nature of the computation to be carried out— diameters of shafts, 
dimensions of ball bearings, dimensions of the frame — but specifies the 
dimensions of levers measured between pivots and joints, the size of fric- 
tion wheels, tentative gear diameters and gear ratios. The proj>erties of 
this design should be studied carefully, because this usually leads to a 
change in some detail of the design, and sometimes even I o choice of a new 
block diagram. 

Final Steps in the Design. — From the mathematical design of the 
system one can proceed to the design of a working model. The elements 
of this model should be accessible rather than massed together, inexpen- 
sive, end quick to manufacture. If the performance of the working model 
is found to be satisfactory, the first model can be designed. Here the 
ingenuity of the designer must be used to the maximum. The parts of 
the mechanism must be arranged compactly to decrease space require- 
ments, weight, and the effects of elaslieiu and therm*] expansion, but 
they should not be massed in such a way that assembly is difficult, or 
repair or servicing impossible Sometimes division of the whole* computer 
into se\ era I independent parts is advisable Finally, I he computer can be 
built and tested against specifications. 

1-3. Organization of the Present Volume. It is not possible to dis- 
euss in one volume all elements of the problem of computer design. This 
book will dee! principally with bar-linkage computers— s|)ecifically , with 
the mathematical design of elements for such computers. Bar linkages 
are mechanically very satisfaetoty, and computers built from them have 
many important virtues, but the mathematical design of these systems 
is relatively difficult and is not widely understood. Theft are few stand- 
ard bar-linkage elements for computers; it is usually necessary to design 
the components of the computer, and not merely to organize standard 
elements into a complex assembly. It is hoped that the design methods 
to l>e described here will lead to their more general use. 

Bar linkages can be used in combination with the standard computing 
mechanisms, lor this reason, and tor 1 the contrast with the bar link- 
ages w hich are to be discussed later, this volume begins with a brief survey 
of some more or less standard elements of mechanical computers. ( ha|>- 
ter 2 is devoted to a general discussion of bar linkages. Chapter 8 
establishes terminology and describes graphical procedures of which 
extensive use w ill be made. Chapters I, 5, and (\ discuss, in order of their 
increasing complexity, bar linkages with OHO degree of freedom — gener- 
ators of functions of one independent variable. Chapter 7 indicates some 
mathematical methods of importance in bar-linkage design. Finally, 
Chaps. 8, ( .», and 10 develop methods for the design of bar-linkage gener- 
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a tors Df functions of two independent variables — a field in which bar 
linkages have very striking advantages. 

ELEMENTARY COMPUTING MECHANISMS 

The ranaimkr ol this chapter will give a brief survey of elementary 
computing mechanisms, or "cells," of more or less standard type. Dis- 
cussion of bar-linkage cells will be deferred to Chap. 2. 

1-4. Additive Cells. -"Additive" or "linear" cells establish linear 
relations between mechanical motions of the cell, usually shaft rotations 
or slide displacements. If these are described by parameters V lf A\», A' s , 
the cell will compute 

* A'i . AVI 0- M 

Here Q f Q', and C arei constants depending on the design ofthu cell and the 
choice of the zero positions from which X if X it and X* arc measured. By 
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proper choice ol* the zero positions, V can always be made to vanish; in 
what follows it will be assumed that this has been done. 

The hrrrf ,/rar diff< initial (Fig. 11) is a well-known linear cell for 
which all three parameters are rotations. The parameter A , is the rota- 
tion of the shaft Si from a predetermined zero position, A, = 0; the posi- 
tive direction of rotation is indicated by symbols representing the head 
ami tail of an arrow with this direction. The parameter A' 2 is the rotation 
of the shaft St from a similar zero position; .V, is the rotation from its zero 
position of the cage C carrying the planetary bevel gears G. The lero 
positions are not indicated in the figure. 

The equation of the beret-gear differentia] is 

.v :i ojji, i (uur* iii 

To derive this it is convenient to consider the value of A .» corresponding to 
given values of Ai and A a. Let us consider the differential to be originally 
in the position A, \ . \ ; -0. The parameters A , :in< I A'., can then 
be given their assigned values in two steps, the first a rotation of both the 
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shaft Si and the cage C through the angle A\ and the second a rotation of 
the shaft 8\ through an additional angle X\ — X*. In the first step the 
differential moves as a unit; the shaft 8% is rotated through the angle AV 
In the second step, the cage is stationary and the movement of the shaft 
Ni is transmitted to the shaft S- 2 w i 1 1 1 its sense of rotation reversed; the 
mtatton through angle Jfj — Xj of the shaft By causes rotation through 
A' 3 — A'i of the shaft <S 2 . The total rotation of the shaft S- 2 is then 
X| = A'a + (X| — Xi), from which Bq. (2) follows immediately. It is, 
of course, essential that all rotations be taken as positive in the same 
sense. 

It is remarkable that F.q. (G) is independent of the ratio of the bevel 
Hearing of the differential ; the essential characteristic of this type of 
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differential is thai the gearing of the cage transmits the relative motion of 
the shaft Si to the shaft 8% in the ratio 1 to 1 , but with revei-ed sense. It 
ia not necessary to use bevel gears in the cage to obtain this result; 
cylindrical gears can accomplish the same purpose. A cylindrual-yvar 
differential is shown in Fig. 1-2. This differential is equivalent to the 
common bevel-gear different ial, except in its mechanical features. It. is 
Hatter, and easier to construct in large numbers, but there is one more 
gear mesh than in the common type; there may be more backlash and 
more friction. It should be noted, however, that bevel gears are subject 
to axial as well as radial forces in their bearings, and that these may also 
increase friction. 

The sfH/r-arar diffi initial shown in Fig. \ '\ has only two gear meshes, 
and is quite flat. The planetary gears G in t heir cage C do not invert t he 
motion of the shaft Si when transmitting it to the shaft S if but can be 
made to transmit it at a ratio different from 1. The equation of this 
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differential is 

X a = OA', + (J - WAV (7) 

To prove this relation we can use the same method as before, IM U 
begin by considering the differential in the zero position, 

A , - Xi Aa = 0. 

Wc wish to find the value of A 3 corresponding to given A , and A'«. Wi 
introduce the angles A, and X > in two step , hi t turning both the shaft 
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l ui. 1-4. DifTeronti.il with axially displaced spiral gear. 

Si and the cage C through the angle A ,. and then the shaft S x through an 
additional A, - X 2 . In the first step the differential is turned as a rigid 
body; the shaft S 2 is also tamed through the angle A,. In the second 
step the shaft S% is turned through Q(X X - X 2 ); its total motion is 
X 3 - Xi + Q(Xi - Xo), in agreement with Kq. (7). 

If wc make Q = Q' = 0.5 by proper choice of the gear ratios, we can 
obtain a differential equivalent to the bevel-gear differential. The fact 
that the free choice of Q gives to this differential a larger field of applica- 
bility does not necessarily mean that this differential should l>c preferred 
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to those with Q = 0.5; it is convenient to use differentials with Q - 0.5 
as prefabricated standard elements. 

A differential with axially displaced spiral year is shown in Fig. 1-4. 
The parameter X% which measures the axial displacement of the spiral 
gear and the pin P*, is variable only within Unite limits. The mechanical 
structure of this differential is, however, much simpler than that of the 
differential! already mentioned, for which all parameters can change with- 
out limitation. The expiation of this differential is 

A :l - X, ±- 2 ™<Y,, . (8) 

where n is the number of threads per inch along the axis of the spiral gear 
on the shaft S t and m is the number of teeth on the gear with which it 
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meshes. The helical angle of the gear* should be at hast 45° for smooth 
action and small backlash. 

The differential worm <jearit«j shown in Fig. L-5 is used for the sumc 
purpose as the preceding different ial t especially H the range of values of 
X , corresponds to a large? fraction of a revolution of the shaft 8\ Of even 
to several revolutions of this shaft. The equation of this differential is 

A', - ± y A i | |;A\ (radians), 99 

where / is the number of teeth of the worm gear, m is the multiplicity of 
the threads of the. worm, and li is the radius of the worm gear. 

The .sign in Kqs. (8) and (II) dej>eiids on the sense of the threads of the 
spiral or worm gear. 

The screw differential shown in Fig. L-6 combines an Bade] translation 
X\ of a screw with a transhnion X% of the nut N with res]>eet to the screw; 



X, - X| + X* 



(10) 
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To obtain the tirst translation, the* pin I* on which the screw turns is 
displaced by X\. The rotation of the screw corner from the gear 6', which 
meshes with a cylindrical rack C and slides along it. The renl input. 




parameter of 1 lie different ial U DOt X », I > 1 1 1 tlie angle .V , t In ough which tbi 
rack is turned. The equation of the differential is then 

Xz Xi J kX 4 . (11) 
The sign depends on the sense of the screw; is a constant determined by 
the u^:ir ratio, the numl>er of threads per inch on the screw, and their 

multiplicit y. All three parameters of this 
dilTerential have constructh e limits. 

The Ml difftrmiidl (Fig, 1*7) nahm 

use of the inextensihility of a belting on 
several pulleys. In practice, chains 
st rings, and special cables are used as lielt s, 
The equation of the belt dilTcrent ial is 

Xi-C-OJUTt-CMUr* (12) 

A n^L^7 where C Si a constant depending on the 

T X 2 choice of zero points of the parameters. 

The tension in the belt must not fall 
below wro at any time; if it does, the belt, 
will sag and the equation of the differential 
will not hold. To obtain positive action in the direction of increasing .Y :i , 
it is necessary to preload the belt by put t ing a load on the output pullej — 
for instance, by a spring that can exert a force huge enough to produce the 
desired action. The maximum driving force required for this differ- 
ential will then be about, twice the force necessary to operate it without 

preloading. 

The loop-hell differential (Fig. 1-8) luus the belting in the form of a loop 
v\ith length independent of the position of the pulleys. The lielt can then 
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be preloaded (turnbuckle D) without adding to the driving force of the 
dilTerential, except by the increased friction in the bearings. 
Hell differentials are some- 
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times used to add a large number 
of parameters; they are easily 
combined in btttorilH. as indicated 
schematically in Fig. I \). In such 
an arrangement the parameter A\ 
may have so large a range that it 
is impractical to use a slide as the 
output terminal. It is better 
practice to use a drum (dashed 
line in Fig. 1 10 OB which the belt is wound on and at the same time 
wound olT. To prevent slippage, the belt should make many turns on the 

drum and be fastened to it ; a chain 
on chain sprockets may also be used 
as the belt. 

The above enumeration docs not. 
exhaust the possibilities for linear 
mechanical cells; there are many 
variants the use of which may be 
dictated by sj>ecial circumstances. 

As a rule, when a differential is 
used in a comput ing mechanism, t\v»> 
of its members (t he input terminals) 
are moved by external forces; this 
results in movement of a third mem- 
ber (the nut put. terminal) which is in 
turn required to furnish an appreci- 
able force. If different ials were fric- 
tionless, any two of their three 
terminals could be used as input 
terminals. In reality, only a few of 
the differentials described here have 
complete intcrchangeability of the 
terminals. For instance, with the 

-new differential iFig. 1-6) it bim- 

possible to him A., M the output 
parameter if the helical angle of the screw is so low that self-locking of the 
nut on the screw occurs; it is possible to use A', as an output parameter, 
and, of course, also X*. With the dilTerential worm gearing of Fig. 1*6, 
JTj is an impracticable* output parameter. 
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1«6. Multipliers. — Multipliers are computers that establish between 
three parameters a relation 

Ui - Xi< A' 2| (IS} 

where ft is a constant that depends on the type oi' multiplier and on its 
dimensions. 

The action of the didv multiplier shown in Fig. 110 is based on (he 
proportionality of the sides of two similar triangles. These are triangles 
with horizontal bases, and vertices at the central pin shown in the figure: 




I hi. 110. Slide multiplier. 



the hrst has a base of length It and altitude X u the second a. base of length 
V . and altitude \ A , 'Thus 




(14a) 



or 

RX* XiX*. (146) 

r l 1 he tigure gives a schematic rather than a practical design; the lengths of 
the sliding surfaces as shown are not great enough to prevent self-locking 
in all possible positions of the mechanism. These lengths determine the 
space requirements for multipliers of this type; they must be relatively 
large in two directions. It is difficult to make this type of multiplier 
precise. The pins in slots, as shown in the figure, are mechanically 
inadequate, and roller slides on rails must be used. One can not achieve 
the same end by increasing the dimensions of the multiplier because thr 
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elasticity of parts comes into play, not only when the parta are operating 
in a computer, but also when they are taing machined. 

The slide multiplier shown in Fig. I ll saves space in one direction. 
There are fewer sliding contacts, and the slides are easier to construct. 




Fio. SIhIo multiplier with input* Xi, Xt ~ X%. 




Flo. 1-12. — Intersection nomogram for multiplication /, — Xj • *t. 



This device cannot multiply A r i and X 2 directly to compute RX* = A" |A 2 ; 
the input terminals must be given translations of A r i and A'i — A r 2 . The 
difference is easy to obtain if the parameters are generated as shaft 
revolutions Iwfore entering the multiplier; screws can then be used instead 
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oi the slides shown in the figure, and the required difference can be formed 
by a gear differential. 

Nomographic MuUiplicrs—A multiplier that is structurally related to 
a nomogram for multiplication will be tailed ;i 44 nomographic multiplier" 
Such multipliers can he derived from intersection oralignment nomograms; 
the examples to be given here are related to intersection nomograms. 




1 "■ L r 13i An btiwrSMtlOQ IWflgTMl multiplication, ohtuincH from the iioiiiojcrittii in 
I ijr. 1*11 by i pt q l f tiV l tiiih.Kfoi niHlioii. 



Figure 1 12 shows an intersect ion nomogram for mult iplicat km in HI 
unusual form, the lull significance of which w ill l>c made c lear in the latter 
part of this book. This represents the formula 

Xi m x jXk . (15) 

It consists of three families of lines, of constant x it x h and x k , respectively ; 
tlirough each point of the nomogram passes a line of each family, cor- 
responding to values of x i} x h and x L which sat isfy Bq, (15). (The lines 
in this particular figure are drawn for values of them's that are powers of 
1 .25; this is not of immediate importance for our discussion.) The multi- 
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plier of Fig. 110 is structurally related to this nomogram. The rotating 
slide can be brought to positions corresponding to the radial lines in the 
nomogram; the horizontal and vertical slots correspond structurally to 
the horizontal ami vertical lines on the nomogram, ami the pin that con- 
nects all slides mechanically assures a triple intersection of these lines. 
The values of X*, a*,, and Sfc corresponding to the positions of tin' three 
slides must then satisfy Eq. (15); to complete the multiplier it is only 
necessary to provide scales from which these values can be read, or, as is 
dene in Fig. 1*10, to provide mechanical connections such that terminal 
displacements are proportional to these quantities. 

By a projective transformation of the nomogram in Fig. 112 one can 
obtain the nomogram in Fig. 1-13, where lines of constant values of the 




variables j\, .r J% and .o. form three families of radial lines intersecting in 
three centers. The obvious mechanical analogue of this nomogram for 
multiplication is shown in Fig. 1-14. It consists of three slides that rotate 
about cenlcrs corresponding to the centers of the radial lines in fig. 113; 
these slides are bound together by a pin, which establishes the triple 
intersections found in the nomogram, and the corresponding values of 
I,, :m<l j\ ;ne read on circular scales. It will In; noted that the scale 
divisions are not uniform. Such nonuniform scales are of more general 
ase than one might expect. Often one will have to deal with variables 
generated with nonuniform scales by some other computer; by proper 
choice of the projective transformation one can then hojMi to produce a 
multiplier of this type with similarly deformed scales. 

1*6. Resolvers. —The rcsohwr is a special type of multiplier. It 
generates a parameter X :u and usually also another parameter .V i, as a 
product of a parameter X\ and a trigonometric function — the sine or 
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cosine — of a parameter AY The equations arc 

X* = X\ sin X% (16a) 
V ; X\ cos AY (16fc) 

The name of this device is derived from its action as a resolver of a vector 
displacement into its rectangular components. 

A simplified design of a resolver is shown in Fig. 1*15. In the plan 
view, Fig. M5« t we sec the materialization of a vector by a screw: the 
axis of the screw points in the direction of the vector, at an angle AY to a 
ascro line; the length X\ of the vector is established as the distance from 
the pivot. O on which the whole screw is rotated to a pin T on the nut of 
the screw. 

To obtain the comjHmcnts of the vector, slides arc sometimes used, 
as in the case of the multiplier in Fig. I -10. In Fig. 1*15 there is sug- 
gested a solution that gives much better precision and saves space. 
Perpendicular shafts pass through the block B that carries the pin f\ 
These shafts arc carried by rollers on rails; their parallelism to given 
lines is well assured by gears that mesh with racks fastened to the frame, 
l or convenience of construction the axes of the shafts do not intersect 
with each other and with the axis of the pin T. This introduces a con- 
stant term r into 1 he displacement of the shafts that, is, it causes a dis- 
placement v in the effective zero positions of A : , and V ,. 

It is of interest to note how the parameter A r | is controlled from the 
input shaft N, (Fig. I 15//.). While the screw is rotated through the 
angle X* on the shall .S'._,, it is necessary to control the value of .V, by a 
gear (1 that rotates freely on this shaft. If such a gear is turned through 
an angle proportional to .V,— is held fixed l hen X\ is constant — the 
screw will spin on its axis whenever A ? is changed; the length of the vector 
will be affected by change in AY and will not represent the desired value of 
V, II is thus necessary to keep the screw without spin with respect to S-> 
when only X% is changed to keep the gear (7 moving along wit h the shall 
8% whenever A', is fixed. This is accomplished by the so-called "com- 
pensating differential," J). As is shown in the figure, the planetary gear 
of this bevel-gear differential is geared to the shaft St in the ratio 1 to lj 
the differential thus receives an input — AY When the input shaft 5i M 
rotated through A'*, the output shaft Sh is rotated through an angle 

X, = -X« - 2X» 1 17) 

Hy gearing the gear (/ to the shaft ,S<, in the ratio 2 to I, the angle turned 
by G can be made to be 

A , = -0.5X, - 0.5A r 6 + AY 

Then if ,S 6 is stationary, X§ changes equally with AY and the screw is not 
spun; X x remains constant. If the shaft S n is turned, the gear 0 turns 
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with respect to the shaft St through an equal angle. The change in 
A'i is then proportional to the rotation of the shaft S^:X$ = QX it the 
constant Q depending on gear ratios and tin* threading of the screw. 




I n.. ll/S. — Uesnlver. (a) Plan view, (b) Elevation. The tooth of the rack* arc omitted 

from the figures. 

The design in Fig. 1*16 is so oversimplified that the resolver is sure to 
be lacking in precision. In particular, the flexibility of the structure sup- 
porting the screw is excessive: shaft »S 2 is easily bent and easily twisted. 
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Thin can bo remedied by placing the screw subassembly on a circular plate 
with a large ball bearing on its circumference, and using a driving shaft of 
reasonable diameter. 

A better construction (but one that is not always usable) is presented 
in Fig. I 16. In the plan view. Fig. IMVi, we observe the main difference 
between the subassembly of the screw in Fig. 115 and the p wi l design. 




Via. 1*10. — Alternative revolver «lcNiKii. («) Plan virw. (/>) Fllcvnl.irm. 



In Fig. 1*16*1 the pin T is carried on an arm of radius 11 that rotates on a 
pivot P. This pivot is placed at a distance R from the center *S of the 
circular plate // to which it is fastened. By rotating the arm PT, the 
vector ST can be changed in length. Its direction would be changed at 
the same time if it were not for a compensating rotation of the plate //. 
Since the triangle SPT is isosceles the angle of rotation of ST to be com- 
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in-nsated for is exactly half of the angle of rotation of tin- arm PT. T(0 
introduce this compensation a ditt'crential is used; to change the direction 
of the vector ST in a desired manner, thi table // is rotated through a 
BBOOIld differential. The two differentials, I) } and />_., are shown in Fig. 
l*166< Their function may be understood in this way. To change the 
direction of the vector ST we must rotate the whole subassembly of the 
plate // as a unit; we must turn the gears f7| and (/j by the MUM amounts. 
These gears are geared to the cages of the planetary gears of the differen- 
tials />,, /> : , at the same ratio (I to I in the figure); these also must be 
i ui ned equally. That, is accomplished by turning tin* shaft S-> and by 
keeping the shaft S\ stationary. To change the length of the vector ST 

without turning it pre have to turn the arm clockwise, for example, in the 
plan view, and the plate // counterclockwise by half the amount. This is 
aOOOmplished by turning the shaft S } . This shaft is geared to the input, 
of the different ial I)) at the ratio 1 to I and to the input of the differential 
/>•. at the ratio 3 to 1 ; when the shaft *S'i rotates, the gear (7| turns three 
times faster than the gear (/.. To see that this gives a compensating 
rotation of the plate through an angle — X when the arm /"/' rotates 
through 22 relative to the plate //. we observe that if the gear (r \ weir 
fixed, a rotation of Qt and tin- plate // through — A* would rotate the arm 
ith respect to the plate also by — A. To bring it. to the correct, posi- 
tion, H 2X, it must then be rotated through an angle of -f 3A' with respect 
to the plate. To accomplish this the gcar(7| must be rotated through an 
angle — 3A\ since the direction of rotation is reversed in the gear G*. 
ThuaGi must turn in Hie game direetion asf/ ? , but three times as fast. 

1*7. Cams. —A cam is a mechanism that establishes a functional rela- 
tion bet ween parameters X\ and A : 

A\ - F(Xy). ( IS) 

If A*! is the input parameter, X>± the output parameter, it is necessary in 
practice that/'Wi) be a single-valued, continuous function with deriva- 
tives which do not exceed certain limits 

1>lanc rums exist in two principal variants, shown in Figs. 117 and 
ITS. In the first the cam ha.s the form of a disk shaped along a general 
in \ e. ( 'ontact with this cam is made by a roller on an arm; the contact 
is assured by tension of a spring. A cam of this type is easy to build 
and has negligible bnekhish, but the force on the arm is rather small in 
QUO Of the tWO senses of motion — not larger than the force of the spring. 
In the second variant there is a slot milled into a flat surface rotating 
on :i pivot; contact is made by a roller carried on a slide, as shown in 
Fig. 1-18. The second form does not permit use of as steep a spiral as 
does the tirst , since self-locking is more likely to occur. 
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The rylinthirxd ram shown in Fig. I- 10 has a slot, milled into the surface 
of a cylinder; a small roller carried by a slide passes along the slot when 
the earn is turned on its axis through the input angle X%. The form of the 
slot is so chosen that the motion of the slide, described by the output 
parameter .V», has the desired character 




Fia. 1-17. — Piano cam with »|>rinjt I 1 - IK. — Piano cam with k»«>i>\.- 

I'ontart. contact. 



One variant of pin tjcarimj, as shown in Fig. l-2:i, has a gear with a 
special type of tooth meshing with a milled curved rack. (The milling 
tool has a cutting shape identical with the shape of the teeth of the gear.) 
Another form of pin gear (Fig. 1-21) has pins of social shape [mated in 
a plate; these mesh with a specially formed gear. In both valiants the 
gr;n is keyed on a shaft, with freedom for lateral motion; this motion 




Fia. 1*19. — Cylindrical cam with nroovc Wttk 1-20. -Pin gearing with pins on gciir. 
contact. 



of the gear is assured by the action of the curved rack on the pins on the 
(HUT, or by a special cam constructed for this purpose. 

The belt ram shown in Fig. 1-22 is a noneireular pulley or drum on 
which is wound a belt, or string, or some other kind of belting. If the 
number of revolutions of such a cam is to be greater than one, the string is 
wound in a spiral; the shape of this spiral should assure a smooth tan- 
gential winding of the string on the rums. Cams of this type can allow 
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very large travels of the belt and shaft, but they are mechanically less 
desirable than pin gears. They are not so safe in operation, and rather 




Fi<». 1-21. — Pin-gearing with pinn on tin* cli.sk . 



delicate, especially in the compensated form in which equal lengths of 
string arc simultaneously wound off ami wound on. 

An example of ;t nnnjunsnlui hr(l nun is the squaring cam shown in 
Kig. 123. In this, two strings arc wound partly on a cylinder, partly on a 
• one. The winding on the cone is in 
the form of a spiral with equally 
spued threads; the form of the wind- 
ing is assured by a groove. ( )ne string 
begins on the left side of the drum 
and, after a number of turns, passes 
on to the rone :ind continues in the 

■move to the tapered right end of the 
DOHA. Tin second string begins on 
< he* right side of tin* cylinder and al ter 

e vera I turns to the left passes also - 
onto the cone, when' it continues 
t hrough the groove to the left, to end 
at the larger end of the cone. The 
element of rotation dXi of the rone 
produces a motion of the string equal 
to ft l dX\, where R\ is the average 
r adius of the cone at the points where the st ring meets and leaves t lie cone. 
The corresponding rotation of the drum is therefore </A' 2 m {-RidX x )/R t , 
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where 7?2 is the radius of the drum. The radius R x is proportional to the 
angle X\ measured from a properly chosen zero position of the shaft S\. 
(This zero position is, of course, not practically attainable, since it would 
correspond to zero radius of the cone at the point of contact.) We have 
then 

-</X 2 



if t he zero point tor .Y 2 is proj>erly chosen. Hen 1 /.* is the increment of the 
radius H\ per radian rotation of the shaft S } . 
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This squaring cam docs not by itself operate down to .V, = 0. It can, 
however, he used in a range including zero if it is combined with a differ- 
ential. With 

Xi - r a + o, m 

K<|. | 19) becomes 

V, - KX\ I- UTCXi + AT-. (21) 

Introducing the \\r\\ parameter 

Xi = X, - 2KCX i + AT 1 *, (22) 

we have 

W - KX|; (2S) 

this holds even if A'j is zero or negative. The larger the negative values 
of X* to be reached the larger must be the positive constant C. The 
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precision of a cam of this type can l>e made very high ; the error may be less 
than 0.02 per cent of the total travel of the output shaft S,. The rela- 
tively great inertia and bulk of the device fespeeiall y when it is combined 
with | differential for squaring negative numbers), limits its use to cases 
where precision is essential. 

Thrvv-<limvnsi<mal nuns or "camoids," such as that shown in lug. 
2!, are bodies of general form with t wo degrees of freedom- -for instance, 
I translation of A Mid I rotation X§ — in contact, with another body with 
one degree of freedom, for instance, a translation X A . The parameter A . 
svill then be a function of two independent paramet ers, A , and X 2 : 



X s = F(X* X& 



121) 



The body in eontnet is called the "follower"; it may be a ball on a slide, 

shown in the figure, or an arm 
rotating on a. pin parallel to the main 
: i x i ^ of the enmoid and touching the 
Mirfaee of tin* cam. Camoids are 
valuable in that I hey can generate any 
well-behaved function of two inde- 
pendent variables. They are. how- 
ever, expensive to build with enough 
precision, have considerable friction, 
and take too much space. Bar link- 
ages are always to he preferred to 
camoids when it is possible to design 
such a linkage. 

1-8. Integrators. Integrators are computers that have an output, 
parameter, A'a, ami two input parameters, A', and A' ., functionally related 
Uy 




I n.. — Tin cc-<limen.Mi<jijal ram. 



a , • X. 



The simplest form of inttgrafaC pVM 



r, 



M7» 



(25) 



(2(i) 



The parameters A'i, X» f of an integrator can be varied a1 will J they can, for 
instance, be given functions of time /. The value of the integral, as a 
function of /, will depend on the form of these functions, and not merely 
on the instantaneous values of X\ and A "... Thus, unlike a function 
generator, an integrator does not establish a fixed relation l>etween the 
instantaneous values of the parameters involved. 
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The equations of integrators are com enient ly written in differential 
form; Kq. (2ti) heroines then 

dX a - (27) 

This is particularly convenient in schematic diagrams of complete com 
pitting systems. 

A common type of integrator is the jrielion-wh eel inlearalor shown in 
Fig. 1-25. The output parameter A" a is generated by 21 friction wheel in 
contact with a. plane di*k, the rotation of which is <lcseril>c<l by the 
parameter AV Since the motion of the friction wheel depends on friction 
between the disk and the w heel, a normal force must act to maintain the 
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frictional force at an adequate level; for this reason the disk is pressed 
against the Wheel by a spring. The friction wheel is transportable along 
its axis; the distance from the axis of the* disk to the point of contact is the 
parameter A"i. In precision integrators the friction wheel is carried by a 
fixed shaft and the rotating disk is moved with respect to the frame by the 
amount A'i. The equation of the integrator in the figure is 

d\, = -Xittr* I (28) 

where r is the radius of the friction wheel. 

The double-hall integrator of Ki.tr. 1*26 has the same equation as the 
friction-wheel integrator; the difference between these two designs is con- 
structive only. The friction wheel is replaced by two balls carried in a 
small cylindrical container, as shown in the figure, or in a special eon- 
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tainer with roller guides for the balls, to reduce friction. These balls 
transfer the motion of the disk (Xj4Xi) to a drum of radius r, which 
rotates through an angle r/A ;l given by K<|. (28). The balls are easily 
trans]>ortable, rolling along the drum, with which they are in contact 
under constant pressure. This design is useful when one requires an 
efficient compact computer but does not need the maximum accuracy 
possible with mechanical integrators. The main source of error is the 
lack of absolutely sharp de finiti on of the distance from the axis of the 
plat f to the point of contact of the plate with the balls. Any lateral 
freedom of the lower ball impairs the precision of the results. 

The component sohur shown in Fig. 1*27 is a good example of an inte- 
grator of the more general type. A large ball of glass or steel is held 
between four rollers placed in a square, with axes in the same plane, and 
two rollers with axes parallel to that plane; the points of contact are at the 
corners of a regular octahedron. ( Figure 1-27 shows only live of the si\ 
rollers.) The first four rollers have* fixed axes, but the other inn have 
axes that are always parallel, but may assume any direction in the hori- 
zontal plane. The rotation of these latter axes iti the horizontal plane. 
DMASUnd from a certain zero position, is the input parameter .V,; the 
rotation of these rollers on their shafts is the second input parameter AV, 
the rotation of any one of the four rollers on fixed axes may be taken as an 
(Mil put parameter. Since rollers on parallel axes rotate through equal 
angles, there me two different output parameters, X 2 and A'«. If all 
rollers have the same diameter, the equation* of the component sober arc 

dX, cos A,r/A,, 0ft*) 
iX 4 = sin .V,r/ \ (21)6) 

Thus the component solver is described by l\q. (25), but not by Kq. (2C>). 
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BAR-LINKAGE COMPUTERS 

2 1. Introduction. A bar linkage is, in the classical sense of the word, 
I system of rigid bars pivoted to each other and to a fixed base, In this 
volume the term "bar linkage " will denote any mechanism consisting 
of rigid bodies moving in a plane and pivoted to each other, to a fixed base, 
or to slides. Consideration will be limited to essentially plane mecha- 
nisms because these arc mechanically the easiest to construct. The 
inclusion in bar linkages of rigid bodies of arbit rary form is not ancs^.ent ial 
extension of the; term, since any 
rigid body can be replaced by I 
corresponding system of rigid bars. 
Similarly, the admission of .slides i>, 
not a real extension, since bar link- E lf(^\ Vj/ 
ages — in the classical sense can | — 
be designed to apply the same \P jBr 
constraints. | — — +\ 

\ tUt in a bar linkage is a body , 2 

. . i v i 1*0. 21. liar linkage: a aimicloa) Imr- 

colinected to two other bodies by IBDIItl tlilMfMIIIW 

pivot s. A fmr is a Inxly connected 

to t hr ee other bodies by pivots. A vnuih is a body pivoted to the fixed 
Iulsc, and to one or more ot her bodies of the linkage. rigurelH sho\\s:i 
bar linkage that consists of a crank lt t a link A, and a slide 8, 

Bar linkages are very satisfactory device's from :i mechanical point <>l 
view. Pivots and slides are easily constructed ami have small backlash, 
small friction, and good resistance to wear. 

As computing mechanisms, bar linkages can |xcrform all the functions 
of the elementary function generators discussed in Chap. L. They can- 
not, however, be used to establish relations between differentials; they 
cannot perform the functions of integrators. As function generators it is 
characteristic of bar linkages that they do not, generally speaking, per- 
form their intended operations with mathematical accuracy; on the other 
h ind, they can generate in a simple and direct way, and with good approx- 
imation, functions that can be generated only by complicated combina- 
tions of the classical computing elements. 

There are few standard bar-linkage function generators; one must 
usually design a bar linkage for any given purpose. Methods for design- 
ing such linkages from the mathematical point of view are the main sub- 
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jeer of this book. The problem is to find a bar linkage that will generate 
a given function. It must be noted immediately that in general this can 
be accomplished exactly only by a linkage with an infinite number of 
elements; mechanisms with a finite number of elements cannot generate 
the complete field of functions, From a practical point of view, how- 
ever, even the simpler bar linkages offer enough flexibility to permit solu- 
tion of the design problem with an acceptably small error. The approach 
to the problem must be synthetic and approximative, not analytic and 
exact . 

The mechanical design of bar linkages cannot be discussed in this 
volume. It i.s of course possible to treat analytically the properties of a 
given linkage: its motion, the distribution of velocities of its parts, acceler- 
ations, inertia, forces. In tlii^ respect the theory of linkages has been 
well developed, even la elementary test*; the kinematics of bar linkages 
have been betted especially thoroughly. It i^ of course necessary that 
Hie designer of linkages have knowledge of the practical properties of 
these devices, even when he is primarily interested in their mat hematical 
design. In the present volume there will be some comment on the 
mechanical features of bar linkages, but only enough to give the designer 
the necessary base for reasoning when the design procedure is started. 

2-2. Historical Notes. Fnginecrs and mathematicians have in the 
past considered bar linkages primarily as curve tracers- that is. as devices 

serving to coiisl rain a point of the 
linkage to move along a given 

eon The rieerinel problem in 

the field has been that of finding 
a bar linkage that will constrain a 
point, to move along a straight 
line. This problem was consid- 
ered by Watt, in designing his 
■teem engine. Watt found a 
siillicicntly accurate solution of 
the problem, and it was the cost 
end space requited that caused the 
use of a slide in his original design. 
"7 Har linkages are now extensively 

l-'iu. 2-2. Bin linka^ in :» min «««« •«.,•«- pint* Us( . ( l j n mechanical design because 

of their small frictional losses and 
high efficiency in transmitting power -ellicicncy greater t hau that of any 
gear Of cam. The usefulness of bar linkages to the mechanical engineer 
can be illustrated by a locomotive: its transmission contains the famous 
parallelogram linkage, and the valve motions are controlled by bar 
linkages of some* complexity. A designer of linkage multipliers will 
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recognize among these structures elements that he is accustomed to use 
in his own work. 

Bar linkages are used in heavy construction as counterweight linkages 
ami for the t ransmisMon of spring action. They also serve ;is elements of 
line instruments. The parallelogram linkage used to assure pure trans- 
national mot ion of a slide being examined by ■ microsoope ie illustrated in 

Pig, 2 2. Springs en omitted fiutn the diagram. The held of the micro 
sco|mi is indicated at the center of the plate. 

The problem of producing an exact straight-line motion by a bar 
linkage was first solved by IVaucellier. 1 This was accomplished by 
application of the IVaucellier invcrsor to the conversion of the circular 
motion nf :i crank into a reetilinear motion. The IVaucellier invcrsor is 
illustrated in Fig. It consists 

of i Jointed quadrilateral with four 

ides of equal lengths li, to t he oppo 
-ite vertices of which there are 
jointed two other bars of equal 
lengths A\ these latter bars are 
t hemselvcs joined at t heir ot her ends. 
Three joints of this structure neces- , \- s _ Wm . r mluuakt Utmmm 

sarily lie on the same straight line. Tin ...h.: in,.- .in n... i . , , /; 
ami the distances V, and V- between lU « tlM 1,1 1 /; " A 

these joints vary inversely with each other. It will be noted that X\ is 

In mm of the lengths of the bust's of two right t rianglca of attitude f and 
hypotenuses .1 and li respectively, w hereas \ > is the dilference of these 
hase lengths. We have then 

Xi - VA*- T* + VB* - f*, | La) 

X 2 m V.t 2 - T* - VB 9 - 7* (lb) 
In these equations .1. B, T t end the square roots are neceesarily positive. 

On multiplying together Kqs. (\a) and (\b) we obtain 

XiXt - A* - B\ (2a) 

or 

Xi = (2/>) 

Then are two variants of this invcrsor. with .1 greater than li or with 
B twntei 1 than .1 . If li is greater than .1 (dashed lines in Fig. 2-8), A' 2 is 
always negative; there is no possibility of having A", equal A ... If A is 
greater than li (solid lines in Fig, 2-3), it is possible to have 

X, m X« = (A* - B'YK 

1 A ennrisn summary of work in tins field, by \\. L Hippislev. will bi fmm«l im«lor 
Linkages, in the? Kncyrlopodia ltritnnnirn, 1 ttti <>\\. 
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At this point the mechanism exhibits an undesirable singularity; the 
joints r uiid (J of Kin;. 2*.'t become coineident, and self-locking of the 
device may occur These two forms of the IVuueellier inversor also 
differ in their useful ranges. These are 

y/.V - W < X } < A + B t if A > (3a) 

a - .I < x, < A + B, if a < R (36) 

The freedom from self-locking and Hie greater nil me make it desirable 
to have It greater than A. Figure 8' I AOWI the lVaurellier inversor in a 
form suitable for use as a computer. 
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Anot her inviTsor has heen flflfliod by Hart. 1 

The Hurt inversor (Fig. 2*5) is essentially a bar-linkage parallelogram 
with one pair of bare reflected in a line through opposite vertices. Let any 
line OS be drawn parallel to a line I'V through alternate vertices of the 
quadlilfttentL It can be shown that this will intersect adjacent bars of 
the linkage at points 0 } P, Q, that remain eollinear :ls the linkage is 
deformed; furthermore, the distances A'i - (Hj and A% = OP will vary 
inversely with each other. 

There have been descril>cd linkages for the tracing of conic sections, 
the ( 'ussiuinn oval, t he Icnmi.scnte, t he limaeon of Pascal, the eardioid. and 
the trisect rix; indeed it is theoretically possible to describe any plane 
curve of the nih degree in ( 'artesian coordinates .r and // by a bar linkage. 2 
Linkages for the solution of algebraic equations have also been devised. 3 

1 II. Hart, "On Certain ( on\ ersiniis of Motion," Me^rtojn of Maltn modes, 4, 82 
(1875). 

2 A. Cayley, "On the Mechanical Inscription of :i Cubic Curve." /Vor. Math. ,W., 
Land. f A, I7."» (1872). CI. II. DiWMH, "The Meehutiieal I >e*rription of Kqnipotentinl 

i,,,,. i>,o<\ Moth. Soc. ImwI.. 6, n. r > ris7h. it. II art, "On certain conversions of 

Motion," Mcsscntjvr of Mathematics, 4, 82 and 1 Hi (ls7. r >>; 'On the Mechanical 
Description of the Limaeon and the Parallel Motion Deduced Therefrom," Messettycr 
of Mathematics, 6, 35 (1876); "On gome Crises of Parallel Motion/' Proc. Math. Soc. t 
howl., 8,286 (187(M877). A. H. Kenipe, "On n General Method of Describing Plane 
Com* of the nth Degree by Linkwork," Proc. Math. »SV.. !<amt., 7, 213 (1875); "On 
Some New Linkages/' }fesseuarr of Mathematics, 4, 121 (IKTfO. W. II. l.avertv, 
l At. nsion Of Penvieeltier's Theorem," Proc. Math. Soc., Land., 6, 84 (1874). 
1 A (J Creenhill, " Mechanical Solution of a Cubic by a Quadrilateral Linkage/' 
MeMenger of Mathematics, 5, 169 (1K7(h. A. H. Kempe, "On the Solution of Luna- 
tions l>v Mrrlianir.il Mniih/ l/< r.,/, , ,,f M athettintics. 2, a* I (1873). 
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Analytical studies 1 have heen made <»!' the t hi -ec-har motion" of a 
point C rigidly attached to the central link /IB of a three-bar linkage 
(FSg, 2 0). T h a eb tl motion is very useful in the design of complex 
computers, and will he discussed in See. KM. 

To complete this survey of the bar-linkage 
literature in ICnglish, it will suffice to mention the 
piponoi IStnch and Ilippisleyon closed linkages.'* 

2-3. The Problem of Bar-linkage computer 
Design. — It is only recently that much attention 
has been paid to the problem of using bar linkages |,,IJ - Tluee-kur 
in n,,np„t.i« K ******* The Itemturc in the |£T . !'t' , ', 
field is especially ml rirt <•« 1. The aut Imr knows of MMtnd bar. 
only one published work that employs the synthetic approaeli to bar- 
linkage computer design 2 — and this in a more restricted held than thatof 
the present volume. 

The basic ideas in the synthetic approach to bar-linkage design are 
.simple, but quite different from the ideas lvchind the classical types of 
computers. Bar linkages can he characterized by a. large number of 
dimensional constants, and the field of functions that they can generate 
is correspondingly large — though not indefinitely so. (liven a well- 
Umavcd t imet ion of one independent variable, one should be able to 
select from the field of functions generated by bar linkages with one degree 
of freedom at least one function that differs from the given function by a 
relatively small amount. The characteristic problem of bar linkage 
design is thus that of selecting from a family of curves too numerous and 
varied for effective cataloguing one thai agrees with a given function 
within specified tolerances. 

The presence of a residual error sets bar linkages apart from other 
computing mechanisms. The error of a computer of classical type arises 
from its construction as an actual physical mechanism, with unavoidable 
iaiperfections. It is possible to reduce the error to within almost any 
limits by sufficiently careful design — as, for instance, by enlarging the 

1 A. ( ayley, "On Three-har Motion," Proc. Math. Soe., Land., 7, 1 30 (1875). |{. 
L. Ilippisley, "A New Mcthml of Describing a Three-bar Curves," /Vor. Math. iSoc., 
Load., 15, liir, (p.)ISi. \\ . \\ . Johnson. "On Thrcivlmr Motion," Messenger of M$A 
mattes, 5, T>0 (1H70). S. liolierts, "On 'llimvbar Motion in Plane Spju^e," Proc. Math 
Soc., LomL, 7, 14 (1875). 

* A. Ktnch, "Illustration of the Klliptie Integral of the First Kino 1 by a (Vrtain 
Link-work," Annals of Mal)irmat« >. EMh L\ 1, Si < IS<)1) KMH)). It. L 1 1 i|.|»isl. v. 
M 'Io.mmI L.nkM^. s," Pro* \h>th. Soe., 1m& H \%M (ltlS 1913); "Closed Linkage-sand 
l»orislie Polygons," I'roc. Math. Soc., fjtl^ 13, 190 (1914 tOUQ, 

*Z. Sh. Hlokh and K. H. Karpin, "Praetical Methcxlsof Designing Flat Four-sideil 
Me<"har»isms," I»datelst\o Akadeniir' nauk SSSH, Moseow, I>cnmgrad (1913). ]]. P. 
Karpin, "Atlas of Xoinograins," Isulatelstvo Akjuletnie nauk SSSH, Moseow, l.i nii 
irrnrl [19iS), 
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whole computer. In bar linkage* there is usually a residual error that 
cannot he eliminated by any rare in construction, an error that is evident, 
in the mathematical design of thede> ice, as well as in the finished product. 
This error will be called "structural error" because it depends only on the 
.st ructure of the computer, and not on its siae or other mechanical proper- 
ties. Reduction of structural error requires a change in the structure of 
the computer- usually the addition of parts. The great number of 
adjustable dimensional eonstants gives greater flexibility and extends the 
field of functions that the linkage ran generate; from this larger held of 
functions one ran then select I better approximat ion to the given function. 

The fact, that bar linkages can be used to generate functions of a large 
class has been known for many years, and has been used (instinctively, 
rather than with a full development of the theory) by designers of ■ mohfr 
nisms. The held of functions that can be generated by some simple bar 
linkages has been analytically diPOfflwl Tide, however. npNMltl only 
the easier half of the problem; what one needs is to describe the field of 
functions that ran almost be generated by a given type of linkage, 'flu- 
first attempts to sohe this problem for one independent variable have 
been t4ibular or graphical. Tor very simple structures it is possible U> 
devise graphs that allow one to determine whether a given function ran be 
generated approximately by such a structure, and what structural error 
is inevitable. These methods are practicable! if the linkage ran be 
specified by means of only two dimensional parameters— that is, if the 
field of functions depends upon only two adjustable parameters. Such 
graphical method-; are difficult or are necessarily incomplete if the field of 
functions depends upon three adjustable parameter.. Such a prorcdurr 
can hardlv be attempted when hair or more dimensional parameters are 
involved. 

The design methods presented in this book are in many cases ha*cd 
on a graphical factorization of the given function into functions suitable 
for mechanization by simple linkages; the elements of the mechanism 
designed in this way can then be assembled into the desired complete 
linkage. By such methods it is possible to design linkages having a 
meat many adjustable parameters, but the solution obtained cannot be 
claimed to be the best possible. Usually it is easy to apply t hese methods 
to find bar linkages that have errors everywhere within reasonable 
tolerances. This is ordinarily sufficient for practical purposes. 

2-4. Characteristics of Bar-linkage Computers.— The special proper- 
tics of bar-linkage computers may be summarized as follow 

Advantages. 

1. Bar linkages occupy less space than classical types of computers. 

2. They ha ve negligible friction. 
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& They have small inertia. 
L They have great stability in |>erformancc. 

f>. Their complexity does not necessarily increase with the complexity 

of the analytical formulation of the problem. 
t>. They are easy to combine into complex systems. 
7. They are relatively cheap. 

I >isad\ antages. 

1. Bar linkages usually possess a structural error. 

2. The field of mechanizable functions is somewhat restricted. 

8L The complexity of the linkage increases with decreasing tolerances, 
i. Linkage computers Are relatively difficult to design. The difficulty 

of the design procedure increases with increasing complexity and 
decreasing tolerances. 
6. The travel of the mechanism is usually limited to a few inches. 
Backlash error and elasticity error must be reduced by careful 
construction : the use of ball bearings is essential, and rigidity of 1 he 
structure perpendicular to the plane of motion must be assured. 
The design should be such that mechanical errors are less than the 
assigned tolerances for structural error. 

Bar linkages can at tain extensive use as elements of computers only as 
efficient methods Oi design are established. The complexity and difficulty 
of the design procedure depends largely on the nature of the given func- 
tion. It is usually easy to design a linkage wilh a struct oral error that 
does not exceed D«l per cent of t he w hole range of motion of t la* Computer. 
It becomes relatively laborious to reduce the st met ural error below 0. 1 per 
cent. If the tolerances are below 0.1 per cent— as a typical value 
alternatives to the use of a bar linkage should be explored. 

liar linkages can advantageously be combined with cams when the 
tolerated error is small and a bar linkage alone would be excessively com- 
plex. For instance, if a given function of one indc]>cndcnt variable were 
lo be mechanized with an error of not more than 0.01 per cent, it might be 
desirable to mechanize this function by a simple bar linkage with an error 
of, for example, I per cent, and to use a cam to introduce the required 
correction term. Since t his correct ivc term represents only I per ecu I of 
the whole motion of the linkage, it need not be generated with very high 
precision; for instance, if the working displacement of the cam is to be 
I in., it can be fabricated with a tolerance* as rough as 0.01 in. 

It is a feature of bar-linkage computers that they can he used to 
generate functions of two independent variables in a very direct and 
mechanically simple way. Methods for the design of linkages generating 
functions of three independent variables are not now available when it is 



BAB-LINKAGE COMPUTERS 



not possible to reduce the problem to the mechanization of functions of 
one or two independent variables; there is, however, some hope that 
practically useful methods can be found. 

Bar-linkage computers have great advantages when feedback is to 
be used in t he design of complex eomputers. In computers of the classical 
type, feedbaek motion must be a small fraction of the total output motion. 
Linkage computers can. howc\er, operate very close to the eritieal feed- 
bark — that is, the degree of feedbaek at which the position of the mecha- 
nism becomes indeterminate. 

2-6. Bar Linkages with One Degree of Freedom. Bar link:igos with 
one degree of freedom serve the same purpose as cams; they may be 
called "linkage earns.'* The parallelogram linkage of Fig. 2 2 and the 
linkage; inventors have motions expressed accurately by very simple 
formulas, but they arc not generally useful i ti the mechanization of given 
functions. For this purpose, the following bar linkages are much more 
bad " resting. 

The harmonic tnmtfcrmtr i shown in Fig. 21, establishes a relation 
between an angular parameter V, and a translal ional parameter A'... It is 
convenient to di -regard variations in the form of this relation due to 
changes in scale of the mechanism to consider as equivalent two geo- 
metrically similar mechanisms. The field of functions 

X t - /''(A r -) ( 0 

generated by the harmonic transformer then depend upon two ratios of 
dimensions: L/lt and l\ A\ the ratios to the crank length of the link 
length Mid the displacement ol the crank pivot from the center line of the 
slide. As /, is increased from its minimum value, the plot of A against 
X\ changes (in a typical case) from an isolated point to a closed curve, 
then to a sinusoid, and finally, in the limit as /. approaches infinity, to a 
pure sinusoid. From a practical point of view , the pure sinusoidal form is 
reached for links short enough for practical use. In the limiting case, 
L *= oo, the equation of the harmonic transformer is 

X t = B sin A r | + C. (5) 

Such a harmonic transformer will )>e called "ideal." 

Only rarely is the complete range of motion of a harmonic transformer 
used. When the range of the parameter X t is limited to .Vi* < X t < X\m 
and the functions defined within these restricted limits are taken as ele- 
ments of a new functional field, there is obtained a four-dimensional 
t imet ional field depending on Xi* and Xi . w as well as on L/It and E/R. 
Methods for the design of harmonic transformers will be discussed in 

Chap. L 
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The thrce-lxtr Jinhujv show n in Fig. 2*7 consists of two cranks pivoted 
to a frame* and joined at their tier ends by a connecting link. As a 
computer, this serve-; to "Maputo 91 the parameter .Y 2 as a function of 
t he parameter A The linkage itself is deseril>ed by four lengths: A3, Bj, 
A% The field of functions generated by this type of linkage is only 

I hive-dimensional, because t w o geometrically similar mechanisms estab- 




KlU. 2*7. TIiiop-Iku linkage. Fiti. 2*8. — Tliriw-luir IiiiUuk** modified 1 •> 

rc<>«M 1 1 rir« linkage. 



lish the same relation between X \ and X% The held of functions thus 
depends on three ratios for example, tt\/A\, A 2 /A\, and B«/A\ t Usu- 
ally only a part of the possible motion of the mechanism is used. Limits 
of motion can be assigned for A or \ •, though, of course, not independ- 
ently for the two parameters; for instance, one may fa X\ m < A'i < Xt*. 
This increases the number of independent parameters by two; the held of 
functions generated by a three-bar linkage oj>erating within fixnl limits 




I I-;. 2 9. Harmonic transformer modified hy cerent rie linkage. 

\M live-dimensional. In ( Imp. 5 we shall see how to design a three-bar 
linkage for the Approximate generation of a given function. 

The eeet nine Unhujt \< not a bar linkage, but i^ so conveniently used in 
connection with bar linkages that it should be mentioned here. Figure 
2-8 shows a three- bar linkage modified by the insertion of an eccentric 
linkage. ( )ne crank of the three-bar linkage carries a planetary gear that 
meshes with a gear fixed to the frame. The central link is then pivoted 
eccentrically to the plaiietan near, rather than to the crank itself. Link- 
i" of this type will be discussed in Sec. 7-9, where their importance will 
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I 2*10. Doiililc |.tir««r-lutr liriK;i«i- k«*iuthI ititf th<* lOflMtfthlflftf fuiwt inn. 

be explained. Another important application of the eccentric 1 i n k ; i u « * is in 
the modification of harmonic transformer.,, m illustrated in Fig. 2u. it u 

possible to cbocMn the Constanta of 




the eeOettU'10 linkage in such :i way 
that the linkage output is an 
almost |>erfeet sinusoid, even 
though the length of the link /. is 
relativ cly small. 

( ombinationsof these linkages 
to he discussed in this hook are 
the double harmonic transformer 
i Sec I ll and following), harmonic 



transformers in series with three- 
liar linkages (Sec. ST and following), and the double three-bar linkage 
(Sec. 8-8). Figure 2 10 shows a double three-bar linkage flint generates 
the logarithmic function through the range indicated in the figure. 
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2-6. Bar Linkages with Two Degrees of Freedom. — Bar linkages with 
two degrees of freedom can be u.>ed in tlie generation of almost any 
well-behaved function 

.Y 8 - f(X|, A',) (6) 

of t wo independent wimbles. They provide ;i mechanically sat isl'act ory 
substitute for three-dimensional cams, which have many disadvantages 
and are to he avoided if possible. ^ 



at 



1= 



2 
jffib 



Figure 211 shows a linkage with 
two degrees of freedom, which 
consists of three cranks connected 
by two links and a lever. The 
lever w ill degenerate into a simple 
link if the pivots .1 and /> are 
superposed; the resulting struc- 
ture of three links jointed at a 
single pivot will be called a "star 
linkage." Its properties are dis- 
cussed in ( 'hap. 9. 

The lnir-linka<jt whirr shown 
in Fig. 2*12 consists of essentially 
the same parts :is the linkage of 
Fig. 2-11, except that slides are used instead of cranks to constrain the 
links. The dimensions obey the simple relation 
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It i:-. en.sv In slum thai when this proportionality holds. tin* throe pivots 
Pj, /'., ind Pt He cm :i straight line. This device ran, therefore, he used 
f<> meehanize any alignment nomogram thai consists of three paraM 
straight lines; in particular, it ran he used to mechanic the well-know n 
nomogram for addition. II A',. A anil .Yjare three parameter* measured 
along tliese lin< < in the same direction from :i BOBimWI MSO lin<'. thai 



CAi+ A$Xt = t.-V. I 1».Y». 
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This bar linkage is free from structural error. 

In contrast to the adders, Utir-linL'iujv mullipUm* do not perform the 
operation of multiplication exactly, but with a small error j the equation of 
such a multiplier is 

RXi - TiXi + 5. (9) 

where a, the error of the multiplier, is a function of the two independent 
parameters V, and A The design of multipliers will be discussed in 
( 'hap. D; 1 much simplified e\planalion of the principle will be given here. 
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Figure 2-13 shows the essential elements of one type of multiplier. 
Three bars of equal lengths, Hi = Rt = /?, = 1, are pi voted toother. 
The first is pivoted also to t Ik- frame at the point 0, the third to u slide 
with center line passing through 0. If the joints .1, and I .. arc placed 
at distances A , and A 2 from the renter line of the slide, the distance 
OS I) will be exactlv 



i) = Vi - If - vi - (As - + v i - H 

Ihtpunding in series the (aiDI <>n the rifht) one obtain^ 

X, - 1 - 0 - A',.Y, + tXiX| - 1*1*1 + i-Vj.Yj + • • 



(10) 



(11) 




SSb- 



li<;. 



t-11. -KlcmoiiU o 
multiplier 



hur-linkngo 



when* A , is the displacement of the pivot S from the position S 0 which it 

occupies when Xi = *Y 2 = 0 and 
the three links arc coincident. It 
is evident that X$ is equal to the 

product A' i A . to the npproxima- 
(ion in which the terms of fourth 
ami higher degrees can lie neg- 
lected in comparison with the 
term of the second degree. For 
sufficiently small values of A', and 
3T| this mechanism is thus a 
multiplier for these parameters. 
Such a multiplier is not practical, however, because of its small range of 
motion. U the error in the multiplication is to he kept below I per cent, 
it is necessary to keep A',, A', < 0.2. I If A , A , u.L\ then 

v i = (ivzy + \<o.2y + • . . . 

and the fractional error is almost exactly one per cent.| I nder these 
conditions, however, one has JT| ■ 0.04, an impract ic:i hlv small range of 
motion. 

There are iii principle tWQ ways to improve this multiplier. With 
either method it is necessary to make the structure more complicated to 
add new adjustable parameters. One possible arrangement is indicated 
in Fig. 21 L Here the parameter A . |g a displacement of :i slide (of 
Adjustable position) thai controls the position of the joint A% through n 
link of adjustable length /.,; A , becomes ID aimular pfllUmfltfTj the angle 
tamed by ■ crank with adjustable length ud pivot position. 

With the first method, the output parameter A"* is expressed in 
terms of .V, and A' , in the form q| a series with coefficients which dc|iend 
on the adjustable dimensions of the mechanism. These dimensions can 
then lie so chosen as to cause the terms of the fourth degree in A', and V 
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to vanish. In this way, the multiplier can be made more accurate for 
mall values of A , and A,, and the domain of useful accuracy sub- 
-tantially increased. Toward the limits of this domain, however, the 
inaccuracy erf Hie multiplier will 
increase very rapidly. 

The second method for im- 
proving the multiplier — that 
followed in this book can be indi- 
caled only Vffjr roughly at this 
point. It involves comparison of 
I he ideal product and t he fund ion 
Mutually generated by the multi- 
plier over the entire range of 
motion, and adjustment of the 

.... f At I ii.. I'll. Moilili.il I .hi -linkup' mult i|>liei . 

dimensional constants ol the sys- 

l. tn in such a way that the error of the mechanism is brought within 
specified tolerances everywhere within this domain. To see in principle 
how this can be done, Id us consider the mechanism of Fig. 9*18. l et 
Xj ami A i be given a series of values that have* the fi\ed ratio 

h x:„ (i2) 

A i 

If this linkage were an exact multiplier, the pivot At would indicate always 
the same value of A ; it would move along a straight line at constant 
distance A ' from the line of the slide. \c t ually . the pivot A% will describe 
a curve that is tangent to this straight line for small values of A' , and A ;l . 
but will diverge* from it as these parameters increase. To each value of 
A ... there will correspond another curve; the curves of constant A'» form a 
faulty, each of which can be labeled with the associated value of this 
parameter. Now we can make this multiplier exact if we can introduce 

1 constraint which, for any specified value of X*, will hold the pivot A% 
on the corresponding curve of this family. Pot" example, if these curves 

iverc all circle- with the same radius L„ and centers lying on a straight, 
hue, it would be possible to use the type of constraint illustrated in Tig. 

2 11. The A . slide could then be used to bring the pivot A* to the center 
of the circle corresponding to an assigned value of A'?, and the pivot 
At would stay on that circle, as required. Actually, the curves of con- 
stant Xn will not form such :\ family of identical circles. It will, however, 
be possible to approximate them by such circles in a way which will split 
the error ami bring it within tolerances held fairly uniformly over the 
whole domain of action. l ulike the multipliers designed by the first 
method, a multiplier thus designed will not have unnecessarily small errors 
in one part of the domain and excessively large errors in another part. 
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TUB concept of multiplier design must he very greatly extended Mom 
it run lead to the design of satisfactory computers. A p owe rfu l guide in 
beginning the work is provided b) the idea of nomographic multipliers, 
already discussed in Sec. 1-5. It is possible to design approxinuih inter- 
section nomograms for mult iplicat ion that have as their mechanical 
analogues bar linkages with two eh'grces of freedom. Kor instance, Fig 
S I I shows a nomogram for multiplication obtained by topological trans 
formation of the nomogram of Tig. 1 12; it consists of two families of 
identical circles and a third family of curves that run he very closely 
approximated by a family of identical circles. This nomogram cor- 
responds to the bar linkage multiplier illustrated in Pig, B'16, which, on 
Improvement of its mechanical features, takes on the form shown in Tin 
8*16. The design techniques to he described in ('haps. S and \) make it 
possible to design multipliers with large domain of action and good 
uniformity of performance through this domain. 

Multipliers can he used to perforin the inverse operation of division; 
that is, they run he used to evaluate A • = A : , .Vj. It is, of course, not 
possible to divide by zero; when a multiplier is used in this way X\ will 
never pass through zero. It is therefore useless to attempt to reduce to 
zero the error of such a multiplier for values of A, very near to zero; it 
is also undesirable to attempt to reduce the errors of the device for nega- 
tive values of A' i w hen only positive values can be introduced. For this 
reason three types of multiplier may be distinguished. 

L Full-range multipliers, for which both input parameters can change 
signs. 

2. Half-range multipliers, for which only one parameter can change* 

signs. 

3. Quarter-range multipliers, for which neither input parameter can 
change signs. 

Dividers may be divided into two types. 

L The plus-minus type, for which the numerator may change sign. 
2. The single-sign type, for which all parameters have fixed signs. 

An example of a practical full-range linkage multiplier is shown in Fig. 
8- Hi; a half-range multiplier is show n in Fig. 9*15. 

2-7. Complex Bar-linkage Computers. — The elementary linkage cells 
already described may l>c combined to form complex computers. Since 
simple linkages can add, multiply, and generate functions of one and two 
independent variables, bar-linkage computers can solve any problem that, 
can be expressed in a system of equations involving only these operations. 
The field of application of bar-linkage computers is quite large; they 
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are especially useful if the computer must be light, as w hen it is to be 
carried in aircralt or guided missiles. 

An important feature of bar-linkage computers is the case with which 
the cells can 1)6 assembled into a compact unit. It is natural to spread 
the parts of the computer out in a plane, to produce a rather Mat mecha- 
nism with its parts easily accessible. The connections between cells 
are provided by shafts or connecting bars. 

There is a simple* trick that makes the connection of linkage cells even 
easier, and the structure of some cells less complex. The simplification 
of linkage* adders is a characteristic x 

e xample of this trick. The bar-link- x= w = ^ 

age adder shown in Fig. 2- 1 2 has no A 7 
structural error. Any deviation from i 



the principle' of this dtfigll is likely to Ai x s 

lead to a structural error; it is, how- 
ever, possible te> change; the' principle 2 ' 
in such a wav that the structural error *• 
is negligibly small. For instance, if I - ■»*Jjp«<i»*w^- 
1 he links ami H< : are- very long, 

their lengths can be» ehoscn at will without appreciably allecting the^ 
accuracy of the- addition. Figure 9*U show | • uch an approximate- aelder: 
its eepiation is 

(iii + i4,)-Y, « A§xi + a*x* m 

The links />. ami L* must l>e so long that they lie' nearly parallel to the- line s 
of the* sliele, but they need not be exactly parallel to each other. The 
action e>f this device elej>ends upon the essential constancy of Hie* projec- 
tion Of the- lengths e>f these- bars along the' line- of 1 he* sliele-s. Let .Y' |f A'J, 
and A r J be- defme<l as the- distances of the pivots; /',, / , : . ami /' :: from MM 
zeaei line perpendicular to the> line- of the- slides. ( >ne tlMA has, e\aclly, 

i.i, + ,i 2 )a; - ,i,a; + ,t ? x:. (14) 

Now let 0\ be* the angle l>etwcen the* bar and the- line' of the slieh's. 
Then 

V, - A", + ceis li + Cf, 1 16a) 

= X\ - Ltd - 0.) + (C + L t ). (lo/>) 

Kxccpt for an additive- constant (whie-h can be' reduced to zero by proper 
choice of tlie' HtQ point), 3Tj anel A, elilTe>r only by the' variable' team 
Li(l - ce>s 0i). As /. i is increased, 0i decreases w ith I Li, (I - cejs 0\) 
decreases with 1 /.;, anel /.,<1 - ce>s 0,) decreases with l/L u TtUk by 
making L\ large' and properly choosing the' «en» point, one can make A, 
ami X\ differ by I negligibly small term. In the' same- way A » e-an lie 
made negligibly different from X{\ A', anel A', are' identical. RquattOB 
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(13) follows as an approximation to Eq. (1 I). If B x is kept less that 
0.0BE radians (about 2°) the difference between X x and X[ will be about 
0.00<)f> /.,. Thus if the bars deviate from parallelism with the slides by no 
more than ±2° during operation of the adder, the resulting error in the 
output will not. exceed O.Oti per rent of the total length of the bars. 

If the lengths of the bars in approximate adders are great enough, it is 
even immaterial whether the slides move along straight lines; t he essential 




x 2 
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thing is that the panimeters be measured sis distance.- from a zero line. 
11 is, therefore, possible to connect elding cells through long connecting 
bars, and to omit some of the slides that v.ould appear in the standard 
construction. Kig. 2 H> shows a combination of three adding eells that 
will solve (approximately) the equ at i on! 

(A i + AJXi - AiXt + AtXipl 
/)., + D>)Xx = 7) t V t + D,\ (») 
(Ei + E*)X 7 m IJi + S*X* j 
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BASIC CONCEPTS AND TERMINOLOGY 

The present chapter will define the terminology to be employed in 
discussing bar-linkage design and Introduce some concepts with wide 
application in the field. Of particular importance are the concepts of 
u homogeneous parameters" and " homogeneous variables,'' and a graphi- 
cal calculus used in discussing the action of computing mechanisms iti 
-cries. 

3-1. Definitions. Ideal Functional Hfechanism. — Any mechanism 
ran be used as a computer if it establishes definite geometrical relations 
hetween il - parts that is, it' it insufficiently rigid and free trout backlash, 
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lippage, or mechanical play. In the following discussion we shall be 
■ •■•nccrned only with such ideal functional mechanisms. 

Terminals. The terminals of a computing mechanism are those* ele- 
ments that, by their motions, represent the variables involved in the 
computation. The motion of all terminals is usually specified with 

espect to some common frame of reference. If the position of a terminal 
is controlled in order to fix the configuration of the mechanism, it may Ik* 
called an "input terminal"; it' its position is used in controlling a second 
mechanism, or is simply observed, it may bo called an 44 out put terminal." 
A terminal may be suitable for use only as an input terminal, or only as an 
out put terminal, or in either way, according tot he nat ure of t lie mechanism. 

a 
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Terminals that are mechanically practical are of two kinds: 

1. Crank or rota ting-shaft terminals (Fig. 31), which represent a 
variable by their angular motion. 

2. Slide terminals (Fig. 3-2), which represent a variable by si linear 
motion. 

Parameters.— A parameter is a geometrical quantity that specifies the 
position of a terminal. With a crank terminal, it is usually the angular 
position of the terminal with respect to souk- specified zero position; with a 
slide terminal. III hi usually the distance of the slide from a zero position. 
Parameters may Iw defined in other ways for instance, as the distance 
of aslide terminal from some movable element of the mechanism but such 
parameters are less generally useful than those just mentioned. 

An input parameter describes the position of an input terminal, an 
output imrameUr that of an out .put terminal. 

Linhuje Computers. A linkage computer establishes between its 
parameters, X u A',, . . . X n definite relations of the form 

t\{X h Z* ■ • ' A\) - 0, r - 1,2, • • • , (I) 

which involve only these parameters and t he dimensional constants of the 
mechanism. With mure* general types of mechanisms these equations of 
motion may also Involve derivatives of the parameters. Such mecha- 
nisms are useful in the solution of differential equations, but they will !>c 
excluded from our future eonsiderat ions; we shall be concerned only with 
linkage computers, which generate fixed functional relations between the 
parameters. 

To describe the configuration of linkage computers with n degrees of 
freedom, one must in general specify the values of ;i input parameters, 
Xu X it . . . X M . The values of any number of output parameters can 
then be expressed explicitly in terms of these n parameter-: 

X n ^ - A' 2 , ■ • - X m ), r - 1, 2, • ■ • m. (2) 

Domain. — The parameters of a computing mechanism cannot, in 
general, assume all values. The limitations may arise from the geomet ri- 
cal nature of the mechanism (a linear dimension will never change without 
limit) or from the way in which it is employed. To each possible set of 
values of the input parameters X h . . . X n , there corresponds a point 
(A i, X 2 , . . . A./) in /(-dimensional space; to all sets of values that may 
arise during a specific application of the mechanism, there corresponds a 
domain in w-dimensional space, which will be referred to as the "domain" 
of the parameters. It must be emphasised that t he domain of the param- 
eters is not necessarily determined by the structure of the mechanism, 
hut by the task set for it. 
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In the most general ease, the domain of the input parameters may be of 
arbitrary form except, of course, that it must be simply connected, 
since all parameters must change continuously. In such cases the values 
possible for any one parameter may dc|M»nd on the values assigned to other 
parameters. A mechanism will be said to be a "regular mechanism" 
\ hen each input parameter can vary independently of all others, between 

definite upper And lower limits, 

x, m i x, i a\„, i : - i, 2, • • », 9) 

which define the domain of the parameter. With angular parameters, 
neither of t hesc limits is necessarily finite: it is possible to have X im = — co, 

or Xtu = +°°. 

The output parameters of a regular mechanism will vary between 
definite (though not necessarily finite) limits as the input parameters 
lake on all possible values. These limits serve to define I domain for 
• ach output parameter. Although the input parameters vary inde- 
pendently through their respective domains, this is not always true of t ho 
output parameters. 

Travel. The range of motion of a terminal is called its 11 travel." 
This is 

AA r , = Xm - X m (4) 

both for input and output terminals. 

Variables. — The term "variable" will denote the variables of the 
proUcm which the computing mechanism is designed to solve. A varia- 
ble will be associated with each terminal of a mechanism, an input variable 
with an input terminal, an output variable, with an output terminal. To 
each value of a variable there will correspond a definite configuration of 
the terminal; each variable, then, will l>o functionally related to a param- 
eter of the mechanism : 

x, *.(X<). • = 1,2, ■ • ■ . (5) 

It is important to keep in mind the distinction between parameters. 
In. h erf geometrical quantities measured in standard units, and the 
variables of the problem, which arc only functionally related to the param- 
eters. In this book, variables will be denoted by lower-case letters, 
parameters by capitals. 

Scabs. — The value of the variable corresponding to a given configura- 
tion of a terminal can be read from a scale associated with that terminal. 
The calibration of this scale is determined by the form of the functional 
relation between .r, and A\. If x< is a linear function of A, the scale will 
be even — that is, evenly spaced calibrations will correspond to evenly 
spaced values of x,. Such a scale may also l>e referred to as " linear," 
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in reference to the form of the functional relation ivpivsrnhMl. ( This term 
does not describe the geometrical form of the* scale*, whirl) may be circular.) 
A linear terminal is I terminal with which there is associated a linear 
scale. 

linntjt of a Variahle. As :» parameter changes between its limits, 
A im and A\ w , the associated variable will also change within fixed, but not 
necessarily finite, limits: 

tii ^ ^ tot- 99 

In the case of a regular mechanism, this may be referred to as the 
"doOUritt" Of the variable; its WBfi is 

&*i - Em — x im . (7) 

Mechanization of a Function. An ideal functional IIIIHll Willi estab- 
lishes definite relations between its parameters: 

h\(Xu A\, • • • ) ~- 0, r - l,% (8) 

It may be said to provide "a mechanization" of these functional relations 
within the givem domain of tin- independent parameters. 

Such a mechanism, together with its associated scales, similarly prt>- 
vides a mechanization of functional relations. 

frfru** ' ' • ) - % r - 1,2, • • • , (9) 

bet wrvn the variables .r,, within a given domsfafll of the independent varia- 
ble^, 'flic forms of these relation- may be derived by eliminating the 
values of the parameters A', between Kq. (K), which characterizes the 
mcrhanism, ud Eq« (f>), which characterizes the scales. 
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If the output variables are to be single-valued Inm tions of the input, 
variables, the input parameter* must be single-valued functions of the 
input variables, and the output variables must be single-valued functions 
of the output parameters; it- is not. however, necessary that tin' inverse 
relations be single- valued. Thus an input scale may have the form shown 
in Fig. and an Output scale that show ii in Fig. 3-4, but not the reverse. 

Linear Ifucftfllll '" A mechanization of a relation between varia- 
bles will be termed a "linear mechanization if ali scales are linear. 
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\ nonlinear mechanization of a given function may be useful when 
input variables are set b\ hand, and only a reading of the output variables 
is required. When a computing D i;i r lis r • m to be part of a more com- 
plex device, it is usually necessary that the terminals have mechanical 
motion proportional to the change in 
the associate! variable thai is, a linear 
mechanization of the function is needed. 
For instance', if one has only to com- 
pute the superelevation angle for an 
antiaircraft pm it may Ik? quite MEtifr 
factory to read this on an unevenly 
divided scale If, however, one wishes 
to use the computer to control directly 
the sight on a gun, then a linear mecha- 
nization of the superelevation function 
will be required. 

It is a trivial matter to design a 
nonlinear mechanization of a function 
of one independent variable. One i ... . i Output. Mate, 

requires only a single* pointe r, serving 

both as input and output terminal, to indicate corresponding valuc> of 
input and output variables as parallel scales (Fig. 3-5). For this reason 
the term mechanization as applied to functions of a single independent 
variable will always denote' linear mechanization; a distinction will be 
made' bttfflHD linear and minlincar nmchanizat iejn only in t he* ease e>f 
linkages of two e>r more* degrees of freedom. 
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3-2. Homogeneous Parameters and Variables. Homogeneous vari- 
ables and parameters are very useful tools in the* design of individual 
romputing linkage's, and alse> in the draw ing up e>f schematic diagrams for 
DOmplex computers. They are- defined only for variables ami parameters 
which vary within finite' limits. 

Associated with each variable .r, having a finite* range' A.r, is a hotno- 

, oos variahlc defined by 
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As Xi varies from its lower to its upper bound, hi varies linearly with it, 
from 0 to 1 . The inverse farm of Eq. (10) may be written 

Xi m gjM + hiAXi. (11) 

Another homogeneous variable, "complementary to hi" is defined by 

& - ^ " ? p (12) 

or by 

hi + km L (13) 

In the same way. there are associated with each parameter A\, having 
a finite travel AX„ two complementary homogeneous parameters, 

/?, = i - //„ 0») 

which change linearly with A , between bMBdl <> and 1: 

Xi = X im + HAXi - Xi* - tfiAX*. (16) 

In a linear mechanization, the homogc'itecMH variables an<l parameters 
are very simply related. The quantities X» and x, are connected by a 
linear relation. 

If A\ is positive, the minimum values of \ , and x, occur together, as do the 
maximum values: 

X im - X?> - fttfftta - if), 

It follows by introduction of t Im r<4- relations into Kqs. (10) and (I I) that 

//, hi. (ki > 1). (19) 

If Id is negative, the maximum value of Xi occurs together with the mini- 
mum value of r„ and conversely: 

.Y„„ - A';"' = k t (j\ u - x'*), (W 

(*< < 1) 

then 

//, ■ A, = 1 - It. (ki < 1). (21) 

liquation (19) will lie referred to as the "direct 11 ident iticat ion of //, 
with hi* It implies that X, and .r. are line;ul\ JcpMldlHll OS each other, 



, : M) /tJV oni; atok WOHMAUBM lt> 

changing in the same sense between minimum ami maximum values 
which they attain simultaneously; the scale of x t is even, and increases in 
the direction of increasing A*,. Kquation (21) will be tanned the "com- 
plementary identification " of //, and A,; it implies that the Kale of Zi is 
even, and increases in the direction of decreasing A',. 

In terms of homogeneous variables, the problem of linearly mechaniz- 
ing a given function takes on | particularly simple form. Tor instance, 
if the given function involves a single independent variable*, it may be 

• \ pressed in terms of a homogeneous input variable//! and a homogeneous 

• nit put variable /i 2 : 

/is - /(Ai). (22) 

A linkage with QU dcuree of freedom, operating in a specitied domain of 
1 he input para meter, 

X%m * Xi & Xm t W 

will general* 1 a relation l>ctwcen homogeneous input and output param- 
cters, // I and// ? , respect i vely : 

//, /•'<//,). (24) 

h is then required to find a mechanism and domain of operation such that 
Bq. (21 ) can be transformed into the given Ki|. (22) by direct or comple- 
mentary identification of // , with hu with // 2 with //«. 

The usefulness of homogeneous parameters and variables will be 
abundantly illust rated in the chapters to follow . 

3-3. An Operator Formalism* — It is often necessary to combine 
mechanisms in series, in such a way that the output parameter of the 
first becomes the input parameter of the second, and so on. The first 
mechanism determines an output parameter A' 2 as a function of the input 
parameter X$ 

r, - <ma',). (pa) 

The second mechanism determines an output parameter X i in terms of X* 

\x - *,(.Y S ); (256) 

t he third determines an out put parameter X A in terms of Xa, 

Xi = ♦.(X,); (25c) 

and so on. The final output parameter, for example, A.,, is then deter- 
mined as a function of Xtl 

X, = fet+sfoCZ])]}. (20) 

The convent ional notation of Eqs. (25) and (2G) is fully explicit, but some- 
limes cumbersome, ftf many purposes the author finds it more con- 
venient and more suggestive to use the follow ing operator notation. 
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Equation (2fwi) implies that the value of A . can bo obtained by carry- 
ing out an operation lot' character specified by the definition of 4>\) OB the 
v:ilue of X%. As an alternative notation we shall writ, e 

\ 2 = (XjjXO 1 A' i. (27a) 

where (A\|A*,) denotes an operator converting the parameter A i into the 
parameter A'?. Similarly. I iqs. (2.">M ami l/ioc) become* 

r. - <A:<!AY) • A',. (27//) 
A, (AMA'a) • A 3 . (27c» 

In this notation Eq, (211) Incomes 

A\, = (A,|A' 3 ) ■ (XilJTJ - (A.IA'O - r» (2S) 

This ferm shown clearly lh<' successive operations carried out upon A'i 
to produce 1 A:. It will be noted, however, that, the operab.rs are dis- 
tinguished from each other only by spcrificat ion of the parameters 
involved; it is not possible to change the argument of a given function, as 
in the conventional functiomd notation. 

The over-all effect of Eqs. (27) is to define A , as a function of A , : 

A 4 - (A, A*i) • A,. (29) 
On roinpating Bqft. (28) and £W) we obtain I he operator equal ion 

(A,!A' 3 ) • (AV.A'i) ' (AVA'0 = (A'/ r Yi). (30) 
The form of this equation calls our attention to a possible manipulation 
of these functional operators. In I meaningful product of operators, 
each internal parameter will occur twice* in neighboring positions in 
;uljaeent operators. One can. without changing the significance of the 
operator, strike out such duplicated symbols and condense the notation 
ihus: 

(X A \X>) ■ (XJXO • (X4X0 -+ (X 4 \Xt) • (XJXi) -> (XJXi), (31a) 

or 

uV.'.V:;} ■ (XJXO ■ (XJXi) - (XJXJ ■ CX«pTi). 

Conversely, MM can describe the structure of an Operator in DOOM detail, 
with consequent expansion of the notation: 

(X 4 \Xr) -> (X 4 |X0 • (Xtpfi) - ' (X*\X t ) • (A' 2 |A\). (32) 

The inverse operator to (Jfi|Xi) will l>e (A'i|A' 2 ). Thus 

7i = (a.ia%) m 

(A',LY*) • OTJXi) - L (MJ 

Both sides of an operator equation can l>e PiqWpBfld by the MM 
operator. This must be done in such a way that the resulting operators 
have meaning: the multiplied operators must, have neighboring symbols in 
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common. Thus mm can multiply both Mm of ESq. (90) from the left by 

the operator < A" | A' , ) , to obtain 

(xjXi) • (A,]A a ) • (xjxo ■ txjxo - (xjxo • (X4Xi), m 

which may be condensed bO 

(Xtpfi) • exjxo - C*4*«i ■ (Xipro. CM] 

Multiplication of Kq. (30) by (AVA\) from the right is not defined, 
but multiplication from the right by, for example, (Xi|X|) is defined. 

This operator formalism can be applied to variables as well as to 
parameters. An input scale, which determines a parameter A, as a func- 
tion of a variable gj, can l>c represent rd by an ope rat o r (A',|.r,);nn output, 
scale would be represented by an operator u.'A'a). 

3-4. Graphical Representation of Operators. The operator (X*|Xi), 
like the function </>.( A,), is conveniently represented by a plot of X| 
against A',. This representation is most uniform and most useful when 
homogeneous parameters or variables are used. A plot of //,. against //, 
always lies in a unit square (Fig. :HV); it can l>e used in the graphical 
construction of curves representing product* of the operator (//*'//,) with 
..ther operators, and in the solution of other types of operator equations, 
in a way which will now be explained. 

(liven the analytic form of the relations symbolized by 

//* - (// t |//.) ■ //„ (87o) 

//, (//.//,) //*, (37/,) 

OBIB can determine the form of the relation 

//, = (//„|//,) ■ //, (37r) 

by eliminating tin* parameter ll k . In the same way. one can determine 
he graphical represents ion of the product operator 

(7/J//,) t//.|//,) • (//.I//,) (38) 

by graphical elimination of the parameter / / 1 from plots of (ll a \H k ) and 
Figure 3-7 illustrates the required construction. The opera- 
tors (//*|//,) and (7/,|//a) are represented, in the standard way, by plot- 
ting the first parameter vertically against the second horizontally. In the 
representation of (// fc |//,), lit is thus plotted vertically, but in the repre- 
sentation of (Ht\Ht) it is plotted horizontally. The parameter //, is 
plotted horizontally in the first wise, and //. vertically in the second; it is 
in this way that they are to be plotted in the standard representation of 
the product operator (//JW<), which we must now construct. On the 
main diagonal of the square, the line (0, 0) — ► (1, I), we select ■ point A ; 
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this will represent, by its c-< piril horizontal and vert ir:tl coordinates, ;i par 
ticulur value of (he parameter //,-. A horizontal line through A will 
intersect the curve (//,.//,) at a point II; the horizontal coordinate of 
ft is a value of //< corresponding to t he chosen / / /, . A vert ical line through 
/! will intellect the curve (//„ lit) at a point C; the vertical coordinate of 
C is the value of //, corresponding to t he- chosen lit. The point />, con- 
st iuHe.1 by completing the rectangle ABDC f then has the horizontal 
coordinate //, and the vertical coordinate //, corresponding to the same 
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1s,„.-al M|>,M:it<.r (///|//,>. op<M»toiH. 

value of //*; it lli point on t he curve of t he product operator I IL\II,). It 
will be noted that the horizontal line* through .1 intersects the curve 
(//, //,) Bt K second point, />". to which corresponds a second value of 
//, compatible with the same values of ll k and //„. The point // cletei- 
mincd by const ructini: the rectangle A II'D'C ll thus ■ second point on the 
eurve \ll,\Hi). By carrying out this construction for a sufficient number 
,,f p. .in ti A, one can determine enough points />, l)\ on the curve | IL\ll.) 
to permit its construction with any (tain id accurac y. 

The slopes of the factor and product curves are simply related. The 
analytic relation 

dll. dH, dHu m) 
dll, " dlU dHi 

becomes, in the notation of Fig. 8*7, 

(Slope of (//.|//.) at D\ [Slope of (//„|// t ) at C] 

X [Slope of (//,!//,) at H\. (40) 

If the factor curves intersect at a point .1 on the main diagonal, the rectan 
gle ABDC reduces to a single point ; the product curve pusses through this 
same point, with a slope equal to the slopes of the factor curves. An 
important special case is that in which both factor functions are con- 
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tinuous and monotonically increasing in the range of definition. The 
factor curves then intersect at the points (0, 0) and (1, 1), at the ends of 
the main diagonal; the terminal slopes of the product curve an equal to 
l he products of the corresponding terminal slopes of the factor curves. 

It is sometimes desirable to construct the product {H y \ll L ) • (ll,,\ll t ) } 
using, instead of a plot of <//,'//*), a plot of its inverse, (Ih\ll K ). The 
paquiffed construction tl shown in Fig. .'VS. A horizontal line through a 
point .1, corresponding loan arbitrarily chosen value of //*, will intersect 
the curve (lft\ll*) at a point C with horizontal coordinate //,, and the 
curve at a point II with horizontal coordinate //,. A vertical 

line through C will intersect the main diagonal at a point I) with vertical 
coordinate //,. Kinally, by completing the rectangle CDEIi, one can 





Via. 'AH.— Construe! ion of Um 

product Uh\lh) • atiai 

plot of 



In.. (intpliicul .solution of 

Z (//,|//*) - (//.|// 4 ). 



determine the point E\ with vertical and horizontal coordinates //, and 
//, t rcspectiveh ; this point, then, lies on t he required eurve. (7/„| //,•). 
TU8 construction is essentially a solut ion of t he operator equation 

(//,;// . .//,!//,) - (// A |//,). (4i) 

t he first and third of the.se operators being kn<,u n . < Uhcrwise staled, it is 
i iphical solution of I he operator equation 

r - (//,!// ) (42) 

lor the unknown operator ) , which is obviously the desired \ll,\ll,\. It 
will be noted that the construction of Fig. li S is that required for the 
multiplication of {ll,\IL) and (//„'//) to prodoee <///.//,), according to 
I he method first, explained. 

Another operator equation often encountered is 
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The construction for Z is sketched in Fig. 3-9 in the case of monotone 
opemton (//.|//*) ud (ffjffi). 

3 5. The Square and Square-root Operators.— 1 1 is sometimes desir- 
able kO connect in scries two identical HlllriigfM with equal input and out- 
put trawls. The first linkage carries out the t ransiormat inn 

ih = (//*[//,) B k (44a) 
tin- second linkage, the transformation 

//, = (//,!//,) //x, N/,: 
where the oj>crators {IL\H) and (//,|//*) are identical in form, though 
not, ol* course, in the arguments. Then 

(//,!//,) = (//.I//,) • I///// i (46) 




l«ia. 3-10.— 'SqimriiiK an c»|H'inOir. I i<i. .'I ll, Squaring an n|N*rat<ji It 

ri.|»rvsriit«ni by a cmw which rn*<i«i< 0"' 
niititi diagonal. 

is (IMWHtiillj the square of the opciator 

W m (II.\IIt) - IHil^i (46) 

Kt|. ( 15) may he written as 

(//.(//.) = ww iv 9 . m 

The construction tor the operator H' 2 is illustrated in Figs. 3* 10 and 3*1 1 . 
In principle, it is the same as the construction of Fig. 3*7; difference HQ 
appearance arise from the I'act that, since the functions are identical, the 
points /-fund V lie on the same curve, instead of on two different ones. 

The curve representing IP lies beyond the ll'-curve, away from the 
main diagonal. Where the ll'-curve crosses the main diagonal, the 
IP-curve also crosses it, with n slope equal to the square of the slope of the 
W-curve; terminal slopes are related in the same way when the t ermin al 
points are {(), 0) or 1.1, I). Thus t he variations in slope of the lP-CUTTti 
and its curvature, are greater than those of the ll'-curve. 
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The difficulty in designing a linkage to generate a given function tends 
to increase with the curvature of the function. It is often impossible to 
use a linkage of given type to mechanize a given functional operator 
<//,|//,) IP with large curvature, hut quite feasible to mechanize the 
less strongly curved square-root operator IT. If it is possible to solve 
Bq. ( 17) for the operator IT, and to mechanize this by a linkage with equal 
input and output travels, it is then possible to mechanize the given func- 
tion by t wo such linkages in series. This technique will be discussed in 
('hap. (>; we shall here consider only the 
graphical method for solving for the 
Bquare-root operator IT, when IP increases 
nionotonically. 

The general nat ure of the problem of 
solving for IT can be understood by in- 
fection of Fig. S'lik One needs to fill 
mil tin- region )>etween the main diagonal 
.uid the IP-curve by a system of reel. ingles 
with horizontal and vertical sides, such 
t hat one corner of each rectangle lies on < he 
main diagonal, the opposite corner lies mi 
Im IP curve, and the ol her t wo corners 
ill on a continuous curve, the ll'-curve. 
This can always be done, and in an infinite number of ways; the square- 
mot operator is not unique, but has the multiplicity of the curves that 
hi be drawn between two given points. 
A square-root operator can be constructed in the following way. 
Uetwecn the main diagonal and the IP-curve, let a point C be chosen, 
quite arbitrarily (Fig. 3T2). Beginning at the point C, construct the 
horizontal line <*tf, the vertical line dy, the horizontal line 76, and so on; 
1 1 1 esc form a. step structure with vertcxes alternately on the main diagonal 
and the IP-curve, extending through the region between these lines. A 
1 ond step structure passing through Q is formed by the vertical line 
V, the horizontal line the vertical line (J'y\ and so on. These two 
step structures define a series of rectangles with opposite vertcxes on 
the main diagonal and the IP-curve. The other vertcxes define a 

sequence of points, 1, t', />.... , such that a lF-eurvc which 

passes through any point of the sequence, s:i\ C\ must pass also through 
all the others. This sequence of points will have a point of condensation 
where the II '--curve crosses the main diagonal, and cannot be extended 
through such a point. In Fig. 312 the points of condensation are the 
terminal points (0, 0) and (1, 1); in a case like that of Fig. Ml, inde- 
pendent sequences must be defined in regions separated by points of 
condensation. 
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Let us choose to construct n square-root operator, H\ which passes 
through the sequence of points, . • « , A 9 B, C, />,..., indicated by 
solid circles in Fig. 3 12. \\ e can also require that it pass through any 
other similarly constructs! series of points, . . . , A', B', C, lY y . . . , 
such as thai Indicated in Fig. 312 by small circles. Wecan, in fact, com 
pletely define ir by requiring that it pass l>etween points B and C in an 
arbitrarily chosen continuous curve. Corresponding to the points of this 
curve, the above* construction will define sequences of points that con- 
nect A to C and />, and so on ; these points define a continuous IP-curve 
extending from one condensat ion point to the next. The reader will 
find it easy to prove that if IF is to be single-valued everywhere, it must 
increase monotonieally l>ctweea B and <\ 




hi;. :i i:t. Conjunction of ti n«|iiai viooi In.. S.M. — Si|iinn*->rtMit-«i|M»ritt«ir rurvr 

opci'sit i >i' nrui i\ point of coinlonsation. having u cU»riv»tiv«» tit a |Miint of roiiden- 

stU ion. 



Tin* square-root operators thus defined do not, in general, have 
derivatives at the limiting points Of POIlAWition In Pig. :M2 it is 
evident that the IP-curve oscillates more and more rapidly as the origin is 
approached, and it is hardly to be ex|>eeted that a derivative will exist at, 
that point. Figure 313 represents the part of Fig. 3-12 very near the 
origin, in a neighborhood in which the IP -curve can be replaced by a 
straight line with finite slope N / 1. The points a, 6, c t d, % fall in the 
same sequence as t he points A, fl, C, D, of Fig. 31 2. No attempt is made 
to ii present, the* forms of the intervening curve segments, which are 
replaced by straight lines. The step structure shown dashed is the con- 
tinuation of t he st met ure ixfiyde . . . of Fig. 312; it will be unchanged if 
the point 0 is shifted horizontally, say to C*. The other step structure is 
ftfrOontinuation of afi'i'b' . . . , and it will be changed by a horizontal 
shift of C. It Ls easy to show that the segments ah, cd, cf, . . . , are 

l>arallel. a.s are the segments he. dc, fg The segments ah and cd 

are in general not parallel to each other; the average slopes in successive 
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segments of the IP-eurvc remain constant and different as the origin is 
approached, and no derivative exists at the origin. 

As we have already noted, a shift of the point C of Fig. 312 to the left 
will modify OIM of thfl step structures, defining a new sequence of points 
«*, />*, c* t . . . , corresponding to the new point (•'*. By proper choice 
of C # the new sequence of points can l>c brought to lie on a straight line 
through the origin, as shown in Fig. 31 I. Only through this particular 
sequence of points can one pass n IP-eurvc having a derivative at the 
agjhlj the limiting slope of that, curve must be the slope of the line 
a*6*c* . . . , wheh is easily shown to be \ N. This geometric argu- 
ment thus leads to the already stated conclusion that the slope of the 
IP-curve at a point of condensation must (if it exists) be equal to the 
square root of the slope of the IP -curve. 

Thfl argument of the preceding paragraph also lends to the conclusion 
that on any given horizontal line there is one and only oik* point ('* that 
lies on a IP-curve with derivative at the origin. It is evident, then, that 
the condition that the IP-curve shall have a derivative at the origin (or 
:mv other point, of condensation where the ll '-eurve intersects the main 
diagonal with a finite difference of slope) is sufficient to determine uniquely 
the form of the IP-run e its hi r as t he next adjacent point of condensation. 
Since an independently determinable section of the IP-curve usually lies 
between two such points of condensation, the condition that it have a 
derivative everywhere places on it two conditions, which may or may not 
he consistent. Thus for any given inonotonic IF -curve there can exist, 
it most, one IP-curve with a derivative everywhere; there may exist none 
at all. 

If the IP-curve is to be mechanized exactly, it. is obviouslv necessary 
i hat it have a derivative e\ cry where. For an approximate mechanization 
it is only necessary that the IP-curve oscillate with sufficiently small 
amplitude about a mechanizable curve with a derivative everyw here, hi 
either case, the analysis just outlined forms a practical baais for the 
determination of IP-curve. Trying in turn several points C, one can 
quickly find a point C* such that the slopes of the segments a*/3*, 0*7*, 
. . . approach equality as one of the two limiting points of condensation 
approached. The corresponding slopes may (hen oscillate near the 
other point of condensation, at which this IP-curve will have- no derivative. 
It is, however, usually possible to choose (.'* so that the oscillations of the 
IP-curve are negligibly small near both points of condensation. By inter- 
polation one can then determine a smooth approximate IT curve suitable 
faff mechanization. 
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We turn now to the problem of designing n bar linkage for the mecha- 
nisation of u given functional relation b t U r—i I w Q variables. The devices 
used will he discussed in the order of their increasing flexibility and the 

iiHirmrfm complexity of the dwign procedure nquind: in chap. 4, 

harmonic transformers and double harmonic transformer*; in Chap. B, 
three-bar linkages; in ('hap. 0, three-bar linkages in combination with 
harmonic transformers or other three-bar linkages. Full examples of the 
<lesign techniques will be provided by detailed discussions of the problem 
of mechanizing the tangent and logarithms functions. 

THE HARMONIC TRANSFORMER 
44. Definition and Geometry of the Harmonic Transformer. An 

idtal harmonic transformer is a mechanical cell for which input and output 
parameters X, and ,Y< an* recited by 

X k - H sin V . (I) 

R being an arbitrary constant. Such a relationship can be obtained with 
simple mechanisms modeling a right triangle, such as are sketched in Fig. 




—Air- 

I n;. I I. hleaJ haj-moiii<' t mu*fcjrtiu*nt. 

41. These harmonic 1 1 anslormers are called "ideal" because they 
generate tlie sine or arc-sine functions accurately ; unfortunately, they are 
somcsvhat unsatisfactory mechanically, and are therefore used only 
exceptionally in practical work. It is usually preferable to employ 
nonnhal harmonic transformers, such as those shown in Figs. F2 and \ '.\. 
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which give only an approximately sinusoidal relation between input and 
output parameters. 

The mechanism shown in Fig. 12 is an ordinary crank-link system w it h 
imsymmctrieally placed slide. The deviation of the output parameter 
from its ;i ideal" value depends upon the angle t between the link /. and 
the line of the slide. Representing the output parameter by X*, one has 

Y£ - sin Xi - U\ - cos«). (2) 

This may be written as 

n - r A + « h m 




Via. \ 'J. (Yank-link .sysU'tn jls n imnirioul harmonic iranHformor. 



..here rtA ; . is the struetural error of the mechanism as compared with the 
ideal harmonic transformer: 

5A' t = -L(\ - cos*)- (0 

In the mechanism of Fig. 12, e is variable, being given by 

Lain* = B cos .V, - If. (5) 

In Fig. 1*2 the slide displacement IF has been so chosen as to keep f, 
and hence o.V ; . small as the crank turns through its limited operating 
angle. As will be discusse<l in detail later, it may be desirable to make a 
■ liffcrent choice of W in order to obtain a desired nonvanishing form for 

IX* 
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Kigure I :{ represents a harmonic transformer connected to another 
linkage such that the pivot P may be found anywhere within the shaded 
area. liquations (2), (3), and ( I) hold in this ea.se, hut ( ami the struc- 
tural-error function tX| now <lcpcnd not only on A',, hut also on the 
position of the pivot /' within the pa— iHlt boundary. 

An ideal harmonic tninsformer generates a section of sine or arc-sine 
curve, the form of which can be fixed by specification <>f t he angular limits 
of the rotation of the crank, A ',,„ ami A * The nonideal harmonic trans- 
former requires four parameters for its specification for instance, A\ m , 
V L/l{, and W/ll. The presence of these additional parameters |mt- 
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inits a containable extension of tfafl held of mechanizable functions— an 
extension which becomes striking if e is permitted to assume large values. 
In most practical work t and b\ t are kept fairly small; IXj then appears 
either as an error arising from the use of a nonideal design, or xus a small 
correction to the sinusoidal form, by which one makes the mechanized 
function correspond more closely to a given, not exactly sinusoidal, 
function. 

In working out the mathematical design of a system that includes a 
nonideal harmonic transformer, it is usually desirable to carry through the 
first calculation as though the transformer wen' ideal. The error arising 
from use of the nonideal design can then lie corrected in the final stages 
of the work (if this is required by very rigid tolerances), or so chosen as to 
minimize the overall error of the system. 
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4-2. Mechanization of a Function by a Harmonic Transformer. — 

In the harmonic transformer one parameter is a rotation, the other a 
translation, lather of these may be taken as the input parameter. If 
I lie crank H is the input terminal, the limits of the input parameter V, ma> 
he chosen at will; the crank can describe any angle or make any number 
of revolutions. The mechanized function will always he a. sinusoid or a 
part of a sinusoid between chosen limits 

I Pig, ii: if the elide iethe input ter- 
minal, the range of tin* input parameter 
Xt must be limited to keep theiueeha- 

Maximurn 
slope 
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iiism far enough from the self-locking positions. The mechanized 
function is then a portion of an arcsinusoid (.Kig. 1*5) within which the 
-lope does not exceed some maximum value determined by mechanical 
I'onsiderat ions. 

Thfl simplest problem in Meuldiarmonic-transformer design is that of 
mechanizing a harmonic relation, analytically expressed, between varia 
blee x t and x k : 

*k ~ Xt 9 - r sin !.r, .rj t r > (I, (oVi) 

or 



Xi — j\. 



sin 



(6b) 



-iven s|>ccificd limits for the input \ariables. To determine the constant. 
R of the harmonic 1 raiisformcr ami the required relation of the variables 
i\, xt, to the parameters ,V M A ... , one need only compare Kqs. (1) and (ti) : 

Xk — x^ 



X k 

r 



Xi Xi„ — X i. 



(7) 



Tlio valm- of /(*. i liKseii :i( u ill, .II I t nnincs t ln> sf.i.h- fuctor K, nl I In- M nun 

etar A' t : 



Xt — Xk, 
X: V., 



r 
Ii 



(H) 



<>2 
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[X kt = 0, by Eq. (7)). The scale factor faf A', is unity. These constants 
being fixed, the harmonic transformer is determined. The range of 
parameter values for which it must operate is determined by the limited 
range of the input and output variables, x, m ^ x> ^ &t#, Xk m £ x k g xtui 

X, m x tm — x imf Xi%t = Sju — Xi mf (Q>) 

v x tm — Xu y Xk m — Xi+ /«m 
- * t tn ^ ' A ku - Jjr • MOj 

A less trivial problem is thai of mechanizing a function that lias a 
generally sinusoidal character, but is given only in tabulated form. One 
possible method in such a case is to lit the given function jus well as possi- 
ble (for example, using the method of least squares) by the analytic 
expressions of Kq. (*>). and then to proceed jls just explained. A quicker 
way, making use of homogeneous variables and parameters, will now be 
presented. 

4-3. The Ideal Harmonic Transformer in Homogeneous Parameters. 

Before expressing the equation of an ideal harmonic transformer in homo- 
geneous parameters, we must define the parameters more precisely. 

The position of the crank U (Fig. 4-2) is d escribed by the parameter 
A\, the rotation of the crank clockwise from a zero position perpendicular 
to the center line C of the slide. The other parameter, X,., is defined as 
the normal projection of the arm 8 onto the center line of the slide. The 
crank U in the zero position is pictured as directed upwards, and A* is 
taken as positive toward the right from the point ,S. 

The homogeneous parameters ()„ // t , are related to the parameters 
V . X K , by 

JT^X* „ A\~ Xk. (11) 

(The symbol fl, is chosen to represent one homogeneous parameter, 
instead of //,, to emphasize the fact that in this case one is concerned 
with a rotation.) From these definitions it follows that both homo- 
geneous parameters increase in the same sense as the original parameters : 
0, increases always clockwise, II k increases lo the right. 

The connection between ordinary and homogeneous parameters in a 
harmonic transformer is illustrated in Tig. Hi. The arc of the angle of 
travel A.\ sealed evenly clockwise from 0 to 1, permits direct reading <•! 
0,. The projection of that arc ou a straight line jvcrpendicular to the 
aero line NO, scaled evenly from 0 to I. from left to right, jM-rmits direct 
muling of IIk. Any line parallel to OS passes through corresponding 
value* of 0, and //*. The correlation of values of Il k to those of 0, is 
Unique so long as AX { < 300°; the converse correlation may be double- 
valued in some eases, as is illustrated by Fig?- 4-<HM and I oir). 
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From the definition of homogeneous parameters and from Kq. (II) it 
is evident that, always. 



Hi 



sin (A iw H O t AX.) (sin X t ) mm 
(sin A\) , - (sin A, i, „ 



(12) 




Xm 



Vw,. 4-ft.— Ideal \\\\\ BMNlifl transformer with Ihhihwih'ihih p«» unii'tor*. 
(a) (ain Wftmm - «»» X*u- (M X0mm - 1. <<*> (niii .Y,) m , n = sin .V,v. 

Special forms Ol this relation, applicable b cases of the types illustrated 
n Kigs. H»(n). 4*G(b), l ti(c). respectively, are as follows: 



sin (X< m + 0 AA\) - sin X im 

''I 3 V * V 

sin A hi — sin A tm 
m Bin (X im + OiAXJ) - sin X im 

I — sin Xi m 
_ sin (X im + OiAXi) — sin .V |M 



//, 



//a - 



1 — sin A i 



(18a) 
(lift) 



4-4. Tables of Harmonic -transformer Functions.- -Tlie use of har- 
monic transformers as parts of complex linkages is so extensive and the 
design problem is so greatly simplified by t he use of homogeneous param- 
eters that it is very convenient to have available a fairly complete table 
<■!' the functions appearing in Kq. (13). Table A l gives //,.. for 0, 0.0, 
0.1, 0.2, • • • (Ml. l.() t and for AA , =40°, 50°, - • 110°. Smaller 
lues of AX\ are of little interest, since with small angular travel the 
errors due to mechanical play become relatively important, and other 
devices can serve as well for mechanization of the corresponding nearly 
linear functions Two facing pa^es are required for each value of 



1,1 
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AX,. Columns of values of II k are gro u ped in pairs in a way intended 
In facilitate the calculat inn of .structural error functions, as discussed in 
See. 4 5. The first of these columns has the corresponding values of 
X*»Utd A',./ indicated at the top. and is Uhnbturl wit h 0, (indicated to the 
left ) increaBing downward. The second column has t he values of A\«, and 
Xm indicated at the bottom, and is tabulated with 0, (indicated at the 
right) increasing upward. The associated columns correspond to har- 
monic tranafonnere with Xi m A\ £ X u and with 

n^speet iveiyj the significance of this and of other features of t he table 
which arc not of importance at this point will he explained in See. 1 .Y 

Table A 2 gives % for ffj 0.0, 0.1, 0.2, ' ' ' 0.«>, 1.0, and for the 
same A.Y, as Table A 1. The arrangement is simple and should require 
no explanation here. Only sitmle-valued relat ionships bet ween //, and 
0, are tabulated, since the table is intended for use when II \ is the input 
variable; all regions that include % point with infinite tff), /<IH, : may bi 
excluded. 

In using Tables ,\1 and A 2 to mechanize a tabulated function with a 
pronounced sinusoidal character, the function should first Ik* expressed in 
homogeneous variables. We shall call the homogeneous input variable 
/; r , the homogeneous out put variable/),, in order to avoid any commit ment 
as to which is to be the angular parameter in tin* mechanization. 

Next, there should be tabulated in a column the values of the output, 
variable h„ for h r = 0.0, 0.1, 0.2, ■ ' ' 1.0. making such interpolations as 
may bi necessary. 

It remains only to compare this column of numbers with those in 
'fables AT and A*2. One can easily find which of these columns gives 
the best fit to the given set of numbers; each column, it is important to 
note, may be read either up or down. This determines the best values of 
X im and X t y for the harmonic transformer, to within UPj by interpolat ion 
one may fix these values even more precisely. The remainder of the 
design process is t hen triv ial. 

If the tart fit is found in Table AT. the output variable h* is being 
identified with ll k \ the output terminal of the mechanization will bi the 
slide, the input terminal the crank. If the best fit is found in Table A 2, 
the reverse is true. 

Suppose that the best fit is found in Table A- 1 . and th:it. in reading the 
corresponding columns, h, and 0, increase together. Then one has 
= $ i9 ) u m H k * Knowing A\« and A v. one can construct scales of 0< 
and IL as described in the preceding section; the>e are the reipii red scales 
of h r and /i„ which one can recalibrate in terms of the original variables, if 
this should be desired. 
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If the best in i found in Table A- 1, but correspondence of the columns 
requires that they be read iti such directions that h r decreases as |j 
increases, then 1 — h r = 0„ h, ■ //*. The A*-scale thus differs from the 
0,-scale only in that h r increases to the h it instead of tin- right; the rest 
of the construction is as before. 

If the best fit is found in Table A -2, one has A. — 0<, h, « //*, if //„ and 
Hi increase together, ami otherwise I — = I* l*r = II k 

In the operational language introduced in ( 'hap. \\ this process may he 
described as follows: A functional operator (h A \h r ) is given, and there is 
sought a functional operator (lh\O t ) or (0.|//*) of a harmonic transformer 
which transforms into the given operator (h M \h r ) when the pair of variables 
(/ir, /in) is transformed into tin* pair of parameters (0,, II \) or (//*, 0») 
through a direct or complement ary identification. 

When the tables me employed it is useful to make graphs of operators 
and sketches of mechanisms in order to prevent mistakes. It is recom- 
mended that the //[-scale run alwavs from left to right, that the zero line 
for A*, be directed upward, and that the scale for 0, increase clockwise, as 
in Fig. Hi. 

SlNtapIft Dm an ideal harmonic transformer to mechanise the relation 

x t = tan .r, (14) 

W till < In* range of t he input variable X\ from 0° to f>0 o . The homogeneous 
variables .iiv 

*- = HP *■ - sftr < 15 > 

Table IT gives tin' relation of A, to h, in tabular form. 

Tabi.k 11. th tv\ jp, f 0 £ j*i £ ."it)', in I Io\io< a:\KiM s \ Mo \in.i .-. 





A. 


u u 


0.0000 


0.1 


0.0731 


0.2 


0. I ISO 


0*1 


0.22 IS 


n i 


OJOM 


o :> 


0*991* 


nr. 


o tsi 1 


0 7 


o.;»s7.~. 


OS 


0.7M1 


0.9 


o.noi 


1 .0 


1 OtKK) 



In seeking a corresponding column in tin* tables, we need examine only 
those which show no maximum. In such eases the first and last values 
are always 0 and 1 ; every Mich column matches the given column at the 
t wo ends. 
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Consider first Table A I . Fixing on a value of AA\, wc seek a column 
that gives a match at the middle as well as at the ends; for example, with 
A.V, = 70° the beSl match is obtained for X im = -70°, Xm = 0°. 
However, this column contains values that are too small at small 0,. too 
large at large 0,. Repeating this process lor smaller AA\, one obtains a 
better over-all fit, but the* improvement is slight; one must cither use 
very small values of AA, or tolerate errors of over 2 per cent of the total 
rug* 

Next wc examine Table A-2. Again the best match is obtained tor 
• relatively small AX, — a consequence of t he nearly linear character of the 
tangent function in the range. Here, however, a much better 

match is possible. Comparing with tin- given h, the values of 0, shown in 
Table A 2 for A'.. - 4 M)°, A,,, = 70° and for X, m 35°, A,,, = 75°, 
one finds the differences shown in Table 12 
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It* 


Xm - 30° 


Xi m = MP 


A \ m m 31.5* 


Xm - 70- 


Xm = 75° 


A',* - 71.5° 


0.0 


0.0000 


0.00(H) 


0 0000 


0.1 


— O.tMKM 


O.OOBfl 


0.0008 


0.2 


-O.ougi 


0.0050 


0.0001 


0 1 


-o.oono 


0.0OOA 


-0.0016 


n i 


-0.0076 


0.0072 


-0.0089 


0.5 


-0.0097 


0.0080 


-0.0044 


0 0 


-o.oioo 


0.0006 


-0.0046 


0.7 


-0.oo«>:> 


0.0120 


-0.0030 


0.8 


-o.oooo 


o.ot n 


0.0003 


0.9 


-0.0009 


o.ouvo 


0.0012 


1.0 


0.0000 


0.0000 


0.0000 



Linear Interpolation between these columns shows that with A\ m = 31.5°, 
Xim = 71.5° the difference lietween h t and 0, remains less than 0*006; an 
ideal harmonic transformer with these constants would have a structural 
error everywhere less than 0.5 per cent of the travel. 

Figure 4-7 shows the harmonic transformer thus designed, with func- 
tional sealea for ft, = //* ud h, - ft. The travel, AA r *, can be given any 
desired value by proper choice of It: 

A A i A'vsiii 71.5° - sin 31.5°) = (U258/f. (16) 

It is interesting to note that in this example the angular variable xi of 
Kq. (14) has been mechanized jus a slide displacement, the linear variable 
a- 2 as an angular displacement, whereas in a constructive computer the 
reverse would he the case. 
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In this design procedure we have treated the harmonic transformer as 
ideal. To construct it as nonideal would introduce an additional struc- 
tural error, 5A\, described by Kq. (1) an error that can be made suf- 
ficiently small by making tin' link /, very long and by so placing the center 
line of the slide as to reduce the maximum value of the angle * as much as 
possible. In general it is better to make positive use of the term 6X k , so 
choosing the design constants that bXk tends to cancel out the structural 
error bh k of the ideal-harinonie-transformer component of the mechanism. 
In the present case this may seem hardly worth the* trouble, as the fit 
obtained with the ideal transformer is very good. However, it is to l>e 



0.0 0.5 1.0 
H k | * i i i i i iii 




I i<;. 1-7. Harimmir I r:irisf«n iiht iiin-liaiiixiiiK A' : t utt A\, 0° - A , - \ t«-r 

• It -iu'ii hlujwn in I'lti. 4- 12. 

noted that this design is unsatisfactory in that the angular travel A A, is 
i :it her small. In pnetice, it would be Itettcr to einplo\ a nonideal trans- 
former with large angular travel, keeping the total structural error small 
b\ judicious choice of /. and the slide position (Fig. I- 12). The required 
design techni(jue is discussed in the next section 

4-5. Total Structural Error of a Nonideal Harmonic Transformer. 
In finding a harmonic transformer to mechanize a given relation, 

ft* « (/u|A.-) ■ ft* (17) 
one begins, as already described, by finding an ideal liarmonic transformer 
that gives an approximate lit. Then if 0< is identified with h„ ll u can also 
be identified with hk, except for the small structural error bh K : 

H k - li | Mb (i8) 
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If the transformer to be used is nonideal, its output parameter will be not 
IIl but //J. Representing by |ff| the change in output arising from the 
nonideal character of the transformer, we write 

//; - iik + w/a. tm 

The complete mechanism then has a structural-error function 

H| - ir k - It = + Bin; (20) 
it is this error that should be reduced to tolerable limits over the whole 

range at operation. 

A nonideal harmonic transformer has been sketched in Fig. 1*2 W 
t he lour design constants, X im and Xim characterize the idcal-harmonic- 
transfonner component and determine the form of bh k \ L/R and IF/ft 
affect only the form of 5//*. It is of course impossible in general to make 
bh[ vanish identically by any choice of these parameters. Ideally, 
one would manipulate all four parameters in order to make bh[ every- 
where satisfactorily small, without regard to the resulting magnitude of 
5// t and 6//,,. An easier technique is to make hh k as small as possible by 
choice of X im and X**, and then to choose L/R and W/lt so as to minimize 
M*; however, one can often arrive at more satisfactory designs, and even 
appreciably reduce the overall error, bv some other choice of A .,., and 
A v. 

4-6. Calculation of the Structural-error Function iHi of a Nonideal 
Harmonic Transformer. In designing harmonic transformers it is impor- 
tant to have a quick, efficient way to compute the structural-error func- 
tion 5//;.. Use of Kq. ( I i is neither quick Ml well adapted for work with 
homogeneous parameter*; belter methods to be described here and in 
Sec. 4-7 depend upon reference to Table A l. Th« discussion will l>e 
illustrated by Fig. 4-8, which shows a harmonic transformer with alterna- 
tive positions for the link L, extending from the crank toward the left or 
toward the right. Here, and throughout the discussion that follows, 
the unit of length, in which all dimensions are stated, is taken to be the 
length of the //e-scale; thus t tXu = 1. As before, we consider the 
harmonic transformer in its basic position, with 0< increasing clockwise, 
the zero for X< vertically upward, and scales H * increasing from left to 
right. 

The change from the ideal harmonic transformer (scale //,.) to the 
nonideal one (scale U' k ) will be traced through t wo steps. 

Pint, the //i-scale may be shifted bodily to the right or left by a dis- 
tance L. On this scale, shown in Fig. 1*8 above the slide, the reading 
opposite the pointer w ill be //*, modified by an error 
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The sign of this error depends only on whether the crank extends to the 
right or to the left. Taking L as positive when the link extends toward 
the left, negative when it extends toward the right, one has always 

1)11 1 - L(l - cose). (22) 

As II k change s from zero to one, lh + DII k changes between limits which 
are in general not zero and one: 



(//* + & II k + Dlh g (//* + DU k ) n 



28) 



thus II k f- 1)11 k is not in general a homogeneous parameter. 

As the second step, the II L -f /)//*-scftle is replaced by the homo 
gen i zed ll[ scale, shown in Fig. I S below the slide: 



W - 



(11, + Dlh).,,., - (//, + />//*)...„' 
I 




//;oo 



Kio. 4-8. Notation u.h«hI in harmonic transformer deaign. 



When Dili is reasonably small the maximum value of //* + DH k will 
occur at essentially the same 0, as the maximum of ll k — that is, when 
Hk = 1. One can then write 

(Hi + DII k ) mm% m 1 + (D//*)i, (25) 

and similarly 

(//* + DH k ) mi * m (DH t ) 0 , (20) 

and (Dfft)i being the values ol 1)11 1 for II k equal to 0 and I 
resjXM'tively. As an approximation good enough for all preliminary 
calculations one has then 



//' « ,,k + 1)Uk ~ < /)7/ *>« 
" k 1 + (DH k ) t - (DH k ) 9 ' 



(27) 



To compute J)ll kr we observe that if )'* is the distance above the slide* 
center line of the pivot between L and It, then 



sin , = £ 



(28) 



70 



(he. M 



uid 



Win trial 1 



M ». L [i_(i-$)' 4 } 



(30) 



Hm quantity Yt is conveniently found :us I (auction of 0, l)y use of Table 
A I , by taking advantage of the special relal ionship of associated columns 
of that tabic. The relationship of the corresponding hannonie trans- 
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formers is illustrated in Fig. H>. The first t ransl ormer (parameters 
0 %f //*) operates through the range 



x it X 



Xi m £ Xi g Xm 



Mf^ _ _ IJ* Xm = 75° in Fig. T9«). The second 1 1 ansformer (param- 
ctere X?, X?;<f, //?) operate through the range 

X*. - 90° - Tm ± Xf A X*, - 90 8 - .v.. 

( V* m = 15°, A'*, ^ 105° in Fig. 4-96). Now it will bo observed that if 
Hg.4*tt is reflected in the Km A * 16° and superimposed <>m Fig. \\)o, 
the angular seales will thru coincide, but with 0? = 1 - ft. The 
ffj-ecale, however, heroines a vertical walt\ as compared with the hori- 
zontal //,-scaic The sntriei m i section ol Tihle A-i may then be 
interpreted m follows: For ■ harmonic transformer with limits on A\ as 

given at the top, the lour entries in each row, from left to right, correspond 
to (1) ft for some index point P on the angular scale, (2) //*, which meas- 
ures the horizontal displacement of that point to the right of a \ertical 
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reference line, (3) //*, which measures the displacement of the same point 
upward from a horizontal reference line (though in different units, since 
the //f-scale is not in general of unit length), and (4) 0* = 1 ~ ft. If 
the limits on A\ are those given at the bottom of the section, the entries in 
each row have the same meaning if they aft taken in order from right to 

The quantity //,< = A\) measures the actual distance of the point I* 
from tin* vertical reference line, since the H* QOalc is one unit long by 

definition. The length of the vertical toale is 

_ (COS X ,')h,iu — (cos A,) wlft> 

9 ~ (sin .Y.)„... - (sin X<)* * W 
ln'iiir the actual ilistaliee of the point /' I'roin the horizontal referener lino 

Xt - fHj. (32) 

V alues of <j are given iu Table VI, in the same line with those of X im and 
XiM and in the same column with the values of //£. 

Returning now to the computation of Y h , we define A'f as the value* on 
the //*-seale at the point w heir 1 he .slide cente r line intersects it . In Fig. 
4-8, B* lies on the calibrated part of the scale. This is not necessarily so; 
/'.'* is a parameter in the design which may be assigned negative values, or 
values greater than one. In any ciise 

Y k - g{Ut - It). (33) 

It is convenient to specify a nonideal harmonic transformer by giving 
X im , Xm, and L. Calculation of its structural-error function for a 
seri<*s of values of 0, or II \ then requires reading from Table A-l the cor- 
responding values of //*, followed by computation of Pj by Eq. (33), 

DHm by Eq. (99) or (30) (according to the accuracy required), H' k by Eq. 
(27), and finally by Eq. (19), An illustrative calculation will be 
found in 'Fable 4-5. This procedure is quick and easy if /','* and L an 
known, but when it is desired to determine the approximate form of 6// t 
for a considerable series of \ alues of A* and or to find required values of 
BJf and the method to be described in the next section is to be pre! erred. 

4-7. A Study of the Structural-error Function Iff* For I general 
investigation of the st ructural-crror function 5//* or for a preliminary (and 
usually final J choice of /•,'* and /. in the process of designing a nonideal 
harmonic transformer, it is sufficiently accurate to use Eq. (30) in com- 
puting /)//a, and to assume that 

\I)Il k - (/>//*),| « L (34) 

To this approximation bl! L has a simple dependence on A'J and L which 
facilitates its computation for a series of values of these parameters, or, 
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conversely, the finding of values of Ei and L which give 511 k a desired 
form and magnitude. 

Kxpanding //J, jus given by Kq. (27), in powers of the small quantity 
(/>//< )i (/>//*W M>d neglecting lermi of the aecond order of smallncss, 
one finds 

//;. //i t i/>//,- </>//,)..i + mtpB& - (/>//.).! (35) 

and 

5//, m [/>//* - (/>//*)<,] + //i[(/>//*)« - (/>//*) il. (3<i) 

This approximation to 5//*, like the function itself, vanishes when //* ■ 0 
or L, 

By Eqs. (30) and (:«), 

nih Ijint (37) 
When this is introduced into Bq< (86) the quadratic tana is B| caned, 

and one finds 

where and f-i{O t ) depend only on the pa .ramelcrs .V lm :m<l Xm of the 
harmonic transformer. With (//£).> and the values of //? when 11 k 

has the values 0 and I, respectively, 

- BT - (Hf)l + //x((//?)5 - (//?)?), (39) 

/*(»<) - -2(//? - (Hfu + //*[("?)« - (HfWj. (40) 

Knowing the form of /i(0,) and /j(^<), one can easily compute 3//* for a 
large series of values of /. and E*. 

To this approximation the magnitude of the structural-error function 
varies inversely with />, 1 > 1 1 1 its form is determined entirely by E*. The 
possible range* in forms is easily investigated by computing hll k for some 
value of E* for example, for E* - 0, in which case one has simply the 
first term of Kq. (38) and then adding to this the function / s (0,-) in dif- 
ferent pro po rti on*. 

Although ftifid h* easily computed by Kq. (10), it is worth while to 
take note of its simple analytic form. As functions of X ir one has 

sin Xi - (sin Xi)„* n 
(sin A,) mft , - (sin \ J,,^ 
//* =- cos J fj — (co s 

1 (COS XOtaH — (cos X*)..* 

Let A* and A'r, l>e the values of A', for which sin A', has its minimum and 
its maximum values, respectively. (These are not necessarily A\ M , and 
\ u, nor are they always the angles at which cos A\ has its minimum or 
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maximum values.) Then on combining Bqa. (40), (41), (12), one finds, 
after some trigonometric manipulation, that 



ft - 



Ay. + yA 

28CC V 2 ) 
(cob Xi)^ — (cob Xi) u 



x[co 8 (x,-^^)-coe(^r^)]; (43) 

Y + Y 

/sis thus symmetric about the value of 0, -corresponding to A, ' " * '', 

a 

midway between the values of 0< for which//* — 0 and //* — l;itisoftlie 
form of a sinusoid minus a constant, and vanishes for //* = 0 and 




Fiu. 4-10. — Structural -error functions for nuniilt«al Imrinonic LrniiKfnrincr*. The 
inn. Hun- -linwn an (a)/s(0,'), and (/>) to (h) (2L/o*)6Hk for a mm-uw of rtlim tf #*\ when 
X im - -15°, Xim - 75°. 

II k = I* Its general form is thus easily sketched without reference to 
Table A-l. When //* increases monotonically with 0 if ft(O t ) is sym- 
metrical about 0» = i* a fact which makes computation even simpler. 

To illustrate the change in form of 611 | with changing E* let us consider 
the special cast* of a harmonic transformer for which —15° < A\ < 75°. 
The variation of II k with 0, for this transformer is shown by the middle 
curve of Kig. 411. Figure I - 10 shows the form of / 2 (0,), and of 



3L 



511 k - MOi) + ElMOi) 



III) 



for a series of values of E*. When A'f is less than —0.5 or greater than 
15, 611 * has nearly the same form as/j(0<)» which is symmetrical about 
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= 0.5. To pwduoi m desired form oi //• thai diffan (nun the pven 

ll k by a symmetrieal eorreetion 6//*, 
0M would thus choose £* < —0.5 or 
/<; A > 1.5; to raise the //* curves in the 
renter one would use :i posit ive L 

(link to the left) in ttw finri out and 

n negative /, in the second, whereas 
t<» depress the eurve in the eentei 
than orientations of the link would 
be reversed. To lift or depress the 
//i-curves for small 0„ with little 
ehange for 0, near I, tf* - 0 is an 
appropriate choice; to make a change 
near 0, = 1 but not near 0< «= 0, one 
Should take gf m 0.75. With If 
ranging from 0.25 to 0.5 it is possible 
to depress one side of the curve while 
raising the other, ami so on. These 
observations of course apply only to 
the part ieular hartuonie transformer 
bm considered] similar sketches 
would need to be made as the basis ba- 
il discussion <»l other ruses. 

The magnitude of hll k is directly 
Controlled by the choice of It will be 
noted however, that when (2L/g*)MI k 

ii small, m for SJ — 0.5, a particularly 

small value of L may l>e required in 
order to give oil t a desired magnitude. 
In general, it is relatively difficult to 
depress one side of the curve //*(0,) 

while raising the other, and one may 

lital that an unpractically small value 
of L is required to produce a desired 
effect. On the other hand, if one de- 
sires merely to reduce |ff| below BOOM 
established tolerance one can with 
advantage make A'* m 0.5, since con- 
veniently small values of L arc then 
acceptable. 

(c) £*-1.0 The magnitude of 5//* in typical 

lui. ill. Jh(0 t ) fur tumideal Imr- ras( , s j s illustrated by Fig. 411, in 
monic transformer*. A" im ■ —Mr , . . r , , 

X iU - 75", L ± 2, Br M indicate!. which 5//, is given for three value* ot 
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/vf(0.0, 0.5, and 1.0) with /, = ±2. The dilTerence between the exact 
calculations on which these; graphs arc based and approximate caleula- 
tions using the results of Tig. M0 would not be evident to the eye. It 
is to be emphasized, however, that tinal calculations should Ik; made using 
1 he exact formulas in all cases in which « approaches 15° (a value which, for 
mechanical reasons, ought never to be much exceeded). 

4-8. A Method for the Design of Nonideal Harmonic Transformers. 
The experienced designer of nonideal harmonic transformers will Bud it 
possible to guess satisfactorily the required values of and guided 
only by visual comparison of the //^-curves with the (failed form of U[, 
and perhaps a few exploratory computations. On the other hand, a 
simple and st raightforward design procedure* can be based on the results of 
the preceding section. To illustrate this, we return to the problem (Bee. 
4-4) of using a harmonic t ransformer to mechanize the relation gfe ■» tan .1 , 
for()° < .Ti < 50°. Here, however, we shall add the requirement that the 
angular travel of the transformer shall be twice as great as that previously 
used: AX, - 80°. 

Despite the imposition of this additional condition, it remains true 
that it is best to mechanize .r, as a linear displacement, x t as an angular 
displacement: the l>cst fit for Table H is to be found in Table A 2, rather 
than in Table Al. Since 'Fable A l is to be used in the determination of 
B| and /, it is convenient to retabulate the relation of the homogeneous 
variable* h r and /*„ for equally spaced values of the variable /*„, which is to 
be identified with 0,. The result is shown in the first two columns of 
fable 1-3. The best fit for the relation thus expressed is to be found iti 
fable A-l, for X im = -5°, X i m m 75° the same value*, of course, for 
which one finds in Table A-2 the best lit to Table I I. The fit could be 
improved somewhat by interpolation in the tables, the best value of V, 
lying between — 10° and -5°. We shall not bother with this interpola- 
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A. - fl 

0.0 

0.1 
0.2 
0.3 
0.4 
0.5 
o.o 

0 7 
OS 
0 9 
1.0 



0.00000 
0.13*9 0 
0.20830 
0.30310 
0.8007 0 

0.01580 
0 71150 

0.70070 
0.87900 
0.9401 0 
1 .0000 1 



IU 

0000 
1325 
2010 
3010 

5 1 89 
027-1 

,7304 

S2U7 

.8007 

0000 



0.0000 

0,0001 

0.0043 

0.0015 
"0.0042 
-0.0110 
-0.0180 

0.0240 
- 0 0841 
-0.0108 

0.0000 



ti 

0.0000 
0.1378 
0.2225 
0.2505 
0.2105 
0.2027 
0. 1300 
0.0721 
0.0173 
O.OUO 
"i 



0.0000 
-0.2701 
0 1088 

0,0133 

-0.7387 

0.7708 
-0.7387 
-0.0133 
0, ls">s 
0 9701 
00000 
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0.0000 
0.0048 
0.0081 

0.0015 

-e.0040 

-0.0127 
-0 0107 
-0 0240 
0 02:53 

0.0188 

0.0000 



0.0000 

0.0014 
0.0008 
0.0000 
-O.O009 
-0.0011' 
0.000s 
0.0000 

0.0008 

0.0010 

0 0000 



0.0000 
0.0018 

0.0010 

0.0000 
0.0012 
0.0018 
0.0018 
0.0010 
0.0009 
0 0002 
0.0000 
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tion, but shall choose X im = —5°, Xm - 75°, and throw the entire bur- 
den of correcting our design on the choice of Bf and L. The values of //* 
rend from Table AT arc shown in Column 3 of Table 4-3. The desired 
value of <$//,. is then h r — //*, shown in Column I of this table. 

Ab the next step t f,(0,) an<l /..(0 ( ) are computed (Columns 5 and 8), 
BjT Bq, (38) we can express 6/1 L in terms of these functions: 

hiu - + ViW, C*"J 

s\ here 



■ad 



fc = V- (, ° 



Our problem is then to make a linear combination of ( 'ohimns 5 illd 0 that 
will approximate Column \ as well as possible. It is a simple matter to 
find the best lit in the sense of least rms error, but an even simpler method 
will suffice: we shall fit to h r - ll k exactly at t wo chosen points. In 
applying such a method some discretion is necessary as a poor choice of 
these points may lead to a bad over-all fit. We choose to make the lit 
exact at 0< = 0.3 and at 0,- = 0.7, assuring a proper height for the principal 
maximum in 511 k and a change in sign near the correct value of 0,. The 
emu- in the mechanisation will then vanish for lour nearly equally spaced 

values of 0»: 0.0, 0.3, 0.7, L0. We require then 



\b - 0.0015, I 
* = —0.0340. J 



(IS. 



0.3565a 0.64831 ■ 
0.0724a - 0.6433b 

llenee 

a = 0.1386, b = 0.0520. | 19) 

Hy Kqs. ( Mil and ( 17), 



Bt - - = 0.382, 
a 

L - £ = 1-788. 
2a 



(50) 



The corresponding values of BHt (as computed by this approximate 
method) appear in Column 7 of Tablfl j '8, end values of 

the residual error in the mechanization, in Column 8. The maximum 
error in the* mathematical design thus appears to l>c ahout 0. 1 i>er cent of 
the total travel. The maximum value of sin * for this design i- 

(am «)- - g(l 7£f 2) - 0.^3, (M) 

I , i So 
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a sufficiently small value to assure good accuracy of the approximate 
formulas employed. Exact calculation of the total design error in the 
mechanization (last column of Table 4*3) shows that it nowhere exceeds 
0.2 per cent, a highly satisfactory result. The device itself is sketched in 
Fig. 4-12. 

It excessively large values of e occur in a design thus determined, the 
exact values of 5Il b will not be in satisfactory agreement with h, - lf L . 
A further correction in 511 k is then necessary. This may be added to (he 
original values of h r — //*, and the process of determining Af and L car- 
ried through as before. The quantities 5/1 k , computed with t he resulting 
constants by the exact formula, should now show better agreement with 
the derived values (the original h r - //,.). Repetition of this process will 
usually lead to a satisfactory design, except when excessively large values 
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of care called lor. In such cases another choice of A and A\ , .. may help, 
or another type of linkage may he required. 

HARMONIC TRANSFORMERS IN SERIES 
4-9. Two Ideal Harmonic Transformers in Series. -With a single 
harmonic transformer one can mechanize only a relatively narrow field of 
functions. These devices have also a mechanical disadvantage in that 
OHO terminal rotates or is rotated by a shaft, while the other pushes or is 
pushed by a slide; usually one desires that all cells in a computer have 
terminal motions of the same type. 

As a first step in the extension of the field of mechanical functions we 
consider the combination of two ideal harmonic transformers into an 
"ideal double harmonic transformer/' as shown in Fig. 4-13, This 
mechanical cell has satisfactory mechanical properties, with both ter- 
minals moving in straight lines. The field of functions that it can gener- 
ate can be descril>ed by three independent parameters for instance, by 
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AA'<, Aim) AV, where AA\ is the range of angular motion common to both 
arms of the rotating member, and Xu» and X$m arc the minimum values 
lor the an^dar parameters A\ and A,, which describe the orientation of 
the t wo arms. Although 1 considerable Witty of the generated 

function is obtainable by proper choice Of these parameters, the ideal 
double harmonic Uinrformer is best suited to the mechanization of 
monotonic functions with a mild change in curvature (as in Fig. H4) 
and functions of roughly sinusoidal character (as in Fig. 4-16). 




I ici. 4- 13. l<lcnl double hnrtiuMiic' transformer. 



Mechanically, the action of the double harmonic transformer may be 
thus described: The input parameter V , is t ransformcd into a rotary out- 
put parameter A' 3 by the first harmODM I ransloriner ; this rotation is 
imparted to a second harmonic transformer, for which it serves as a 
rotary input parameter, A',; A, is transformed by the second harmonic 
transformer into the final output parameter A".. Symbolically, in terms 
of the corresponding homogeneous variables, 

//, = (Ih\0i) ■ 0 4 , (54) 



nr. combining these rehnions. 
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From this symbolic equal ion it is evident that one can find the operator 
(or 0 double harmonic transformer, 

= (//ilW ' (fc|Hi) W) 

by the graphical multiplical ion of operators for the component harmonic 
transformers, as explained in Chap. 3, The operator (0*|//i) may be 
obtained from Table A -2, the operator (// 2 |0 3 ) from 'fable A l ; they must, 
of course correspond t<» the same value of AA' 2 . 

As an example we take a double harmonic transformer (Fig. <r>18) for 
which -75° ^ X| S b r >°; -25° g Xi i (>5°; AX, = AA' 4 = 90°. 
We find in Tables A l and A-2 the following relations: 



//, 


o> 
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0.0000 


0 0 


0.0000 
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0.1 
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0.2 
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o.:i 
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0.1 


0.4616 
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0.K8I9 
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0.6838 


0.7 
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0.7 


0.7818 


0.8 


0.8422 


0.8 


0 H684 


0.9 


0.0201 


0.9 


0.8418 


1.0 


1 .0000 


1 0 


t ,8088 



Figure I I 1 shows graphs of these two operators, and the geometric con- 
struction required for their multiplication as required by Kq. (5ti). The 
graphical representation of the product (//J//, I i- an almost circular arc, 
quite different from the functions mechanizable by a single harmonic, 
transformer. 

Anot her typical example of two harmonic transformers in scric* is 
.shown n. Tig 115. The travels are AA r , = A A" 4 = l><>°, with 

-75° £ X% ^ 15°, 15° ^ X% g 13. r >°. 
The operator (0 8 |/fi) is the one used in the preceding example, and the 
operator (// 2 |0 4 ) will be found in Table A l. These operators are plotted 
and their graphical multiplication indicated in Fig. 4-1 IS. The resulting 
operator is represented by a deformed sinusoid with its maximum dis- 
placed to the left . 

4- 10. Mechanization of a Given Function by an Ideal Double Har- 
monic Transformer.— As the first step in mechanizing a functional rela- 
tion by an ideal double harmonic transformer, it should, as usual, be 
expressed in homogeneous variables: 

h t = (h t \hi) - Al, (' r >7> 

with hi the input variable, /** the output variable. One then <l*siies to 
find ideal-harinonic-transforiner operators (II+\0 % ) and (0 3 |//i) which 
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correspond to the same value of AA'i and which make 

(// 2 |//i) = (fh\0z) • (*hjo m 

approximate as well as possible to the given operator (hs\hi). It is 
necessary for mechanical reasons, which apply wh&OOW tin- slide 
terminal of a harmonic transformer is used as the input, that (0 3 II 1) not 




I m;. 4* Hi. ( it upliiral i-oii.mI nirl ion of the function gtMicrulvtl by 11 double harmonic trniif^ 

foniuM (Fig. 4*l. r >). 

involve an infinity in we need consider only those cases for which 

(ill 1 

Table A-2 is constructed, with -<M)° < A\„, Xim < BO*. 
Solution of this problem falls into two steps: 

L A preliminary solution of the problem, by which an appropriate 
value of A A, is tixed upon and a preliminary choice of \\ m and 
is made. 

2. Improvement of the choice of X* m and X 4m by a process of succes- 
sive approximations. 
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To pin B preliminary estimate of an appropriate value of A V, qm 
may lit the given curve very roughly by a section of sinusoid (by reference 
to Tables AT and A-2, or even by I rami flrfwitto); the angular range of 
this section of sinusoid will be Approximately the cleared value of AA,. 
The roughness of the approximation will be evident from inspection of 
Tigs. M I and 4-16, in both q| which the eurves correspond to AA\ ■ DO 0 . 
However, the? nature of the ealeulations required in computing doublc- 
harmonie-transformer functions is such that it is desirable to begin an 
attempt to lit a pT8 function by living on a value AA\, even when the 
choice must 1m* made quite arbitrarily. By adjusting the parameters 
A'ju* and X*m one can then, in principle, obtain the ln\st (it of the mecha- 
nized function to the given function consistent with the chosen A.V,; by 
repeating this for u series of values of A.V, one could at length determine 
the best value of this parameter and the best possible lit to the given 
function. In practice, it is not necessary to line! the best fit, carefully for 
each AA\. In the preliminary calculations it is sufficient to use a simple 
and easily applied method of lit in choosing A 3 „ and X< m , to establish an 
equally simple criterion l"or the accuracy of the over-all fit thus obtained, 
and to choose the best A.V, in the sense of this criterion* When | value 
of A Y, has been established in this way. it then becomes worth while to 
use more careful methods, described in Sec. 113, in the further adjust 
mcnt of A'.},,, and .V»,„. 

We shall consider separately the quite different methods of getting a 
preliminary lit to moiiotonic functions (Sec. I ll) and to functions with 
maxima and minima (Sec. 4T2). 

411. Preliminary Fit to a Monotonic Function. A monotonia func- 
tion will in general be fitted by a monotonic function; the range of X4 will 
not include either +1)0° or — 90°. In this case one has automatically a 
fit of the generated function to the given function at both ends of the range 
of variables. In addition, for any given AA , the values of X im and X im 
can be so chosen that the generated function will (I) agree with the giv»n 
function at any chosen pair of interior points, or (2) have the same slopes 
as the given function at the two ends of the range of the input variable, 
or (3) have the same ratios between the slopes .it any three points in the 
range of the input variables. The first of these methods of fitting would 
in many eases be the most satisfactory; however, it is the most difficult to 
apply ami will not be considered further. The second method h:is some- 
what wider utility than the third and will be made the basis of our further 
discussion. 

When A 3ui and X im are so chosen that the generated function not only 
fits the given function at the end points but has the same slope as well, a 
satisfactory fit is assured throughout a more or less broad region near 
both ends of the range of variables. The lit will then be good everywhere 
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if the given function is well adapted to mechanization by an ideal har- 
monic transformer with the chosen value of AA',. If the chosen value of 
AA', is not appropriate, the central portion of the generated function, 
having been subject to no control during this simplified fitting process, 
may show marked differences from the given function. As an indication 
of the over-all accuracy of lit attained in this process, and of the appro- 
priateness of the chosen value of A.V,, it is natural to take the difference 
between the generated and the given functions at the midpoint of the 
curve, // 1 i ; A.V, should t hen be so chosen as to minimize t his difference. 

The following steps can thus be used in obtaining a preliminary fit to a 
monotonic function : 

1. (Iioose a value of AA',. arbitrarily if there is no guide. 

2. Choose .V.w ami X im (by a method to be described below j such t hat. 
the slo]>c of the generated function h;is the proper values for 
//, - 0 and Hi - 1. 

3. With these values of the parameters, lind the value of // 2 when 
Hi = J. (0 a can Iks read from Table A-2, since AX Z and .V. t ,„ are 
known; using this value of f| to enter the column of Table A l that 
corresponds to the known values of A.V, ami A lm , Interpolate to 
find the required value of //j.) 

ft. The difference d between this and the desired value of // 2 is taken 

as a measure of the over-all error in the lit. 
5. Iic|)ca1 the preceding steps for several other values of AA,, until 

the trend of d as a function of A.V, is established. 
t». Choose as the value of A.V, to be used in further calculation* the 

otic which minimizes |</|. 

It remains to describe a quick and easy method for finding tho.^e 
values of A' 3mi and V ,,„ for which the generated function has specified 
terminal slopes: 

est.-* (sl.-* 



A r note (IihI 



<Ul t iH t do 3 do, 



For mechanical reasons the input transformer must be such that 
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AX 

Fig. 4-17. — Logarithm of the initial alopo. fiJY 0 » < ,f i,U '«l-»«»riiiiMiic-iranKformor 
funotioriB, plotted against angular travel for a aeries of value* of Xft» Hashed BMI indi- 
eatc that the initial wlope is negative. 
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when Hi - 0, and 0* = B 4 = I when // 1 = I. Thus 



and 



= \rf«»/fc-. ((i0) 



* - (:!;!:)„ 



A/// A 



(«1) 



In other words, each terminal slope of the graph of the douhle-harmonic- 
transformcr operator (Hi Hi) is equal to the corresponding terminal 
slope for the output operator (// s |0 3 ) divided by that tor the input operator 
(//i|0a). (),,r prohlem is thus, in clfcet, to piek out of the part of Table 
A*l that corresponds to a given value of A.V, two columns such that the 
ratio of their initial slo|>eK is 8% Hid the ratio of their final slopes is Si. 

Consider now Fig. 117, which shows the variation with aa, of the 

quantity 

('"!)* . " l0gl€ ((sin X,) J' W 

for a series of values of X iw . On this chart the distance along t he vertical 
lino AX m AXi from the curve X im ■ A r » m to the curve X*, = A'* m 
(counted an positive upward, negative downward) is 

lug.. S. IOg M (g*)^ u " !<«.. W 

the logarithm of the initial slope {/JA for an ideal double harmonic 

\crf 1/1/ i^o 

transformer characterized by the parameters AA A jw» Ain* Cod 
versely, if we draw a line of length log,,, N„ on a strip of paper ami move 
this, always in a vertical position, over Kg, 117, its ends will continually 
indicate the parameters A A',-, A 3m , and X 4m for an ideal double harmonic 

transformer with initial slope equal to the chosen value of Si- 

\a// 1/ j#,-o 

Fig. I- IK presents in a similar manner values of 

^(f^-i = ,OKl ° [ (sin (G4) 

It is obvious that if we draw a line of length log,,, »Si on a strip of paper 
and move it, always in a vertical position, over Fig. 4- 18, its ends will 
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continually indicate the parameters AY,, A* 8(W , and X im for an ideal double 

harmonic transformer with terminal slope ( j e<pial to the chosen 

\<tll l/w,., 

value of 8v 

In order to determine the parameters of an ideal double harmonic 
transformer lor which tin* initial and terminal slopes have values So and 
Sj i opectively, one may proceed as follows. (Attention will be restricted 
o rase- in which So ami »Si are both positive; a case in which both slope* 
are negative can be reduced to this case by replacing A' 4m by A \, m + IK0°.) 
\t the edge of a strip of paper draw an arrow of length Jog,,, So\ (using 
the scale at the left of Fig. 1*17) ami place it on Tig. 117, directing it 
upward if logn> *Sn is positive and downward if this is negative. Similarly 
construct an arrow of length |log KI ,S\| anal place it on Kig. 4-18, directing 
it upward or downward according as login S\ is positive* or negative. If 
these arrows are placed on vertical lines corresponding to the same 
\X AA',, with tin- heads of both arrows on curves corresponding to the 
same A',, = X* m and the tails on eurves corresponding to the same 
X m m X* m , then these values of A A',, Xu* and X 4m give simultaneously 
the desired initial anil final slopes. Such positions for the arrows can be 
found quickly, lor any specified A.V,, by placing the tails of the arrows 
successively at several values of A'*,,,, until a value is found for which tin* 
heads of the arrows also lie at the same A't«. 

Kxamplr: As our principal example of doublc-harmonic-t ransformer 
design we shall take the problem of mechanizing the relation 

x-i tan x u (05) 

previously considered. Offer the larger range DP -£ Xi ^ 70°, 

0 ^ Xi g 2.7175. 

On introduction of homogeneous variables 

70° ' ,,1 = 2.74W (0, '° 

t his relation becomes 

2.7I75/i.. - tan (//, • 70°) {87) 

This is tabulated for uniformly spaceil values of h\ in Table I I, The 
slope of the curve in homogeneous variables is 

*! = 0.4447 m*** (<w) 

a hi 

and the terminal slopes are 0.445 and 3.802. 

For a preliminary fit we try A.V, = 90°. We place on the correspond- 
ing line in Fig. 117 an arrow of length |log K , 0.445|, and on that line in 
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Tarmc 4-4.-~.rt - tan ad, 0 «■ Xi ^ 70°, in Homogeneous Variable* 
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Fig. I IS an arrow of length login H.S02. W e note that if X* m = 10°, cor- 
nel initial slope* requires X 4m = —58° (Fig. 1-17), anil correct final slope 
requires .V ,., ">2 r! (Fig. I IS"; if A':,,,, - — 1 ~>°, correct initial slope 

requires X* m = —02°, correct final slope requires = —75°. Inter- 
polating to »cro difference of the values of A'. lm , we have a set of constants 
assuring correct terminal slo|>cs. 

6X{ = <K>°, X* = -12°, \\ m = -r>5)°. 

Assuming these constants, we now compute lit for Hi = i. First, 
we center attention on the input harmonic transformer and determine 
0s = O4: in Table A-2, AY, 90°, we interpolate between columns for 
X itu - - 15° and X* = - 10°; for // - i, X im = - 12° we find 

0, m 0.385 = 0 8 = 04. 

Turning attention to the second transformer, we can now determine 
interpolating between columns of Table Al for AX t = 90°, X< m = —(50° 
and Xim Hm! that // = 0.32ft when Xmm - Mid 

0< « 0.385. The desired value of reml from Table I I, is 0.255; the 
curve thus fitted lies too high in the center by (I ■ 0.070. 

Next we try A.V, = 70°. Moving the arrows to the corresponding 
lines of Figs. 1 17 and 4-18, we find that correct terminal slopes are 
obtained by using 

IV, - 70°, AY, - S°, Xm = -M>°. 

With these constant, if Ht = *, then 03 = 0.371, lit = 0.308, d = 0.053. 

Trial of still smaller values of AA r , shows that d can be decreased only 
slightly below this value; an exact fit of terminal sloj>cs will always lead to 
a generated curve too high in the middle. The "best" value of AX*, in 
this sense, is a little smaller than is mechanically desirable, and not much 
can be gained by adopting precisely this value instead of a larger and more 
convenient one. In the further discussion of this problem we shall 
therefore fix AXi = 90°. 
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4-12. Preliminary Fit to a Nonmonotonic Function.— Nonmom.i 
functions that can be generated by an ideal double harmonic transformer 
possess only a single maximum or minimum. Kx pressed in homogeneous 
variables! they fall into four ty|)cs illustrated in Fig. 4-19: 

(a) lit m 0 when //, - 0. 



(ft) IU - 0 
(c) lit - 1 
(rf) »l - 1 



when B % " 1. 
wbm Hi - o. 

when Hi = 1. 



As with monotonic functions, it is possible to find, for any given AX,-, 
values of X 3m and X im that make the terminal slopes of the generated 
function equal to those of a given nonmonotonic function. However, a 
fit of the vahte Of the generated function to that of the given function is 
assured at only one end of the range of 11%: for // 1 — 0 with types (a) and 





In; I I a Ty|K*» of functions imi'lmuuuihlr h.v an itfoul <lmilnV imrimmir OuiiHforiiifi . 

(d) 9 and for Hi = \ with types (ft) ami (d). Agreement of the slopes at. 
the other end of the range of II x thus does not assure tangency of the 
given ami the generated functions, ami the fit may be very unsatisfactory- 
For this reason it is not advisable to make a preliminary fit to a given 
nonmonotonic function by the method of Sec. III. It is usually best to 
choose* a value of .V«^ such that a fit in the value of the function is secured 
.it the end where this is not otherwise assured, and then make tin* maxi- 
mum or minimum in //•_• occur for the p rop er value of II } ; as an indication 
of the accuracy of the over-all fit one can take the difference bet ween the 
given ami generated functions at a chosen point, between the maximum 
or minimum ami the more remote end of the range of // 1. 

The procedure lor securing a preliminary fit to a nonmonotonic fune- 
t ion is then as follows: 



1. Choose a value of AX., arbitrarily if necessary. 
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2. Referring to Table A l, choose X im such that II 2 has the desiri*! 

value when 0 a = Hi ■ 1, for types (a) or (c), or when 0 8 - Hi * 0, 

for types (/*) or (rf). 
tt. From the same column of Table A I read the value of 0 a for which 

//« - I |1ypes (a) or (fr)] Of the value of 0 3 for which //* - 0 [typee 

(e) or (</)]. 

I. From the given function, determine the VBhifl of //1 for which 
lit m 1 [lypcs (a) or (/>)) Off the value of //1 for which II S - 0 [tyix*s 
(c) or (</)]. 

5. By reference to Table A l or A -2, for the same AA „ find the value of 

X* m for which I lie- value of 0 A determined in Step (3) corresponds to 

the value of // 1 determined in Step (4). 
G. For these values of AA\, A Jm , and A\, m , determine the difference d 

l>ctween the generated function and the given function at the 

chosen test value of II\. 
7. Repeat the precis ling steps for several other values of AA ' t , until the 

trend of d as a function of AA, is established. 
S. Choose :us the value of AA\ for use in further calculations that which 

minimizes \d\. 

Examplr: As an example, we take the problem of making a preliminary 
fit to the curve (//j|//i) of Fig. 4- 10 a ease in which we happen to know 
that an exact lit ran be obtained The eurve is of a borderline type, 
belonging to tjpee (a) and (fc). For the purposes of the preliminary fit t ing 
ire desire 

//, 0 when //, - 0, 
!l 2 m 0 when //, = 1, 

//, = 1 when Hi = 04ft. 

For test purposes, we shall compare the generated function with the given 
function whe n //, - 0.70 (desired value, //, = 0.710). 

First, choose AJf< = 70°. In Table A l we find that //, = 0 for both 
0, = 0 and 0 a = 1 if X*m = 55°; from the same column we sih» that 
H t = l for 0 3 = 0.5. The derived X Zm must then make 0« ■ 0.5 eor- 

res]K>nil to // , - 0.:*K. From Table A l it is evident that 

-75° < X> m < -70°; 

interpolating, we obtain A' a<w = —72°. 

Totesttheovcr-aJlfitgivenbyAX, = 0.70, X* m m -72° f X 4m = 55°, 
we compute //-for ll x = 0.70. Interpolating in Table A-2 (since Hi has a 
value appearing there) betwi-en columns corresponding to A" 3wt = —70° 
■ad X* m = -75°, we find 0 3 - 0.771. Returning to Table A-l, 
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we obtain by linear interpolation II \ - 0.002 for 0» - 0.771. Linear 
interpolation, however, is here obviously inadequate; quadratic interpola- 
tion yields Hi - 0.7(H), d m -0.010. 

Relating the process with AA' ( - 90° we find that little interpolation 
in necessary. To make //* = 0 for 0 3 = 0 and for 0 a = I requires 
V = 15°; the maximum comes for 0 3 = 0.5, II \ = 0.38; hence 

X* = -75°. 

< omputing Hi for II x 0.7. we obtain essentially the graphically deter- 
mined value, 0.710, and d - 0. 

Although AA\ — 90° is the best value, it is evident that the fit is not 
very sensitive to the choice of A.V,. 

4-13. Improvement of the Fit by a Method of Successive Approxima- 
tions. — A satisfactory lit. of the generated to the given function is not 
assured by the simple and rather arbitrary methods just described; these 
should be depended upon only in choosing a value of A.V,. The final 
adjustment of Xx m and A'**, to obtain the best over-ail fit possible with 
the chosen AA\, is most satisfactorily accomplished by a graphical method 
of successive approximations which gives a complete view of the tit at 
each stage of the process. Convergence of the successive approximations 
on the final result can be speeded up by exercise of the superior judgment 
of an experienced designer, but a satisfactory result is assured even for a 
beginner. 

The problem to be solved is that of finding ideal harmonic trans- 
former Operator! (//al0 B ) and (0 :i \H x ), both corresponding to the chosen 
AA',, which Bake the approximate relation 

• (0i|//.) = (//*!//.) « (MfO (00) 

as nearly exact as possible over the (Mil ire range of variables. This will 
be done by alternately improving the choice of the two harmonie-t rans 
former operators that is, the choice of the parameters X im and Xj*, 
ivs|>eetively. 

\a>\ the harmonic-transformer operators chosen after S stages in the 
approximation be (// 2 |0j).s and (Oi\Hi)h. 
Then 

(!U\0>)s'(0a\IIi)s m (*,!*,). (70) 

l,et it be desired to replace (// 2 |0a)* by an operator (//sl^i)^* 1, which 
will make the approximation of ftq. (70) more exact. Let the operator 
As be defined by 

CM*0 • (iii\e*) s - z s . (7i) 

Then 

Z 8 « (ffi|*i)j, (72) 
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as may be shown by multiplying Kq. (70) from the right by the operator 
If this approximation were exact, Eq. (70) would necessarily 
he exact; if this approximation is improved, that of Bq. (70) will he 
improved Nov, / on be computed with sufficient accuracy l>y graphi- 
cal methods. If it is possible to find an ideal-harmonic-transformer 
operator (// 2 |0aWi which gives ft better tit to X, than does (&t|fc)«, thru 
thi< is the desired improved operator; the approximation in the relation 

(//^a)*.! ' {On\Hi)s m (faffa) (73) 

is better thill that in Bq. (70). 

Next one will wish to replace (0.i|//iJ* by an improved operator 
(0i|//ibni. bet the operator >\ M , he defined by 

Bp Bq. (78) 

(Hi\0 9 )s m Y*+x. (W) 

An improved operator i//,|iV .. uoiild make tins approximation more 
exact; one can therefore determine it by computing K*h by graphical 
means and (hiding the ideal harmonic transformer function that best 
hi - this function. The approximation in writing 

is then even better than that in Bq. (73). 

It is now possible ko make a further improvement in (IIi\0 2 ) t comput- 
ing /< i by Kii. (71) and fitting (//*|0>)a+« to this as exactly as possible. 
The operator (6 Z \I( i) can then be improved again, and the process repeated 
until the improvement obtained docs not repay the effort expended. It is 
of course possible that a satisfactory fit can not be given by any ideal 
double harmonic transformer; it will then 1k« necessary to make use of 
methods to be described later in this chapter. 

BxampU: We return to the Example of Sec. Ml, the mechanization 
of the tangent function from 0° to 70°. We there fixed on the value 
AX, = *>0° and found approximate values of A ^ and X Am . Rounding 
off these values to those appearing in 'fable AT, we might take 

(//tl«,)~x4- = -*r ( 77 > 

[9JlPti~X+ m (78) 
These values, especially the second, are good. In order to provide a 
heller illustration of the method Of successive approximations we shall 
deliberately select a poorer value, X*. = - UP, with which to start the 
computations. 

Figure T20 shows a graph of the given function points on 

the graph of (//,|0«), 15° < .V.i < 75°, as read from Table A t. and 
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the construction needed to determine corresponding points on the graph 
of Z u which has been drawn in as a continuous curve. A good over-all 
lit to Xi can not be found in Table AT (AA\ = 90°!), but a reasonable 
lit at the lower end is obtained by taking A',„, ■ —70°, as shown in 
the same ligure. Therefore, as the basis for the next step in the com- 
putation we make (//j|0j)i correspond to Xi m = —70°. 




Kio. MPL MiM-lmiiijiation (if xt - tan Xu Vint ntcp in Uu* method nf Mnvtwivo 
:i|»proxiiimtinrirs: construction of tin* o|*»r:itor X\ ft&d :i|>|n oximnto fit t iu« of I hi* lis 

<l#*|0»)i — AXi m MP, X im - -7VT. 

Next* Fi£. T2i shows the construction ueed in determining ) j. (In 

practice this would be Oarried out on the same graph as the roust met ion 
for Z lf but for the sake of clarity a new ligure is used here.) The 
operator (//i|^i)2 can lie made to tit this fairly well by taking A\i m - - 5°. 

Repetition of this process will lead to little further improvement. 
1 1 can l»e -ecu in Fig. T23 that Z 2 is perhaps best fitted by the value of 
V 4 „, -70°, arrived at in Fig. 4-20, It would be of little value to reduce 
the error further by interpolation in the tables; the solution would in 
any cast? apply only to an ideal double harmonic transformer, which 
BOtlld be realized onlv by using undesirably complex meehanisms or 
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nonideal double harmonic transformers with very long links, it is 
letter to design the transformer as nonideal, further reducing the error 
hy adjustment of link lengths and slide positions, as explained in See. M3. 

Figure 1*22 shows the ideal double harmonic transformer correspond- 
ing to the present stage of solution of the problem. The cell has been 

normalised by making 

BJO&D JTi)~ - (sin A,u„| - RJLb&n Xt)m*x - (sin A' 2 )„ MI1 1. (79) 

4-14. Nonideal Double Harmonic Transformers. The licl<l of 
mechanizable functions is ve ry substantially extended if nonideal har- 
monic transformers are coupled instead of ideal ones. (A typical non- 
ideal double harmonic transformer is shown in Fig. 1-26.) Instead of 
three independent parameters, there are seven to Unadjusted: AA'j = AA' < t 
X lm , A 4lt „ Li, K*. ami KT. Here, as before, the lengths and 
of tlie links are to Ih> measured in terms of the horizontal travels AX \ 
and AA 2 . respectively. E* i* the reading on the //*-seale where it is 
intercepted by the center line of the X\ slide, ami /','* is the reading on 
the //J-seale where this is intercepted by the center line of the A* slide. 
The IVauccllier inversor shown in Fig. 21 is a special case* of the non- 
ideal double harmonie t ransformcr, with X% m = X\ mt L% m I J2t and 
A'f - Kit 0; it is thus evident that such devices can serve for the 
mechanization of functions that are not even roughly of sinusoidal form. 

To determine the function generated by a given nonideal double 
harmonic transformer one can apply the method described in Sec. T8, 
obtaining the operator as the product of operators (/Mfci) and 

(0j|//i), which describe the component nonideal harmonic transformers. 

In the converse, problem of mechanizing a given function by a non- 
ideal double harmonic transformer it is not feasible to vary all seven of 
the available parameters simultaneously. One should l>cgin as though 
the double harmonic transformer were to be ideal, carrying out an 
approximate tit (Sees. Ml and I 12) to determine a value of AA\, which 
is held constant thereafter, and then improving the choices of X* m and 
A'^ (Sec. A'YX) until this ceases to be profitable. At this point it becomes 
necessary to begin the adjustment of Li, L t , K? f K*. Since the device 
may l>c regarded :ts two nonideal harmonic t ransformers in series, the 
problem to be solved is still formally the same as that considered in 
Sec. 4*13 that of making the approximation in 

(/MM ■ - CM",) « GMftO (o<» 



as nearly exact as possible- and the method of solution by successive 
approximations is the same. Hi re, however, each of the component 
transformers is characterized not by one. but by three constants, (X im , 
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flf , Li) or (X 4m , A'?, L*) t which must be chosen at each stage of the process 
for instance, by the methods of Sees. 4-4 and 4-8. 
Kxamph : \\ o continue the example of Sec 113, that of mechanizing 
the tang«1 function from 0° to 70° Figure \ 2* shows the construction 
Of Z,, to lit which we shall now adjust the three constants characterizing 
A'* m , Ef t and L% As already noted, the best fit obtainable with 




I- Mi. I-2H. Merhaniaation of j-i - Ian xi. Thiol step me-hn^of Mi.-.-rssi ve approxi- 
mation*: .-niMnirOon »»f the Qpfcmtflf /: an<l approximate fitting of this by 

<//s|0»>* ~ AX* - W°, Xim - -70°. (•..). 
ntirl Hy (KM* ~ ** ■ ^ *t = - 70 °- s 0 5 ' L 2 (cthmiwr). 

an idcaldiarmonie-transformer operator is given by V 4m ^ -70°, 
Xim ■ 20 °i 1,u ' rrsiduul error then changes sign twice, tending to l>e 
large near the ends of the range of variables. Now the limits of A'« here 
are roughly the same as those of the example of Sec. 4-8 (-lo°, 75°) 
except for a change in sign, and the geomet rieal situations difTer only as 
mirror images B one replaces a link to the left by a link to the right, and 
vice versa. Correspondingly, one easily sees, the structural error func- 
tions tffa applicable here differ from those of Fig. HO in replacement of 
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Oi by 1 — 0i f that is, reflection of the curves in a vertical line. Thus it 
is evident that it is not possible, by any choice of E* and L 2 , to obtain a 
structural-error function that changes sign twice, such as is needed to 
give a good lit to Z 2 over the whole range of variable*. We shall there- 
fore concentrate our attention on improving the fit for low values of 0, 
raising the curve in this region, ami attempting only to keep the change 
small el .sew here. Inspection of Fig. 4* 10 then shows (the differences of 




Tim* I «2 1. Mechanisation of xt m tun jti. Fourth .step in the method <jf .sm-resMvr 
i PI Mcixini.il ions: coiHt rucl ion of the operator :iml approximate littinir. of thin by nn 

ld—1 tujinonU Itinifonmr function with AA", - imi°. ,v llw = — 7..V (emie*) mm bp 

( //il<7>> i - AV, .Y,„ - 7..V*. K* 0.2. /, •* (rrosM-Ni 

the present from the former case being borne in mind) that A'* = \ is 
an appropriate value, and that /\ should be negative, the link to the right. 
Rough consideration of the magnitudes involved leads to choice of 
/, = —2. The resulting (it, as shown in Kig. 148, is quite satisfactory 
for low values of 0. 

The process of successive approximations is continued in Fig. 1*2-1 
with the graphical const ruction of V a . We have now to fit (//,|0i)j to 
this by choosing .V :lll „ /'!?, h\. Inspection of Table V I shows that with 
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Xim = — 5° one has a bad fit at the left, and with X* m = — 10° the curve 
is much too low in the middle. In tnoh a case it is desirable to inter- 
polate. We choose = 7.r»°. The values of t he corresponding 
function are found with sufficient aceunicy for our graphical method by ■ 
linear interpolation in Table Al;the resulting values are plotted in 
Fig. 1-24 as a series of points in small circles. In further improving the 
fit one will wish to raise the central part of the curve, to depress the? 




I n;, 4-25. — Mechanisation of it « tan xi. Kifi.li stfj' '!■«' mrtliix! of MicccMivr 
approximation*: con.sli urt ion of tin* operator Zi. ami approximate fitting of thi« by (//?|0j)«: 
AXi m !K>°, Xim - 7. r »°. M* <> IL\ l< 0.8. 

extreme tipper end, and to leave the lower and unchanged. The values 
of X* m and Xn, are sufficiently like those of Fig. 410 for this to be used 
as a guide; it is again evident that no choice of constants can accomplish 
everything that is desired. We choose therefore to allow a considerable 
error at the lower end of the curve, leaving this to be corrected (as before) 
by our choice* of BJ and L 2 ; we concentrate <>n improving the fit at the 
upper end, and, secondarily, that in the central region. Inspection of 
Fig. 410 leads to choice of iff = 0.2 and L - +2. Computation of the 
structural-error function then leads to the corrected points of Fig. 1*24, 
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indicated by crosses. It is cedent that a value of Bf nearer to zero 
would have been preferable, as giving a depression of the curve* over a 
less extended region. However, it is hardly worthwhile at this stage 
of the computation to make a nunc careful choice of constants, and we 
accept the resulting function as (//i|0*)j. 

The next stage of the calculation, the determination of (IU\0n).\ t is 
shown in Fig. 4-25. When X : , is constructed it is found that a better 
lit can be obtained at the up|>cr end by taking A m 7f>° than by 
taking X* m m —70°. The error functions shown in Fig. 4*10 then 
apply exactly, with the substitution 0, — > I — 0 t . Since preliminary 
fits have been made in all parts of the range of 0,-, it is now worth while 
to make a careftil adjustment of the constants E* and as by the 
mathodfl of Sec. I S. With B$ - 0.42, = -0.K, one finds exactly 
computed points that give an excellent fit except at the extreme upper 
end of the curve This is very satisfactory, as it is in this last region 
that the lit is being controlled by choice of Ef and Li« 

Thr bud graphical stage of the solution, the determinat ion of v //i|0 x )i, 
Mi not illustrated by a figure. It leads to the choice of X Zm == —7.5°, 
A'f = 0.2, L\ = +1.8, with an excellent over-all (it. This is as far ifl 
the lit can be carried by these graphical methods; further refinements are 
U'st obtained by thr methods discussed in Chap. 7. 

We have thus arrived at the following choice* of constants: 

X* m - -7.5°, A' a „ K2..V\ K* 0.2, / * i 1.8, (80a) 
X im - -75°, Z i w - 15°, fff = 0.42, L 2 = —O.K. (SO/,) 

Calculation of the resultant total structural error is illustrated in 
Table 4-5, which consists of three sections. The first shows the calcula- 
tion, by the method described in Sec. 4*0, of values of the homogeneous 
input parameter //' for a series of values of 0*. The second shows the 
calculation of values of the homogeneous output parameter \V Z for the 
same series of values of 0 3 . In the third section there are shown cor- 
responding values of 

x, //;-70°, (HI) 

the generated tangent function 

.r Sf , - //'. tan 70°, (S2) 

the ideal tangent function Wg = tan X\, ami the ideal generated homo- 
geneous variable /e*. The error in the generated function. — //, - kg* 
is found to be less than 0.S per cent of the total variation of the output 
variable. 

The linkage corresponding to then constants is drawn in Rg, 4*95. 

Redaction of the linkage to the normalized form shown here requires a 
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ftHghtly di Heron 1 calculation from thai in ihc cane ol idod double hai 
monic transformers (ftq. 70). Perhaps the simplest inetluN'I is to choose 
arbitrary valine of R| and R% and to compute the OUHOBpondlng travels 
\\ \ and AA'C from the geometry of the linkage. BfalOO I hese travels 
ni proportional to the ft's, ;» ih I are to be equal in the normaliiod ooll, 
one Iuls as llie ratio of the normalized BHD hwlQtUM 



Ki„ 



Bt A.Yf. 



(88) 




I i<;. l-LMi. \unitii'.il «li»uM«» harmonic trannforiiuM' k^hui mr, :i| 'proximately, x*t = tun ft, 
0 < < 70°. Values of the constants are givm in En. (80). 



4-15. Alternative Method for Double-harmonic-transformer Design 

The graphical method described in Sec. 41 1 has the advantage tli.it it 
permits readjustment of the constants A' 3w and X im at all stages of the 
dflflign process. Tbo alternative method to be described in the present 
HOofion is useful when values of AA\ X imn and A*.j„, can In* considered as 

ixed; it i^ essentially an extension of the method of Sim-. I-K, whieh per 
mito simultaneous adjustment of the constants /. A*. E* % of the 
two harmonic transformers. 

Let us assume that a given relation 

A* - (fts|Ai) -Ai (84) 

has been mechanized approximately by tin ideal double harmonic trans- 
fOMW that generates the relation 



//, <// 5 |/f.) //, 



(So, 
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between its input mid output parameters. This relation we can express 
paramet rieally in terms of tin* angle 0 a : 



Ht - //«(*). 



(88) 



Without ffhu gfm the constants AA' a , X^ f X Am of this linkage, led the 
ideal harmonic t ransf ormers be replaced by nonideal ones. The input 
and output parameters will then be //', and //i, differing from Hi and 
// 2 by the st met ural-crror functions 5// 1 and hll«\ 



(87) 



ffK*0 - + ««»(**). 

The resulting nonideal double harmonic transformer will then generate 
a relation 

//; = (h;\ii\) • //;. (88) 

Our problem is to assign to the constants /,,. 1^ /','f, valines sueh that 
ICi|. (SS) will approximate as closely as possible to the given relation, 

Bq. (84), when //', takes over the rale of W h lt[ that ol //,. 

It was shown in Sec. 1<S that when hll , and 5//;. are small one can 
write 

6//! - tft(«t) + fc/,(0i), («9«) 
lff| - r/,(M + <//«(*,), (S%) 

where 



a = 



2/V 


/» = 




2/V 


d = 


r/i/v? 

21., 



(BO) 



The functions /i(0 a ) and / 2 (0a) can Ik* computed using Kqs. (39) and (40), 
with II, replaced by //i(0s);/s(0*) and/ 4 (fc) are also (computed by Kqs. 
(80) and (40), respectively, with //, replaee<l by //-(0 3 ). 

Let it !>e (haired to choose the constants a. //, r, </. in sueh a way that 
the linkage generates the desired relation exactly for some fixed value of 
0,: 

Ai(W = Hi(0*) + «/i(0 a ) + /#/,(*,), t 4 .)bi) 
fc^ = //,(*,) + r/,(0,) + d/ 4 (fc). $») 

Equation (84) specifies which values of h\ and must, correspond to 
each other, but there is nothing to prescribe which pair of values (Ai, As) 
must correspond to any given value of 0*. We could, for instance, pick 
this pair arbitrarily 21ml still satisfy Kqs. (01) by properly choosing the 
disposable constants. However, we do know that if Kqs. (81) are to 
be accurate hll 1 and hll. must be small; M*t) VBRUk be nearly equal to 
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//i(0a), A*(0a) nearly equal to // 2 (03). We therefore place on our choice 
of the pair of values (Ai, A 2 ) only the condition that 

A,(0 3 ) - lfx(0>) + All, (W) 
where AA, is small. The corresponding value ol l<>A0 A ) is easily computed 

Let 

It- fcfft) when Ai = //^d,). (Wi 

Then 

A 2 (0 3 ) - A 2 «>(0 3 ) f 1 A/*,, (94) 

to terms of the lirst order in the small quantity AA|. Combining Kqs. 
(91,) (92), and (94), we find that the eonditious to be satisfied are 

^i(fc) + bft(Bz) = AA|, (96a) 

4Wd + - ayto) - //,<*) + jj-Jj • a/*,. [m 1 

Eliminating AA, from these equations, we have 
Atfcf\ , (dU\ 

= A'/'(0 a ) - //,(0,). (<m>) 

This is the only condition that must he satisfied by the constants a, h, 
c t d y so long M no attempt is made to control the value of the small 
ipiant it y A/*i. 

Since one can satisfy simultaneously lour eonditious sueh as Kq. (96) 
it is possible to make tin- linkage generate the desired relation exactly 
at four chosen values of 0,. One has to solve four simultaneous blear 
equations in the four unknowns n, />, r, d: 

The eonstants of the linkage can then he computed by Im|.s. (901 This 
should be followed by exact calculation of the function generated by the 
linkage, as in the example of Bee. 1 1 1. 

Example. To illustrate this method we shall treat again Iheexample 
...nsideml in Sec. I II. lb-re, however, \\r shall arrept .is tixed the 
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constants arrived at in Sec. 1*13, 

&JT| - 90°, = -5°, A'«„ - -70°, (98) 

(el, Fig, i-22i and shall adjust only the ■oMU ttrt a Li, /'2, W 

flu function //••://,) generate! by the linkup of rig. I 22 ran be 
writ t4 n down in paramet ric hn by rein, nee to Table A l, the values 
of //i being found in the column AXj - 90°, X im = -5°; the values of 
//., in the column AX t - 90°, X*. = -70°. These are shown in 'Fable 
| together with the corresponding values of ftp [computed by Kqs. 
(05) and (fl6) villi kg set equal to UJ and the over-all structural error. 
The structural-error function exceeds per cent of the total travel; by 
choice of the lour disposable constants we shall now attempt to reduce 
tins error to WO for 0*/' - 0.2, 0.4, 0.6, and 0.8. 
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We have fust to give explicit numerical form to Eqp. i,!»7i, wbieti 
determine the constants a, /», r, <l. Values of //? and //J are read from 
Table VI, for the chosen values of 0 3 ; the/s are then computed as 

explained below Eq. (90). Values of J Ott ba compute<l by Kq. (OS) 
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with *T| = 70° X //1 All these quantities apj>ear in Table 17. Jh 
using also the last column of Table Hi we can easily determine all the* 
constants of Bqp, (97 1 ! 

-0.18060 4 OJMOtt + 0.075 lr 
-0.2083a 4 (U09tt f o .UKU), 
0.2278a I L.0890b + (Mttfe 
-0.1087a + 1.31996 + 0.3709r 

Solution of Ihan equations yields 

a « 0.1900, b ^ 0.0500, c = -0.1871, d = -0.0051 . (1(H)) 

Hence, by Kqs. (90), 

= 1.800, Li - -0.703, 1} - 0.288, £♦ - 0.317. (101) 

The constants specified by Kqs. (UN) and (101) are not very different 
from those found in S< k e. H I, and the linkage would closely resemble 
ili.it of Rg. h20. Hie exact total structural error of the new linkage is 
given in Table I S: it is about a third of that of the first design. At first 
sight it may appear surprising that (he error does not vanish for 0 S - 0.2, 
0.1, 0.0, 0.S, since this was the condition applied in determining the 
constants of the linkage. It is to !>c remembered that the equation:-, on 
which this method is based arc approximations obtained by treating c 



I' \m v, i s. I'm si. S 1 urn 1 it w. I i;i < .11 1 1 Si | 01 1 Mi. | [ w/ | 1 m\ < .1 g 1 .1 n 

0 < xi < 70° 
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as a small angle. The error computed by these formulas does vanish 
at the specified values of 0 :u but then* are present other and larger errors 
due to the use of the small angle approximations, which are, essentially, 
those disclosed by the exact calculations on which Table 4*8 is b888(L 
We could make allowance for these error. , approximat elv, by repeating 
the calculation, taking as the constants on the right-hand side of Kqs. 
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- 0.94 lOrf = -0.0031 , 

- 0.94MM - -o.otHis ' 
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(99) sums of corresponding entries in the last columns of Table H> and 
4*8. Such a refinement would be worth while only if the mechanism 

ran to be constructed with exceptional care. 

In Sec. 6*6 we shall meet :i problem in which the straightforward 
application of this method leads to a less satisfactory result ; the required 
modification of the method will Ik; described there. 



CHAPTER 5 



THE THREE-BAR LINKAGE 

5-1. Fundamental Equations for the Three-bar Linkage. A thn e-bar 
linkage (Fig. 51) consists of two cranks, li h A> 2f pivoted on a frame* and 
connected through a link H*. The symbols H\ } A if will be used 
to represent distances between tin* pivotal points within tin* correspond- 
ing mechanical parts: li\ and . b. are the lengths of arms of the cranks, 
lit is the length of the connecting link, and A \ is the distance between 
pivots in the frame. 

The three-bar linkage serves as a mechanical cell having one of the 
cranks as the input terminal, the other as the output terminal. The 




1 h.. .VI. Symbols umm! in \\w cli.srns.sion of throe-bar linkage*. 



input and output parameters, A',, A' 2| are rotations of those cranks 
measured do: kwise from a zero line passing through the pivotal points, 
8\ and 8% of the cranks; the zero position for each crank is that in which 
it points toward the left. 

The functional relationship of the parameters A\ X» follows from 
the geometry of the quadrilateral S\T\T%St. 

To fiiiil A' 2 graphically for a given X\ and dimensions .1 ,, li u ,l 2 , B+, 
nne would first construct the zero line SiS* and the line of the input 
crank, Ni7Y The end 7' 2 of the output crank must lie on a circle of radius 
Ht about 7\, and on ■ circle of radius A% about *SY It these two circles 
intersect, a solution for A% exists; in general they will intersect in two 
points 7V. 7V, which are vertices of two congruent triangles, T\S*Tt , 
and Ti&tTi . T>et ?h be the principal value of the angle SiStT u lying 
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between —180° and +180°, and 772 the principal value of the angle 
T&T%to lying between 0° and +180°. There arc then two possible 
values of X 2 ' 

A r 2 ( . = 1)1 + i?i> 

Xt^ = v\ - t» (1) 

En terms of the problem specified here, X 2 is thus a double-valued func- 
tion of A^; the functional relation A' 2 = (A^lA'i) • Xj has two branches, 
represented by the o|>eratora (A'njXi) and (X»-|X0* " Vi i» not 
restricted to its principal value, A 2 is of courses a highly multiple-valued 
function of X x . ( ascs in which this multiple-valuedncss is of significance 

In actual mechanical cells will appear later. 

For numerical calculation of A' 2 the following procedure is probably 
the best: 

1. Compute the diagonal 1) of the quadrilateral using the cosine law: 

D» = A\ + B] + 2A cos A',. (2) 

2. Compute tji and y 2 by further applications of this law: 

IP + Ai - B\ ... v ^ m ~ 

cos rji = — 2yTB W Mn 1,1 Wn 

cosi>* = V« ' *> with (><!,,< 180°. (I) 

3. Find X J+ , AV by Bq. (1). 

5-2. Classification of Three-bar Linkages. Three*] mi link igei are 
conveniently classified according to the inherent limitations on the range 
of the input parameter A\. To find these limits, within which the func- 
tion A' 2 (A'i) is defined, we observe first that the diagonal I) is a side of 
the triangle S\S t T\ and as such is limited: 

\At - S P i At + B» (5) 

Similarly, since /> is a side of the triangle T\S 2 T 2 \ t 

\Am - «t| g /> ^ li + 7?,. (0) 

These arc the only limitations on />, and they imply the limitations on X] 
with whieh we arc concerned. 

Since Kqs. (5) and (f>) apply simultaneously, they must be consistent ; 
unless there is overlapping of the intervals set by them for /), it will not 
be possible to construct a cell with the given dimensions. When the 
two intervals overlap, I) can take on any value within the range common 
to them. As is illustrated in Fig. 5-2, the intervals can overlap in four 
different ways, which form the first basis for our classification of these 
linkages: 
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Class a: \A 2 - B 2 \ < \A t - J?,| < A, + B x < A 2 + B* (7) 

Class b: \Ai - «i| < \A 2 - B 2 \ < A x + B x < A 2 + B* (8) 

Clans c: \A 2 - iJij < |A, - Bi\ <A 2 + B 2 <A l + B u (9) 

Ckmi: [At - Bi| < |.-!« - B 2 \ < Am + B 2 < At + «.. (10) 

In each case, l> ran take on all values between the two intermediate 

t|uantitics of the corresponding line. \\ V -B l \ A l + H l 

The linkages of ( 'lass a have an class a 1 1 

unlimited input, HUM I !<|. (5) implies \a}-BJ /l^*B 2 
no limitation on A\ an<l Eq, (0) is 

automaticallv satislied. Linkages of mt . _ 

t he ot her three classes have a limited ^ 1 1 

input range. With linkages of »— H 

11 1 till In J w4p"*"/j2 

( lass //, passage through the value* 
A'i — 180° is impossible, since I) can- 
not assume the corresponding value U,-i^i A l *H i 

A 1 - Bi |. With linkages of ( Ijlss c, C ,a ss c . j 

piissage through A" 1 ~ 0° is excluded, M 2 -J32l A ? +B, 

since cannot assume the cor- 
responding value A \ + B u Finally, \A X -D)\ 
with linkages of Claas d, passages Class d 1 1 
through A'i = 0 and Xi = 180° are ^-/y A^B Z 

both impossible; D cannot attain Km. .V2. — Cltuw fiction of ihm Iwi 
values corresponding to either of ■■■•■Pi 
Ihesc points. 'Hie range of the output variables can be disi'iisscnl 
similarly. 

From what has been said it is obvious that the four linkages with 
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belong to the same class. Now the relative magnitudes of A lf A% B lt 
B% form the basis of a further subehissilieation of t hree-bar linkages, the 
subclasses being given the numerical designation above if one takes 
always p > q, r > 8. That in, Class a linkages are divided into four 
subclasses: 

ol: At > B h A 2 > B 2 , (11) 
a2: A x < B lt At > B 2t (12) 
a3: At > B u A 2 < B 2 , (13) 
*:Ai<Bu A 2 <B 2 , (14) 



and the other classes are similarly divided into four subclasses. 



112 



THE THRBB-BAR LINK IQB 



is. < . M 



Finally, in each subclass X2 is a function with two branches, A r 2 * and 
,Yj-, which we place in separate sub-subclasses of the subclass. Three- 
bar linkages are thus divided into I X 1 X 2 - \V1 sub-subclasses in all. 
A sub-subclass will be indicated by a symbol such as cX\ which applies 
to the positive branch of a linkage for which 

\A t - B t \ < \A t - Bt\ < At + !h <Ax+ n u 
Ai > B u At < B t . 

The general forms of the functions generated by all these types of 
three-bar linkage are illustrated in Fig. 5-3. hi each case the X 2 has 
been plotted as a function of A*i, for a three-bar linkage with dimensions 
illustrated in the adjoining sketch. A mechanical configuration ami the 
generated curve are both shown for the positive branch by continuous 
lines, for the negative branch by dotted lines. The value of X 2 shown is 
not necessarily the principal value. In some cases the positive and 
negative branches join continuously, but always at a point of infinite 
slope near which the linkage is not operable. The reader should study 
this figure carefully, since one should not attempt to mechanize by this 
means functions that obviously are not included in the class of functions 
of the three-bar linkage. 

6-3. Singular Cases of Three-bar Linkages. Certain special three* 
bat linkages that belong to more than one of the classes defined above. 




Kiu. :> \. Thrm Wttolaigi with At + Bi <r t n : . 



as limiting Dam, have ipedal properties that entitle them to separate 
mention. 

Cmm A: .ii + Hi = A* + B t . [1§1 

A linkage of this type (Fig, W) has a singuhir point for A*, = 0. So 
long as the input variable is restricted to a range not including the point 
X x — 0, the configuration of the mechanism and the value of the output 
variable are uniquely determined. Win n V 1 — 0 the value of X± is 
st ill uniquely determined, but the mechanism has at this point an inde- 
terminate motion, there being two possible finite values for dXt/HX\. 
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Thus, when the input parameter is allowed to pass t hrough the value 
A' 1 = 0, X 2 may or may not pass from the positive to the negative branch 
of the* function, or conversely; the value of A' 2 is no longer uniquely 
determined by the value of A',, but may have either of two values, unless 
appropriate stops are introduced. 



\A X - B,| = 



B, 



(16) 



In this cast* (Fig. 5-5) a similar singularity exists for X\ = 180°. 





2n 



Flu. li b. — ThrtN»-hur linkup with A , 

Cmm (': A + = At + B§ 

\A X - Bi\ - \A t - «,| 



simultaneously. (17) 



In this ciuse there are, of course, singular points for both A'i ■ 0 and 
V, - 180°, as well as some other important features that should be 

mentioned. 

The conditions in Kq. (17) can be satisfied in two ways: 

Ci: A x - B x m -(At - Jh); /*. - A*; ,t, - B 2 . (18) 
C,: li - Bx = At - IU; A 1 = A t ; /*. - lh. (19) 

The Case C h the parallelogram linkage (Fig. 5 0), is very well known. 
Its positive branch (for 0 < X { < 180°) is used to transmit rotation 
from one shaft to another at the ratio 1 to 1, within limits set far enough 
from the points of singularity, at which backlash may become important. 
1 A gpod range in practice is 'M)° < A'i < 150°, but larger ranges can be 
attained by increased care in manufacture.) The corresponding nega- 
tive branch of the linkage function, shown dotted in Fig. fH), is rarely 
used; its curvature decreases as the length of the link B 2 b increased. 
It will be noted that the various positive and negative branches, differing 
by changes in X\ and X 2 which arc multiples of 2ir, form a connected 
network through the whole of the A',AVplano. If no itope are intro- 
duced the generated A' c may or may not pass from a positive branch to a 
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flngltiTfl branch, or vice versa, every lime A i passes through a value 
that is a multiple of x. Tfafl value oi Xi is thus not uniquely determined 
by the value of A'i; it is not even restricted to one of two values, as in 
Oases /I and #; it may take on an infinite Dumber of values, which fall, of 
course, into two sequences with spacing 2v, corresponding to the positive 
and negative branches 




hi; 5-<l. Tlirw-lmr linkitjto with tit — At, At — 



Linkages of Class C'i (Fig. o-7) are ol* special interest in that A'j 
remains zero on part of the positive and negative branches, whateverlhe 
value of JftJ how thll MB happen will l>e evident from the geometry of 
the sketch. [The classification of branches as positive and negative is 
here quite formal ; physically it would be more appropriate to think of the 
branches as (1) the straight line Xi ■ 0, and (2) the oscillatory curve 
with continuous derivative.] If the generated \\ is following the positive 



X 2 




Via. 5-7. — Throo-lmr liitkaw with vti — A% ft\ - /*=. 



branch l>etween Xi = 0 and A'i = t, and A'i passes through the former 
point, then Xt may continue to change at a uniform rote by passing over 
to the negative branch, or it may follow the positive branch and remain 
zero thereafter; this latter behavior can be assured by the introduction 
of stops. This type of linkage is therefore of value in mechanizing func- 
tions with a discontinuity in thfl derivative. Unfortunately, these cells 
cannot supply any appreciable effort near the point of singularity; 
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torques must be applied to both cranks in the directions of the desired 
motions. 

In practical applications the author uses a still more special linkage, 
with At = Bi = Ai = lh (Fig. 5*8). This is also a sj>eeial cast? of the 
other singular class**, .1, />\ ami C,; it is interesting to observe how the 
diverse* curves of Figs. f> 1 to 5 7 can pass over into the curves of Fig. 5*8 
;ls a common limiting ease. With this linkage three types of contigura- 




l i.i. /is.- Thrw-lmr linka^ with .ti - = At = H- 



tion an* possible, represented by three sets <>l lines < ni the graph in Fig. 

5-8: 

o. Tin* parallelogram linkage configuration, represented by the curves 
A' 2 - Xi + 2th. 

/>. Configurations in which the input terminal is hacked in a definite 
position, X\ m (2w + while the output terminal can assume 
any position. 

c. Configurations in which the output terminal is looked in a definite 
position, Xi = 2it/j, while the input terminal can assume any 
position. 

Of particular interest are the transitions bet ween configurations of types 
(h) and (c), which can be assured by the use of stops We shall now see 
how these can be used in generating a function with a discontinuous 
derivative. 

Figure 5.9 shows a mechanical cell for which 

X k = aXi when Xi > 0, 

X k = 6A\ when Xi < 0 f {M} 

with 

a > 1 > b. 
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It consists of the linkage of Fig. 5*8, with added input and output termi- 
nth which are push-rods pivoted Ui I he central link lit. The input 
and output parameters, A\ and X, : , arc displacements of these rods 
perpendicular to the line of the pivots S\ and St of the three-bur linkage. 

When Xt = *X k = 0, the linkage 
is in its critical position, with 
A'i - 1H0°, Zi = 0°; the two 
cranks then just touch stops Ci, 
C|| which limit their motions to 
V, g» 180°, Xi ^ 0. If .V, is now 
increased by a push exerted on the 
V, terminal, the crank At will he 
held firmly by the stop (\, while 
the crank /?• and the link lh will 
rotate together about their col- 
linear pivotal axes N, and 7 T 2 into, 
for example, the configuration 
illust rated in Kig. JV9. The param- 
eter Zj will then increase' more rapidly than A',, in the ratio of the 
distances of the corresponding push-rod pivots from the axis of rotation: 




I Hi. />-!>.- MiM-hnnirul vv\\ gciid'Htmis u timv- 
lioit willi iMtlKWltllHNHH tlgltwaUf b 



«* ~ tlx 



(21) 



It the direction of motion is reversed by a push exerted on t he A"* terminal. 
At will be held against the stop Ct both by the linkage constraint and by 
the torque due to any resisting force al the A , terminal, until the crank 
Hi touches the stop (\. At this point the situation changes abruptly: 
the crank H\ can no longer rotate; the crank . U is no longer locked in 
position by the linkage constraint; a further push on the A'* terminal 
will cause the crank At and the link 11* to rotate together about their 
now collinear pivotal axes St and 7\. Then Xi and X* both become 
negative, the ratio of their values bring 



h = 



dt 



(22) 



The change in dXt/dXx as the linkage is pushed through its critical jxisi- 
tion, in cither direction, is quite abrupt ; it is associated with a similarly 
sudden increase in the driving force necessary to overcome a resisting 
force at the other terminal, when the mechanical advantage is reduced 
by the change in fulcrum. 

The desired discontinuity in the derivative is not so perfectly realized 
if the link is pulled rather than pushed through its critical position. When 
the configuration is that illustrated in Fiu. fr9, I pull exerted on the 
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AVterminal and a resisting pull on the AVtcrminal will produce a torque 
tending to move the arm A% away from its stop. This arm, however, 
is k»ked in position by the linkage constraint, and the locking will l>e 
effective until the critical position is approached, and mechanical play 
in the linkage* becomes important. This will allow crank A 2 to begin to 
move away from stop (\ before crank tt x quite reaches stop (\; the 
result is some rounding off of the otherwise abrupt transition from one 
slo|>e to Mother, but there is no tendency for the mechanism to jam. 

5-4. The Problem of Designing Three-bar Linkages.— \\ . have now 
to consider the problem of determining the elements of a three-bar linkage 
that will mechanize a given function 

xt - ■ x i . (23) 

If this function is to fall within the class of linkage functions, it must be 
required to generate it only for a Unite range Ax[ of the input variable 
.ti, or, if the range of .r, is infinite, j- 2 must be ■ periodic function of gj 
with period Ax { . In either case, restricting attention to the range Axi 
of the input variable, one can write the relation in homogeneous form: 

fei = (Ail/ii) • //,. (21) 

To mechanize this relation we have to design a three-bar linkage described 

by 

Xt - (A'ajA',) - A',, A',.., g A', g A',». (25) 

such that when homogeneous parameters // h lit are introduced, the 
eorres|)onding relation 

//i = (//,!//,)•//, (20) 

beoomee identical with Eq. (2-1) on direct or complementary identifica- 
tion of the pair of variables (7i,, //,) with the pair {II x lit). If the func- 
tion to be generated is periodic, it is necessary, in addition, that 

AY, Xi* A,,„ - :W<)°; 

the infinite range of X\ then corresponds to the infinite range of \ h when 
passage to the next period of the generated function is permitted. 

A three-bar linkage may be descril>ed by the constants At B h A tf 
lit, X lm , A r u/, AA'i, A' 2lH , A'*!,, AA' 2 ; of these only five arc; independent. 
The form of the function (XsJA'i) is determined by three independent, 
ratios of the sides of the quadrilateral ; the angles A', and \\ do not 
depend on the over-all scale of the mechanism. We shall choose* the 
three side-ratios, Hi/A u B t /At, At/At, as the independent constants 
that determine the form of | A' 2 |.Y,). \ow, the field of functions (Xt|Xt) 
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of the throe-bav linkage b three-dimettdoiial, but each function [X% 
can generate; a whole field of functions (//»[// 1) that depend on the choice 
of additional constants: two constants (for example, X\ m and Xxu) in 
the case of a non periodic function, and one (for example, X ....„) in the 
case of periodic functions. The field of all function* (// 2 |// 1) of a three- 
bar linkage is therefore five-dimensional where nonperiodie functions 
arc concerned, and four-dimensional with respect to periodic functions. 
We shall henceforth concentrate our attention on the more difficult case 
of nonperiodie functions. 

In practical terms, the problem is that of approximating a given func- 
tion (h t \hi) as well jls possible by a three-bar-linkage function (// 2 |//i) 
characterized by five independent constants. It is very difficult to 
find the best fit by varying all five constants independently; one must 
begin by assigning fixed values to at least t wo of them, even when choice 
of these values must be made rather arbitrarily. Fortunately, in prac- 
tice one has usually some indication of an appropriate value for one or 
more of these constants. 

The way in which a linkage is used in the computer as a rule suggests 
an appropriate value for A.V, and AAV In particular, in generating a 
rnonotonic function one can hardly have AXi > 180°; on the other hand, 
AA r | must not be chosen too small lest the linkage degenerate into what 
is essentially a harmonic transformer. It is thus evident that it will be 
useful to have a method for finding the beet fit to the given function 
consistent with specified values of A.V, and A A' >> ; the side-ratios (or their 
equivalent) will then be the adjustable parameters. The nomographic, 
method, to l>e described immediately, is suited for this type of curve 
fitting. It should be used for all rnonotonic functions and is useful in 
many other cases. 

When the? given function is not rnonotonic, it is sometimes difficult to 
choose* AA The geometric method, to he described later in this chapter, 
is then useful. In applying this method, AX t and B%/A% are fixed and 
the tit to the given function is obtained by adjustment of AA )t Bi/A u 
and A if A* 

THE NOMOGRAPHIC METHOD 

The 44 nomographic method" here discussed is a method of curve 
fitting by three-bar linkages with given AA , and AAV It takes its 
name from the use made of an intersection nomogram, which appears :is 
an insert in the back of this book. This nomogram, Fig. M, is also 
useful in many other types of calculations on three-bar linkages. 

5-6. Analytic Basis of the Nomographic Method. For analytic pur 
poses it is convenient to sp«dlv the side-ratios of the quadrilateral 
through the three independent constants 
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ft, - In fjA, (W) 
b* tofjMi (28) 



■•(!.) 



Correspondingly, we may specify the configuration of the quadrilateral 
in terms of the diagonal-to-side ratio, through one or the other of the 
new variable parameters 

* - 1.. Qy, 00) 

i>* 1,1 ( '/„) P« H "> CW) 

which will replace the input paramHcr V, in our discussion 

In terms of lliese MR syinliols (lie equations of See. M tain on a 'ess 
familiar hut very useful form. Since 

.i, :=c "- Ti'+> U ' s ,i s = r ' (32) 

one can rewrite Bq. (2) as 

e tP, m 1 + c », + 2,>. cos X i, (33) 



or 



Hence the relation between the variable parameters A , ami />, is given hy 
cos Xi ~ i c ? ".~*. - cosh h u CM) 

or 

pi = £ In (2 cos Zi + 2 cosh />,) + J {'M>\ 

Hy similar manipulations Kqs. (3) and (-4) become, resjiecl i\ el . , 

ccw i|i — cosh pi — le**e~ p * f (37) 
cos if* = cosh ;^ — ic'N* ''• 

- cosh (p. + ft) - (38) 

As before, sin >?■ and sin X% must km this same sign, while 

0 S ^ 

Then the output parameter is given by 

Xui - m + Hi (MJ 
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X,_ = ft - » (40) 
lOqualions (3(5) to (40) describe all three-bar-linkagc functions (A' 2 |Xi). 

The important feature of tliis formulation is the expression of 171 md vi 
in terms of t lie bum function of two tndependenl vaiiftbfai] 

G(p, b) - cos" 1 (cosh p - ic*""); (41) 

0M has 

* = </(/>i. hx) (12) 

and 

* - &«p* y - ocpi + w. < MD 

TUi natal it puwflllffi to compute n, juh! 775 by the same intersection 
nomogram, with ot her advantages tliat will l>ecomc clear as the discussion 

procaech. 

6-6. The Nomographic Chart, In three-bar-linkage calculations one 
repeatedly encounters the relations 

n = G(p, b) = cos - 1 (cosh p - ir? a6 -") (44) 

and 

p - h\XJ>) = J In (2 cos A r + 1 eosh b) + lb, (15) 

where /> stands for 7*, or ;> 2 = Pi + & for i>, or /> 2 , Z for A'i, and n for 
rji or n 2 . It may he required to solve these equations singly or simul- 
taneously, with various choices of the unknown. For rapid calculations 
of this type the use of an intersection or grid nomogram is very convenient. 

The intersection nomogram representing a given functional relation 
is not uniquely detennined| hut may be gfren in intinite variety of 
forms. In the present case it is desirable to take lines of constant p as 
vertical lines, lines of constant n as horizontal lines, and to plot on the 
(p, n)-plane curved lines of c onstant h and constant X (Fig. 5*10). Itis 
at once evident that choice of consish nt values of any two of the variables 
will determine a definite point on the chart— the intersection of the lines 
corresponding to the given values of these variables; corresponding values 
of the two other variables, as determined by Kqs. ( 1 I) and ( 15), can then 
he read off at the same point. Before illustrating this process, however, 
we must consider in more detail the structure ami properties of the chart. 

As shown in Fig. 5-10, the horizontal scale is uniform in p with the 
vertic al lines spaced at intervals of 0.1 In 10; they are labeled in terms 
of the variable 

MP = logio fj\ (46) 

for which the intervals arc 0.1. The vertic al scale is uniform in n, with 
lines of constant 9 shown in Fig. 5-10 at intervals of 30°, from - 180° 
to +180°. 
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On the grid thus established there have been plotted lines of constant b 
at intervals of 0.1 In 10; they are labeled in terms of the variable 

J* - logic -jf (47) 

for which the intervals are 0.1. (The factor n = I /In 10 is introduced 
in this way to facilitate computation with decimal logarithms.) The 
curved = 0 is open, with the horizontal asymptotes n = I 90°. Curves 




-07 -0.6 -0.5 -0.4 -0.3 -0.2-0.1 00 +0.1 +0.2 +0.3 +0.4 



Fi<j. 5*10. Intersection nomogram ftolvtnjc K<|*. (44) mid (IS), 

of constant b < 0 arc closed. Curves of constant 6 > 0 are open and 
periodic in n with period An = Hf>0°; they have a pronounced sinusoidal 
character, being symmetric to reflection in the linens 

w = • ■ • -180°, 0°, 180°, . . . 
and centrally symmetric about the points where they cross the lines 

n = . . . -to* +W 0 , .... 
l or a more detailed discussion the reader is referred to Appendix B, 
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UttOa of constant Z have been plotted at intervals of 10°. All are 
ojxm curves, and each has the same shape as a part of the curve 6 = 0. 
Indeed, the curves X = A'<, and X = A 0 — 180°, which join smoothly 
at p = iy = 0 if 0 < X 0 < 180°, together form a curve congruent with 
the curve b — 0. All have asymptotes parallel to the />-axis, but run 
to infinity toward the right (p = + <* ) t instead of toward the left 
(p = — oo) as does the curve b = 0. Again the reader is referred to 
Appendix H for a more complete discussion. 

Since the parameters /> and t; have no limits, the nomogram extends 
in principle over the whole plane. It is periodic in r) with period 3M)°; 
the part shown in Fig, 5-10 could he supplemented by the addition of 
similar figures above and below, extending indefinitely to positive ind 
negative The chart could also be extended to larger and smaller 
p, but the added portions would be of less practical importance since 
very large or very small values of b are not much used. 

In actual work one docs not need the whole field covered by Fig. 5*10 
but only its up]>er half, since the lower half is a mirror image. Hy Hip- 
pressing the lower half, longer scale- can be used in a given available 
space. This has been done in the preparation of Fig. H I, which pre- 
sents this nomogram on the largest scab* possible in this book. This 
figure is quite adequate for a study of the method; in actual design work 
it is desirable to have it drawn on a scale t wicc as large and with a greater 
number of curves. Table IH of Appendix \\ presents the information 
needed for redrawing the nomogram the coordinates (mP, y) of the points 
of intersection of the curves pb ■ 0, ±0.01, ±0.02, • • • , ±0.5, with 
the curves X - 0, ±5°, J 10°, • • , ±180°. 

5*7. Calculation of the Function Generated by a Given Three-bar 
Linkage.— The intersection nomogram permits solution of Eqs. (3(5) to 
(40), which completely describe any three-bar linkage; it therefore suffices 
for the graphical construction of any three-bar-linkage function (A'»|A'i). 
The procedure will Ik? described in connection with its application to 
the special linkage sketched in Fig. 51 1, for w hich jifa = — 0.1,/ifc s = 0,3, 

ma - 0.3. For this linkage 2l = 0.795, ?! = L.995, ^ = 1.995; with 

Bt taken as unity, the links have lengths H x = 0.795, A\ = LOOOj 
At = 0.501. 

To determine the value of the output parameter .V 2 corresponding to 
a given value of A'i — in the example. I 10°, as illustrated in Fig. 511 
we proceed as follows: 

(I) Knowing X\ and b ly one can determine />, ami 171 by Kqs. (30) 
and (37). Instead, on the nomogram, Fig. 5-12, we follow the curve 
X = -Yi (=110°) until it intersects with the curve ixb = pbi (= — 0.1) at 
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the point P"". At this point we can rend off the corresponding values 
d m/>i ( = -0.191) and ^ (= 52.5°). 

(2) Knowing^/;, and ^a, one can compute p{p x + a) — in the example 
0.109. Instead, on the nomogram we locate a point pa units to the right 
of P (,H (by the scale at the bottom of the figure) and through this con- 
struct tin* vertical line pp — /*(/>i + a). 

(3) Knowing p^{p y -f a) and \ih^ one can compute rj+ by Fq. (38). 
Instead, on the nomogram we follow the vertical line MP m(Pi + <0 
until it intersects \ he curve = nb^ ( = 0.3), as it does at the two points, 
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Q ( l' and Ql\ within the held of Fig. 51 2, and at an infinite sequence of 
points outride this field. It is at the point Q cl , h that ij lies l>etwecn 0 
and ir, and it is. therefore, at this point that we can read off the value 
of 1,2 (= 121°). 

(4) Computation of A' 2 is now simple: 

V ?l t) i ~\~ i)2 ~ 52.5° + 121° - 173.5°, 

and 

A\_ - ft - V2 m 52.5° - 121° = -08.5°. 
These values can be checked on Fig. 5-11. 

It will be noted that in Fig. 512 the value of rji is represented by a 
vertical line from the line ij = 0 to the point / ><D) , ami the value of i? 2 is 
represented by a similar line to the point <?'*'. Clraphieal methods for 
adding these lengths can be used to construct the value of A' 2 . . In the 
same way, the vertical line from if = 0 to the point Qff represents the 
(negative) quantity which must be added to to get .Y 2 _; we call this 
to distinguish it from the principal value, and write 

Xt ± - ijt + *i±. (48) 
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We shall often use this relation instead of Kqs. (39) and (10). The 
point Q ( * x will then he regarded as corresponding to the positive branch 
of the solution for .V«. and (/ " as corresponding to the negative branch. 

My use of the nomogram ( '- in " H :L graphic premutation of the 
entire course* of the function generated by a given linkage. To picture 




MP 

Fin. 5-12. Calculation i>l flu- function ki-ihm :itri| \>\ w kivimi t In ro-lmr linkage. 

the function (JFf|Xi) Wn may wish to compute X% lor a "Sptotriim of 
values of A',": 

a ;>, arp, jf, . . . xp. 

(In Fig. 5-12, X\ r> m 110° - r-10°, r = 0, I. - I.) Corresponding 
to this sequence of values, there is a sequence of points /*°\ J***, . . . , 
on the rurve = at which we can read off the spectra of values of 
up 1 and of ml 
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Vertical lines from t? = 0 to these points represent the spectrum of 
values of /ipi by their horizontal sparing, the spectrum of values of 171 by 
their lengths. < >n shilling each of these lines to the right by an amount 
/ua we next obtain lines representing, by their horizontal spacing, the 
pertrum of the variable parameter pp| p(p| + a), which ran assume 
the values 

MK" + a), pSjtp + a), - ■ - tffl* + a). 

Since this shift does not disturb the distribution of the Ium-s, one can 
speak of the spectrum of values of as congruent to the spectrum of 
values ot' /iy>,. The spectral lines for /i/m, by their intersections with the 
curve pi) — nb 2 , define two wqiMttflM of points: 

QP, 0?i • • • Of. 

ami 

<r\ qi\ . . . <?!•>, 

from which one may read oil thfi -pertral values of ff« 

Hi 1 *?2±> • • • fi±« 

By terminating tin* spectral lines of pp 2 at the points Q[\ we can make 
them represent the spect ral values of 17$ by their upward and downward 
extensions, just as the spectral lines for represent the values of 77,. 
There results a very clear picture of the way in which rji and change 
together with A ,. Finally, the spectrum of values of the output variable. 

ran be obtained by adding corresponding spectral values of yji and 17* , . 

6-8. Complete Representation of Three-bar-linkage Functions hy 
the Nomogram. -It will soon become evident to the reader who attempts 
lo use the nomogram that it is not possible to carry through for all Xi, 
.md for given ph lf pbi, and pa, the calculation outline<I in See. ,V7. This 
limitation OOmSpOtkfa to rot fictions on X\ inherent in the geometry of 
the linkage considered, and is not a shortcoming of the nomogram; that 
tin* nomogram gives a complete representation of the whole class of 
three-bar-linkage functions will be evident from the followingdiseussion. 

In the calculations discussed iti Sec. 5*7 it is convenient, but not neces 
try, to select values of A', corresponding to lines ap|)caring on the nomo- 
gram. We shall now consider a coiit imious spectrum X\ r \ which includes 
all values in the range - <*> < A"i < + «o« We shall call such a con- 
tinuous ami infinite spoetram of X{ "the complete spectrum A','." 
Corresponding to a continuous spectrum A"/' there will be a continuous 
spectrum AY 1 . Tlie valuta of XT, however, as computed by Kqs. (30) 
to (40), will not be real for the complete sj>ectriim AY' but only for 
certain "bands" of that spectrum. Real configurations of the linkage 
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correspond, of course, only to real values of A r( 2 r) ; thus, by observing the 
limiting values of X\ r) and X ( { } in the "bands" in which the solution is 
real, one might determine the limiting configurations of the linkage. 

We now use the nomogram in studying the conditions for the existence 
of a real solution A':," corresponding to a given value of \\ r \ We note 
first, that, as A'V goes through all values, ppj can go only through a 
limited range of values determined by the fixed value of yth x . This cor- 
responds to the limitation on the magnitude of the diagonal l) } which has 
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been expressed analytically in Kq. (f>) and in our present notation can 
be rewritten as 

logH, |1 ~ 10* | £ UPl ^ logio (1 + 10^). («) 

The range of Si finite if m''i 0, and extends to - <» when /Jn = 0; 
we Skill Bpeak <>f thfl values in the range of as making up 44 the com- 
plete spectrum /i//, r, / ? In Fig. 5T3, which applies to a linkage with 

pb, m -0.2, »b 2 - <> X, - 0.5, 

it is char that can not be less than -0.432 (for Xi - 180°), nor 
greater than 0.215 (for X\ ~ 0°). We have, then, for the complete 

spectrum, -0.433 ^ pp\* $ 0.215. By shifting the complete spectrum 
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(^Jf 1 to Ihe right by a distance pa, we obtain the complete spectrum 
M(f>i r> + ' n our example 

+0.068 g fi(p\ r) + a) g 0.715. 

In the same way it will be observed on the nomogram that there is a 
limited range of values of /ip 2 consistent with the lixed value of 
This corresponds to the restriction on D expressed analytically by Kq. ((>). 
which in our present notation is 

log 10 U - 10*1 g MPi S loKm (1 + 10*). (W) 

The values in this range make up the complete* spectrum np{?\ In the 
ease illustrated in Fig. 5- 13, -0.002 g M P (r> £ 0.47ft. 

In the nomographic computation of X* one has to identify pJ9| and 
M (p, _|_ a ) t This will be possible only for values of »p>, which lie in the 
complete spectrum up*.? and also in the complete spectrum n(p\ r} + a); 
such values make up the "limited spectrum l*y shifting the 

limited spectrum ppf to the left by an amount pm\ we obtain finally the 
limited spectrum pp\ r \ The nomographic computation can be carried 
through for all values of m7>i that lie within this limited sped rum; for 
the corresponding values of X h the limited spectrum X\'\ one can com- 
pute real values of A' 2 . The range within which this calculation is pi>s- 
sible corresponds exactly to the range within which botfa K<|s. (5) and 
(6) arc satisfied, as illustrated in Fig. 5-2. Thus all physically possible 
configurations of the linkage, all real thre^bar-linkage functions (A r «|Xi), 
are covered by the nomogram. 

The reader will find it instructive to apply the nomogram to the dis- 
cussion of the parallelogram linkage. 

5-9. Restatement of the Design Problem for the Nomographic 
Method. -The nomogram is conveniently used in thrce-bar-linkagc 
design only when it is possible to preassign values for two of the design 
ronstants, A.V, and A.V 2 . r rhere remain three design constants />,, h 2 , 
and a, Of their equivalents— to be adjusted in Ihe process of fitting the 
generated to the given function. 

When the angular ranges of the input and output variables lie thus 
specified, it becomes possible to express the given function in terms ot 
angular variables v *i and instead of the homogeneous variables /r, 
and h%: 

In comparing the given function with the generated function, one will 
correspondingly express the latter in terms of the angular parameters 
V, and X t ' 
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Xi — X\ m = A 

X, - X* m A 



v .// s . I 



The design problem can then be stated as follows. It is desired to find a 
three-bur linkage generating a function 

X t = • Xi (25) 

which can be identified with the given function 

<pi — * *Pi (53) 

on direct or complementary Identification of //, with h u 11* with h 2 (cf. 
Sec. 5-4). Direct identification in the two cases implies 



complementary identification implies 

Y. _ V. I 

(55) 



AA'i v"! = A'i - A 

A A* 2 — = — A'm,„. 

The design problem is essentially the siime if the identification is direct in 
both cases or complementary in both cases; it' the identification is direct 
in one ca.se and complementary in the other il does not matter in which 
case it is direct It will be convenient to assume that it is always direct 
in the case of the output variable. The relations to be satisfied by the 
angular parameters are then 



JA.Y, I iA.V„ j 



<pt = A r 2 — A'**,, 1 



with the upper sign corresponding to dived Identification. 

It is important to note that the procedure to be described does not 
necessarily lead to a unique solution of the problem. There usually exist 
t wo quite different approximate solutions, with a positive and a negative 
value for b\, respectively. During the design process the constants 
of both of these solutions should be determined sufficiently accurately to 
permit a rational choice between them. This point will be fully illus- 
trated in later sections. 

5-10. Survey of the Nomographic Method. Fitting the generated to 
the given function by simultaneous and independent variations of the 
three remaining design constants is hardly practicable. Wc therefore 
(1) make a definite choice of &]* and then find the best fit obtainable by 
independent variation of the other two design constants; (2) find a better 
value of b\ f as described in Sec. 5 13; (3) find the best tit obtainable by 
variation of the other design constants, using this improved value of bi' 9 



Sbc. 5- 10) 



SURVEY OF THE SOMiHlUArillC METHOD 



129 



( 1) find a better value of bij and so on, approaching the optimum choice 
of all three constants by successive approximations. 

It would be quite natural to choose b* and a as the design constants 
In be adjusted in the lirst step of this procedure. However, to deal with 
these constants directly in\ olves, in effect^ the fitting <>!' the given curve 
to a member of a two-parameter family of threo-bar-Iinkagc curves. It 
is preferable to choose A*i„, and A\»„, as the additional constants on which 
attention is concentrated, since it is then possible to work instead with 
two one-parameter families of curve's, one easily constructed from the 
given function, the other appearing on the intersection nomogram. To 
make it clear how this can be done we shall consider three increasingly 
difficult problems. The discussion will be illustrated by Fig. 511. 




I' i«; 5-1 I. <"ui\«- lilting in Problem* \ uml J, HVr. .VHI. 

PrMvm 1 : D< t< rminr trhvtht r <tr mil a <jmn function (Vr|v>i) in generated 
by a linkage of nprrifivd constnnl* AX i, AA'a, b ir X X^ m , — Since A AY 
Yi*,, and X+ m arc known, it is possible to transform the* given functional 
relation into a functional relation of the angles \\ and .\\, 

; \ by use of Va\x. (56), whether the Identified ion is direct or com- 

plementary. The problem is then: Is this function (A r 2 |A"i) really 
generated by a linkage characterized by the given constants? 

Let AY' be any value of A'i in the specified range. On the nomogram 
■ \e locate at the intersection of the lim^s .V A ," and fib — /i/o the point 
P (r) ; at this point we can read 00 the valine of p!ffp and generated by 
the linkage. We do not yet know the generate 1 values of ij^ and AY, but 
we do know the corresponding given value of AY AY„\ und can compute 
the "given*' value of tj 2 . using Bq« ( 18): 

i& xr- - vY\ (57) 



130 



THE TRRBE-BAR LINKAGE 



[Hkt. 5 10 



On the vertical line through the point P (r> wo erect a spectrum line of 
height tfi r J, ending at point R (,) . By moving this spectrum line to the 
right by an amount pa (still unknown) it can he brought into the position 
of the spectrum line MP 2 f> . If the given value Tj 2 r J is the one actually 
generated, this spectral line will then extend exactly to the curve ph = ph*, 
(also Unknown at t he moment) ; the amount by which it falls short of t hat 
curve is the amount by which the generated value of A'/' exceeds the 
given A'.;;. The complete spectrum of such line*, limited by the curve 
B?W . . . R (,) . . . R (M \ can be outlined quickly. 

Let the curve R ia} . . . R {r) • ♦ • R in) be drawn on a transparent 
overlay. Suppose now that, by moving the overlay to the right by a 
distance pa, this curve can 1x5 made to coincide with some curve pl> = ph%. 
It will then follow that the given function is indeed generated by a linkage 
with the specified constants, A.Y i, A.Y 2 , />i, A" and, furthermore, 

that this linkage is also characterized by the constants t> 2 and a thus 
determined. For, in view of the methods of computation outlined in 
Sec. 5-7, it is clear that a linkage with the above values of />i, // 2 , and a will 
generate a spectrum of values of t? 2 * which is just the spectrum of the 
"given" values, rf{ u , and hence a spectrum of values of A' 2 which is also 
the given spectrum A'SJ, for X\ m g A r g A r lm + AAV The spectrum of 
A i is determined by the given constants A\,„ and AA\; the generated 
spectrum of A r 2 , which reproduces the given spectrum of A' 2 , must 
correspond to the constants A' 2m and AAV Since the linkage that 
generates the given function is characterized by the five spec i lied 
constants and by the derived b 2 and o, the truth of the statement 
follows. 

As an example, shown in Kig. 5-M, we take a case in which the 
specific a constants are AA', = (50°, AXj - 105°, pb t - -0.2, A r , m = <)0°, 
Xtm = 45°. The given function (^\*pi) has been assumed to mfirCKlii 
monotonically from ^ m 0° when <pi = 0° to ^ 2 ■ 105° when ip x m 60°; 
by Eq. (5ti) (with the upper sign) A* then increases monotonically from 
X t - 45° who* A , - 90° to Xt - 150° when X! = 150°. Taking 
XV* - 45°, we locate J*« and read vT = 33°; hence fg is 45° - 33° = 12°, 
corresponding to point RW. With Zp = 150°, we locate an<l read 
v \»> = 3()°; hence tfj = 150° - 3(>° - 114°, corresponding to point 
R iH> . We shall assume that similar computations for intermediate A, 
serve to determine < he curve R m . . . R (r * . . . R^' as shown. If now 
this curve is moved to the right by an amount pa ~ 0.1, the end points 
can be brought to lie at points -4 and C on the same contour of constant 
pb: pb+ — 0.3. The intermediate portions of the curve do not then lie on 
that contour, and it is evident that no other contour can give a (it. It 
follows that the given function can not be generated by a linkage with the 
specified constants. The difference between the given ami the generated 
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functions is immediately evident. A linkage with pa = 0.4, pbt = 0.3 
doei give a fit at the very ends of the range of A'i (points A and (7), and 
thus at the ends of the range of A' 2 . This linkage has therefore the 
specified values of A.Y lf AA' 2 , A'i„, and X 2m , as well as that of b t ; it is the 
specified linkage*. It generates values of ijn given by the curve AA'H'C, 
instead of the "given" values of the curve AHC; the vertical separation 
hetwecn these curves is then the difference between the given and the 
generated values of A* 2 . 

l*rohhm 2: Determine whether <tr not a given function (v^l^i) can be 
aeon-atcd by a linkage of specified constants A.Y,, AA' 2| />,, A' lm . It is now 
possible to consider all values of A' 2m in seeking a fit of the generated to 
the given curve, instead of only one value. Let t he curve R {0) . . . 
he constructed jus before, for an arbitrarily chosen value of A 2(n for 
example, A' <u , If a lit can not be found for this among the curves of 
constant pb on the nomogram, one will desire to make a similar trial for 
another value of X 2 «, for example, 

X& - XL + A. («) 

By Kq. (5<>), this increase in .V 2l „ will produce a uniform increase, by 
the same amount, in the "given" values A* 2 „ and ij 2 „; the new curve 
. . . B in} will be the old one raised by an amount A, and the fit will 
he sought as before. Of course, instead ol* redrawing the curve, one can 
limply shift upward by A the overlay on w hich the first curve wsus drawn. 
Thus by allowing all vertieal shifts of the overlay in seeking a lit one 
heats A» m jus a disposable parameter. 

The Stated problem can then be solved as follows: On a transparent 
Overlay draw a curve . . . /i< r > . . . assuming X 2m - A'„. 

If, by translating the overlay to the right by an amount pa and upward 
by an amount A (as rend on the scale of ij), this curve can be made to 
coincide with some portion of the curve fib = pb+ y then the given function 
(*Pi\<P\) can nc generated by a linkage with the specified constants AA\ 
AA' 2t b\, and A lm . Furthermore, that linkage will also be characterized 
by the constants b t , a, and X tm = X' 2m + A, determined in this fitting 
process. 

In the example of Kig. 51 1 a lit can be obtained by moving the over- 
lay, prepared as previously described, upward by an amount A = 57°, 
and to the right by pa = 0.255; curve R<°> . . . R iH> then lies on t hi* 
Clirve fib — fil>n m 0.3, extending from .l r to (■'. Thus the given curve is 
actually generated by a linkage with the constants 

AA, - 00°, AA 2 = 105°, p&, - -0.2, A,„ m iK)°, 

illd, as now determined, pfti = 0-3, = 0.255, A 2l „ - 15° 57° = 102°. 
If the lit were not exact the difference between the generated and the 
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given functions could be read as the vertical separation of the curve 
ft <0) . . . A* 1 "' smd the contour pb — ^2- 

Problem 3: Determine whether or not a given function (^Iv^i) can be 
generated by a linkage of specified constants AA'i, AA 2 , />i. Both A'j^ and 
X tm are now to l>c treated as disposable constants; the problem is then 
essentially the same as that encountered in Step (1) of the design pro- 
cedure described at the beginning of thi.s section. 

We have already seen how a lit can be sought for a given value of 
A'i., — for example, X\ m - by a process that begins with the construction 
of a corresponding curve — for example. It? . . . To make the 

same test tor another value of A i„ for example X \' m one would similarly 
construct another curve, BJJ . . . RJ*. Unfortunately, this is not 
of the same form as the first curve; the actual construction ol this curve 
is not to be avoided, though it can be made relatively easy by methods 
to be described. 

The problem is then to be solved as follows. On a transparent ovcq 
lay, construct a family of curves R w . . . R im} for sufficiently closely 
spaced values of X im , and for X lw - 0; label each curve with the corre- 
sponding value of X ,,„. Now suppose that, by translating the overlay 
to the right by an amount »a and upward by an amount A (as read 
on the scale of tj), the curve of this family labeled Ai,„ can be brought into 
coincidence with a part of the curve pb = pin on the nomogram. Then 
the given function ran be generated by a linkage with the given con- 
st ants A A ,, A A >», and b x ; this linkage would l>e characterized also by the 
constants .V A 2wf M a, /u/>» thus determined. 

The essential features of the nomographic method should now bo 
evident to the reader. To find the three-bar linkage with given &X h 
AX*, b\ f which most accurately generates a given function one 
constructs on an overlay a family of curves corresponding to A"*. = 0 ami 
to various values of X im . Moving the overlay over the nomogram, one 
seeks the best possible lit of a curve of this family to a curve of the /*fc 2 
family on the nomogram. The displacement of the overlay necessary 
to produce this fit determines A\„ and »a for the linkage- the choice of 
curves for this fit determines X\ m mid pfr* The error in the resultant 
mechanization is directly evident in the failure to obtain an exact fit 
between the overlay and nomogram curve's, and is measured by their 
vertical separation. The steps involved in this process will be discussed 
in detail in Sees. 511 and 512. After the method of improving the 
choice of /m has been described in See. 513, the whole procedure will be 
fully illustrated in Sec. 6*14, 

5-11. Adjustment of h- 2 and «, for Fixed AXi, AX 2 , 6i. — We shall now 
describe in full detail a practical procedure for the construction of the 
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overlay mentioned in Sec. 510 and its use in determining the best values 
of /jj and a. 

Construction of the Overlay. 

(1) Choose a spectrum of values of A'i, 

XT - (59) 
which lills the entire range from 0 to 300* at intervals 5 small compared to 
A.Vt. One should choose o as the difference in X bet wen consecutive 
curves on the nomogram, or a multiple of this, so that Hum will be on the 
chart a curve corresponding to each value A'', r> . Usually 6 = 10° is 
sufficiently small; 5 = 5° is possible with the chart plotted from Table 

B-t 

(2) As the spectrum of values of f U lake 

- r3, (AO) 

with r = 0, 1, * * * n. Since these values should till the range A A' i, one 
must have nb m AA,. 

(3) Compute the corresponding spectrum of 

( sing the same wale as the v-scale of the nomogram. OOnilVUOt this 
spectrum as a scries of tiny holes along a straight line on a strip of (MfMff 
ce Kig. 5-15). < hi this strip mark the index r for each of the lines of t ho 
ppeetnim; Indicate by an arrow the direction of increasing 

(•1) Fasten over the nomogram the matt rial on which the overlay is 
to be constructed for instance, a piece of tracing pa|>er. Copy onto 
I he overlay all the points /"° at which the contour pl> = uh\ is inter- 
sected by the lines X A , (Figure 515 shows the complete contour.) 
Mark the point! on the overlay with the subscript s. Also copy 
OlltO the overlay the lines r/ ■ 0, p = 0. This position of the overlay 
will be called its starting position. 

(5) Draw on the overlay the vertical lines pp — up*"'* through all 
points P { * ] . These are the spectral Turns for the variable up. The over- 
lav can now bo separated from the nomogram. 

(8) IMace the strip of paper carrying the spectrum on the overlay, 
along each line of the spectrum up iw \ making the arrow point downward 
and the first point <fT of t his sped rum coincide with the point P iM) . For 
each such position of the strip, mark on the line///) ■ /u/> <xl of the overlay 
I lie positions of the points on the strip, labeling 8Mb with the corre- 
sponding value of r. These points we shall indicate 00 

(7) Starting at each point P {t) on the overlay, pass a curve succes- 
sively through the points /*•>, Pf*° M . . P£** $ . . . 1"S**, 
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This family of curves we shall call the plus family. It is unnecessary to 
use a French curve in this construction; it is sufficient to connect the 
points by hand with straight lines, in order to make clear the way in 
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which they are associated. The plus family of curves appears as nm- 
tinuous lines in Fig. 5*16. 

(8) Again, starting with each point on the overlay, pass a curve 
successively through the points /"*\ J h r l \ . . . . . . P?H 

This family of curves (dashed lines in Fig. 5- 15) we shall call the minus 
family. 

This completes the construction of the overlay. As will appear from 
our later example, construction of the complete overlay is not always 
neeessary. 

We must now examine the significance of the curves thus drawn. 

(1) The successive points , 7" . . . represent, by their 

distances from the lines p = 0 and rj = 0, the values of up and 171 for a 
sequence of values of A r ,: X\'\ Xf* u t . . . By Eq. (54) these points also 
correspond to the sequence of values of v>l* 0, tp\ u . . . <p\ mt , for the rase 
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to which A'i„ = X\ $) antl the identification of /h and // t is direct. In 
particular, P^* r) represents the values of np (r) and ij\ r> when A'i m = X\ A \ 

(2) The separation of the points on the strip corresponding to v^ 11 arid 
, represents, on the same scale, the value of y?'/' — <pT = vT- 

(54) this is also the value of A — 0, and the identification of 

h\ and // 1 is direct. 

(8) The point /*•'" thus corresponds to pp = np (r) ami luis as its rj 
. oordinatc |bv K(|. (67)] 

[Of the eaae in Which A'i m = X\'\ X- lm 0, and the identification of A, 
and // 1 is direct. 

(4) We thus see that the eurve of the plus family passed through the 

points I' tM \ / V, . . . P" Sr \ . . . P5T W 011 the overlay corresponds to 

(lie sequences of values 

x x \ A'r, x\*"\ . . , xr** . . . If** 

pp: m/> <0 \ »P il \ . ■ • . • • 

f • **2*> l?*** • • • VSy» • • • liof 

lor the ease described under (3). 

(5) The sign of ?; can he reversed by rotating the figure through IS()° 
about the axis ij 0. Tims if the over la n as constructed is turned face 
down by rotating it throiajh 180° about the axis ij = 0, then the curve of tin* 
plus family labeled with an s gives the relation between and for the 
< ase in which A'i u , — .YV\ A"*,* = 0, and the identification of h\ an<l // , is 
direct. 

• >l In tlie same way the* reader will l>e able to show that, with the over- 
toil turned face down as above, the curve of the minus family labeled with 
an 1 gives t he relat ion bet ween v?* and w for t he cjise in which X\m = X\*\ 
\ 0, and the identification of /*i and // 1 is complementary. 

I'se of the Overlay. With the overlay face down on the nomogram 
and the line rj = 0 horizontal, a (it is sought between any eurve on the 
overlay and a line pt/> = fxb 2 of the nomogram. If a fit is found, the 
constants of the linkage* are determined as follows: 

(1) A A' 1, AA' 2 , have been previously chosen. 

(2) /i/>2 is read from the curve of the nomogram with which the fit is 

found 

(3) pa is the shift, of the overlay to the right needed to establish the 
lit. It may be read at the intersection of the line p = 0 of the overlay 
with the ///>-seale oti the nomogram. 
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(4) Xtm is the shift of the overlay upward needed to establish the lit. 
1 1 may be read at 1 he intersection of the line rj = 0 of the overlay with the 
rj-seale of tlie nomogram. 

(5) If the lit is established in the plus family of curves, one has 
X lm = «5, I being read faXD 11m overlay curve with which the lit is made. 
The angles <pi ami A'i will increa.se together; this, of course, is always true 
of ^ ami A' 2 . 

(0) If the lit is established in the minus family of curves, one has 
Xim — STim m ~~ AAV The angle <p\ will decrcjise as A'i increases. 
The linkage ami I he associated scales are then completely determined. 

The* actually generated values of will not be t// u , since these were 
computed on the assumption that A\. m ■ 0; instead, they will be 

« + Xte, 

which can be read directly on the nomogram wale. It the lit is estab- 
lished on the upper half of the nomogram, rj« is greater than zero and the 
generated function belongs to the positive branch; if the hi is established 
on the lower half of the nomogram one has to do with a negative branch. 

Usually the fit obtained between the nomogram and overlay curves 
will lt« only approximate. The constants determined alone will then not 
all be mutually consistent, unless the approximate lit is so made that the 
error vanishes at the extreme values of A', and .Y 5 . This is easily done 
when monotonic functions are being dealt with; in other eases one should 
remember that when live of the design constants have been fixed the 
others must be determined by appropriate* calculations rather than read 
as above. 

5-12. Alternative Methods for Overlay Construction. Modification* 
of the above procedure arc necessary when use is made of a nomogram 
like Fig. EM, which includes only the range from ij — 0° to t/ — ISO 0 . 
The missing portions of this chart can be constructed jus mirror images 
of the part shown; or, more conveniently, the same effect, can be obtained 
by Appropriately turning the overlay. 

For example: To construct the points J' {,) on the overlay, copy the 
points P {0) U)/ ><lH) (assuming 6 = 10°) from the nomogram, and draw the 
reference lines. 'Then turn the overlay face down by rotating it about 
the line jj — 0, and copy the same points onto the overlay. The points 
thus constructed are in bet P» f J H P**, . . . P ,SJ , and should !>o 

so labeled. 

In the curve-fitting process described above, with the overlay face 
daWIL the lower part of the nomogram will be missing, and direct fitting 
to functions of the negative branch will not be possible. Our can, how- 
ever, turn the overlay again (so that it is now face up) and seek a fit on 
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the Upper part of the nomogram. It must, of course, be remembered that 
readings made on the j-scalc (for instance, readings of A' 2 «.) must, then be 
I iken with a minus sin n. 

When pl> { > 0, an overlay constructed as described above becomes 
excessively large; another modification in the overlay construction then 
becomes convenient. It will be noted that if the lower half of an overlay 

is turned abqpl the line v = <>, the P oi, d / , : ( " will be brought. Into 

coincidence with the point P* 0 *\ ami the point FJr* will lie as far above 
/', as/"; lies below it. We shall speak of these points in their nefW posi- 
tion as Hie "transferred points"; they extend through the "transferred 
region" of the overlay. These transferred points can be constructed 
linectlv by the method described above with the one change that, in 
beating the transferred points fV*\ '\ • • • ono places the 

point yC of the spectrum strip on the point 7V' with the arrow directed 
ujnran/ before copying olT the succession of points ^.!'\ . . . y>!/\ 

In working with this transferred region one must remember that it is 
equivalent to a normal region turned facedown. When fitting curves in 
I normal region, one turns the overlay lace down and leads values 
directly from the r/-scale of the nomogram; when lilting curves in the 
transferred region, one use* the overlay face up. The plus and minus 
Families of curves in the transferred region are most readily identified by 
turning over the overlay. 

513. Choice of Best Value of bj for Given A3 A A In the preced- 
ing sections we have seen how to find the elements of a three-bar linkage 
which gives an approximate mechanization of a given relation, 

ipt = (*>s|*>i) * <P\, (88) 

when AXij AJfj, and pin are specified in advance. We have now to con- 
i.ler the problem of finding an appropriate value for In when only A.Yi 
and AA'« arc specified. 

A method of trial and error is obviously applicable. One can carry 
through the above process for an arbitrarily chosen pin; if an acceptable 
lit is not found another value can be chosen for pin and the process 
repeated, until a good fit is found or the useful range of pin has been 
covered. Fortunately it is necessary to try only a relatively small 
number of values, such as pin -0.5, —0.2, 0.0, 0.2, 0.5, to determine 
roughly the value of phi or to establish that the proposed type of mecha- 
nization is not appropriate. 

Such a process of repeated trials can be abandoned as soon :is even a 
poor approximate fit is found between the overlay and nomogram curves. 
I sually one finds at least a very rough lit with the first chosen value of 
/(/>,, and can begin to apply a second method— one of successive approxi- 
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mations. Let the linkage that gives the first, rough fit be characterized 
by the const ants 

AA„ AX% pVp, pftft (02) 

of which the last two have been found by the process already described. 

Now let us consider the problem of similarly mechanizing the inverted 
function 

<pi - (*>i|iP*) * (63) 

with v?- playing the role of the input parameter, <p\ the role of the on put 
parameter. The parameters y-i and s <\. will then be interchanged through- 
out the previous discussion, v *i varying with the angle A ... v - with the 
angle .V,. The linkage that mechanizes this relation will be the same as 
that which mechanizes the original relation, Kq. (f>l), except that input 
and output are interchanged. If Fig. 51 represents the linkage for Kq. 
(54), the linkage for Eq. (03) can be obtained from this by mirroring it in 
a vertical line, along with the associated scales for v"i and This new 
linkage differs from the old in that H\ and At are interchanged, as are 
A A i and AA' 2 ; X lm is replaced by 180° — AYv, X* m by IK0° A', w . As 
for the constants nb x , phi, m«, we note that interchange of tt\ and /I* 
carries 

A 

= log,,, ^ (iV\) 



into 



l<>gj<> j* J = - logio = — J** (65) 



and conversely, while 



»bt = log,,, -j- ((><>) 



becomes 



pa - ,//>,. (67) 



Distinguishing the constants of the in vertex 1 linkage by a tilde, we may 
w rite 

pa = pbu (tiSfi) 
- -pa, (<>86) 
/u/>* = pi| — fin — /i/o, (ftf^) 
A.Y i A.Y,, (asm 

and so on. 

In at tempting to mechanize Kq. \iYA) one might apply the nomographic 
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method as before, choosing arbitrarily i value of nb\ and finding corre- 
. -ponding values of ji/> 2 and However, — jui 1 n is a known first approxi- 
mation to the desired value of ji/>,, and an appropriate choice for the fixed 
value of this quantity. We therefore take 

ptf - -jo**, (ran 

and by the nomographic method determine the corresponding constants 
jiM? pwl (1> in the mechanization of the inverted problem. This mecha- 
nization of the relation between <(>\ **nd <p+ must l>e at legist as good as 
that described by the constants in Kq. (82), since it is chosen as the best 
of a family of linkages which includes the mirror image of thai first 
linkage; usually it is much batter. From these constants one i-.-m 1 hen 
iibtain second approximations to the constants required for the* direct 
problem : 

M a<*> = -pip = 

j*r» = (70) 

M 6i 2) - pif - /<«< 2 > - p£p. 

fhe values of and ji/>« have been improved; the value of pa WM FlXMMB 
in passing to the inverted problem, and is henee uneh.-uiged. 

We can now return to a consideration of the problem as iirst formu- 
lated. It. is obviously desirable to take n<i *' fiir.r as the chosen 

value of nl>\] repetition of the eurvc-fit t ing proeena laadi to a still better 

mechanization of the relation between <pi and 9*, characlei laed by the 

oonetanti 

Thus by alternately considering the problem as formulated in Kqs. 
(f>3) and ((53), and applying the methods of Sees. 511 and o 12, one 
obtains successively letter approximate solutionis, which usually con- 
i rge rapidly to a limit . The method is less laborious t han might at first 
be supposed, since the constants to be expected in all solutions but the 
first are known approximately, and the complete overlay need not be 
constructed. 

It will be found that if one obtains a fair fit with a given one will 
obtain also a reasonably good fit with — /i&i. On application of the 
method of successive approximations, these two approximate solutions 
usually lead to two different solut ions of the problem, which are equivalent 
neither with resjx'ct to the residual error, nor with respect to mechanical 
qualities. These two possibilities should receive separate consideration. 

614. An Example of the Nomographic Method. As a lir t example 
of the nomographic method, we shall apply it in attempting to mechanize 
I he function presented in Table 6*1 ill both direct and inverted forms. 
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M 




drapers 






degrees 








0.0 






0 


0.0 


0 




22 






10 


3.1 


10 




34.1 






20 


9.0 


20 




48.0 






30 


Mi. 9 


30 




63 J 






10 


20. 0 


10 




00.0 






no 


37.7 


SO 




ok , 3 






no 


00 0 


GO 




7.V.) 






70 


02.0 


70 




S3. 1 






80 


70.1 


SO 




90.0 






90 


00 0 


90 



This tabulated function is in fart the <>n<' geiu'raU'd by a t litre-bar 
linkage with the following constant*: 



Xim = -170°, A.V, 



- !M>°, Xtm = 160°, &X X - 90°, 

Ma = -0.28G, = 0.0.'M»7, 

4» = 1.932, & = 2.102. 

A 1 i 1 1 



(71) 



In applying the nomographic method we shall assume the ideal values for 
the angular travels, 

A A 1 AA, - 90°, (72) 



hut shall begin by choosing a value of ju/>i which is not the liest: 

= -0.1. 



(73) 



In this way we can make particularly evident the convergence toward the 
best constants that is usually afTordcd by the method of successive 
approximations. A second and quite different example, without this 
<ui hoc character, will l>e found in Sec. ii- 1. 

Following the steps outlined in Sec. 5-1 1 1 we proceed thus: 



(1), (2) In tabulating the given function, b = 10° Iuls Ixnm chosen as 
sufficiently small compared to the ranges of A*i and X 2 \ this will |>ermit 
use of Fig. BT (folding insert in back of book) in applying the method. 
In mechanising the function in the direct form the spectrum of values of 
<pv is 0°, 10°, . . ■ 90°. We have here n = 0. 

(3) The values of appear in the first column of Table 5-1. Using 
the tj-scalc of the nomogram, we transfer this spectrum of values to :i strip 
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of paper, as illustrated in Fig. 515. Tho direction of increasing r i« 
show n by an arrow. 

(4) Interne paper is used in making an overlay. This is taped to the 
nomographic chart, which should l>o made on cardboard, and 30 points, 
from P<->*> to pi+ l *\ are constructed and marked with the proper value 
of f (Fig. 5-15). The reference lines an? traced onto the overlay. 

(5) The vertical lines of the spectrum /*p<*> are omitted from Fig. 5-15 
for the sake of clarity. 

(0) Placing the zero point of the strip successively on each of the 
points 7 >(-> , with the arrow directed downwards, the 36 points P* are 
located and lal>eled with their r-values. (In first approximations one ran 
sometimes skip half the values of r and half the values of $.) 

(7), (S) The plus family of curves is now sketched (full lines in Rg, 
VI5) through points with r-values successively increasing by I as s 
increases; curves of the minus family (dashed in Fig. 5-15) puss through 
points with /-values successively increasing by I as ,s decreases. The 
complete family of curves is shown in the figure. This is redly unneces- 
sary, since one can tell at a glance that some of them cannot lead to a fit. 
In particular, since tp^ is a single-valued function of x, one could here 
omit the numerous curves that have infinities in their slopes. 

The overlay is DOW turned about the horizontal reference line and 
translated over the nomogram until a fit is found— a quite satisfactory 
fit, as it happens, be t w een the overlay curve * - —10 of the pine family 
and the curve nb 2 = 0.075 on the nomogram. Figure 5«16 shows, on the 
nomogram grid, t he construct ion of the particular overlay curve for which 
ihi- fit was obtained, and the position of fit on the chart (dotted curve ;it 
lower loft). The fit has been made exact at the ends. The overlay curve 
then deviates downward from the nomogram curve; on a large chart it 
can be seen that the maximum error in v is a little more than one degree* 
The reference lines on the ovcrla\ are also shown in the position of fit. 

The elements of the linkage are thus established: 

pb\ u = —0.1, as assumed. 

pJt& = 0.075, read from the nomogram curve on which the fit was 
made. 

pott = —0.2(55, read at the intersection of the vertical reference lira* 
with the pp QOilft 

Xffi - -202.5° or +157.5°, read at the intersection of the horizontal 
reference line with the T^scale. (When this reference line falls 
off the nomogram, as it would here, an auxiliary reference line 
on the overlay can be used.) 

X& " -100° = 86, since the curve that gives the fit is of the plus 
family. 
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By Eq, (86) we have (uang the upper signs in the first equation, since Mm 
fit was obtained with a curve <»i' the plus family) 

m - A'i + igo°, 

= X, - 157.5°. (741 



These last equations represent the given function with mm visible as tin- 
vertical separation of the fitting curves in Fig. 51(>. Since the lit bend 




KlU. Construction of overlay line ami position of tit in fust application of tho 

MMnoKiaphm timfhoil. In the position of tit tin* overlay curve lies Eighth Mow the 
eon tour = 0,075. 

.it the ends of the range of A',, the travels of both input and output of the 
linkage as designed will have the req uire d value, <M)°. (It is not necessary 
to make the fit exact at the ends, except perhaps in the last stage of the 
design process. In earlier stages one can often accelerate convergence 
on the ideal constants by seeking a good fit on the average rather than an 
exact fit at any given points in the range.) 

As a eheck it is useful to make a thawing of the linkage, showing the 
cranks in their extreme positions (Fig. 5-17). The distance A\ u between 
the crank pivots may be taken as the unit of length; the relative crank 
lengths are drawn in as 

jfe = tO** = 10-M m 0.79-1. I 
l!' (75) 
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The constancy of the required length of the connecting link, 

& 2 V W ASP 

Z? 5 = W ' % = - W* 1 - 2.188, (76) 

piovides a check on Uie quantities dcteradari in the fitting proems 

I H (he constants | hus determined fur t he linkage. /„ has been held at a 
I assigned value, but the other! have taken on values that are good 
i-pproximations to those known to give an exact lit. Sueh behavior 
' 1 roiirs.. essential if the method of successive apprnximaf inns (Sec 
i 13) is to be etlective. We now apply this method In the improvement 
• •I the linkage design. 




Kiu. .VI 7.- lirst approximate linkup f r>r merlmni*atioii of the given function. Table 51. 

n>,<kS *i »d Ml to be interchanged throughout our next 
treatment of the problem. The inverted function has already been 
given in ( 'olunms 3 and I of Table 5-1. Now is to he attodated with 
the parameter V, of a new linkage; to remind us that this is a parameter 
of the inverted problem we shall distinguish it by a tilde: AY Similarls 
v. is to be associated with the parameter f, in the new linkage. 

According to Bq. (60) we should begin the process of mechanizing the 
.nverfed function by choosing »&f> = 0.205. To facilitate construction 
of the overlay we shall use an approximation to this: 

piP = 0.25. (77) 
Such rounding off of values is generally useful in practical design work- 
we have here delil>erately done it in such a way as to retard rather than 
iceelemte the convergence of the method. 

We know that the linkage to be designed will not be verv different, in 
its dimensions and in the arrangement of the scales, from that of Fig. 
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5 17. It must, however, differ from that linkage by reflection in a 
vertical line, since the pivots are to bt interchanged; and it may differ 
also by reflection in a horizontal line. < >ne can delermine whether or not 
this additional reflection is involved by examining the ■ralfl, which, by 
the convention intr o d uced in the discussion leading up to Kq. (66), must 
increase in the direction of increasing .Y 2 . In the present case it is 

evident that the two linkages must 
differ also by a reflection in a horizontal 
line; the appearance of the new linkage 
will then l>c that of Fig. 5-17 tin m il 
upside down. One must accordingly 
expect St }m ^ —20°, and on the overlay 
will need to construct, only a few curves 
of t he plus family with s « — 2. 

Figure .vIS shows the nomogram 
curve nh — 0.25 wed in construction of 
the overlay, and the few lines of the 
plus family that need to be drawn. It 
is obvious that a good fit can not be 
obtained with curves for which 17 is not 
a single- valued function of p. The 
curve x = —2, for which we expect this 
fit , is, however, essentially single- valued. 
The retrograde portion of this curve 
closely overlaps the rest of it and ■ no 
bar to an accurate fit; its presence indi- 
cates only that i? 2 may reverse its 
direction of change as the linkage operates. 

When the overlay is turned about a. horizontal line and moved over 
the nomogram a very accurate tit can lie found betweni the overlay line 
a = —2 ami the line »h 2 0.275 of the nomogram, in the position indi- 
cated in Fig. 511). Also shown are the usual horizontal reference line 
and the auxiliary reference line up = 0.3, which appears also in Fig. o-lS. 
Krom the position of tit we read the following values of the constants: 

fjSj* - 0.25, as assumed, 
h b< t *> 0.275, 
ptf* - 0.01 I, 
JFfi - 5° 
rg = -20*. 

Since the fit was obtained with a curve of the plus family, we have 

St , + 20°, 



9 



I'n;. .VIS. Hrnlc mul overlay for 
mill application of the nomographic 
method. 



(78) 



pi m Xi — 5° 



(70) 
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To make more evident the change in constants due to this second 
• :il< ulation, we can rewrite the above results in terms of the constants of 
the uninvcrted linkage. Remembering that the two linkages difTcr, in 
this case, by reflect ions in both horizontal and vertical lines, we have 

f , = \\ - 180°, Jf 2 - X% - 180°, (80,,) 
X» - X tm i 180°, Xtm - ± 180°. (806) 
90 # rr^-rn=j^p v 1 u ioo* 




I'M. . r >-l!l. Poicilion of fit in noeond ■|l|lHlfllW flf lln- miiiMi^mphif iiu'tluxl. 

by use of then* relations and of K<|s. (88), Wt have 



0.0075, 



MP = 

ZB - 
IB - 

A? 
1 



-0.01 1. 

0.014, 

-0.25, 

-175°, 

L60*, 

1.778, 



(81) 



.I'f' 



^ - 1*887 



These (|uantities represent distinct improvements over the first 
I -.•proximate values, except fur pat* (which was rounded ofT in the w rong 
ilireetion and not allowed to improve dining the second fitting) and the 
ratios A t /Ai and R%/A\ l u bieb depend upon /jr/..). In particular, the 
value af/ft| deviates from the ideal by only one-tenth as much as the value 
initially assumed. It is evident that a second application of the nomo- 
graphic: method to the mechanization of the given function in the direct 
form, with nlh ■ —0.011, would lend to values of the constants very nc:i r 
fa tbi ideal. 

THE GEOMETRIC METHOD FOR THREE-BAR LINKAGE DESIGN 

We shall now discuss a geometric method for the design of three-bar 
linkages for which the input travel AX] is not fixed but may l>e treated as 
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a variable parameter. This is a less common problem than that solved 
by the nomographic method, in which both input and output travels are 
treated a* fixed; nevertheless, the method is a necessary and frequently 
useful complement to the nomographic method. 

The basic problem treated by the geometric method is that of finding 
the three-bar linkage with given values of AX? and B> 2 /A>> which most 
accurately generates a given function. In essence, the method is one 
by which a rapid comparison can be made between the desired and the 
actual positions of the input crank, for a series of positions of the output 
crank, for any given linkage of a large family. This comparison is made 
so easy that it becomes a relative ly simple matter to find that linkage 
of the given family which gives the best fit. This solution can be 
improved, if desired, by a method of successive approximations like that 
employed with the nomographic method: the values of H /*, and AA'i 
determined by the first application of the procedure are treated a* fixed, 
and the initially chosen values of BJAi and tX% improved by a second 
application of this procedure to the inverted function; then B 2 /B x and 
AA r i are readjusted, and Ml on. When this method is employed, no 
constant, of the linkage is held at an arbitrarily frozen value. 

515. Statement of the Problem for the Geometric Method. The 
problem to Iw solved by the geometric method is that of mechanising a 
given functional relation, 

*.-<*•"■>"• fcsssri 

a.s accurately as possible by a three-bar linkage with given output travel 
AA' 2 and given crank-link ratio B r /At. 
A linkage will generate a relation 

X 2 - (XJXO ' -Yi (83) 

between its input and output parameters; it will constitute a mechanisa- 
tion of the given function if there exists a linear relation between the 
parameters A' It A\. ami the variables ./,, .r L .: 

A | - AT - feifa - *Di '*■»«) 

a% - xt = - ^ o> ). 

Mere X[* and «p are corresponding values of A*i and **, XI? and 
corresponding values of X> and jr a ; .rV* and jf* do not stand in any neces- 
sary relation to the limits of the interval of definition in Bq. (82). 
In the problem at hand one knows both 

AX, = X„ - (85) 

and 

= j*?w — .r 2m (89 
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the magnitude of A* 2 is thus determined: 

Also, it will be noted that a positive sign of k 2 implies direct identification 
of the homogeneous parameters h 2 and //•_» corresponding to t% And A ;§ 
negative sign implies complementary identification. As in Sec. fy\) we 
ran, without loss of generality in the design process, assume direct 
identification of /ej and //_., while admitting either direct or comple- 
mentary identification of h\ and H\. Thus kg may be considered as 
completely known, 




(88) 



but kj is unknown both as to magnitude and sign. The bed parameters 

• >f the problem are thus B 2 /A 2 and fegj attention will be focused, in the 
ACtwd design process, on the adjustment of A\fA% Bt/A% mid ki. 

5-16. Solution of a Simplified Problem. A- in the case of the KUOfno- 
graphie llWthod, we first consider a simplified problem in which there are 
only two adjustable parameters. Here we shall treat B 2 /A* f k 2t and kj 
M fixed, and seek the lM<st possible fit of the generated to the given func- 
tion by adjusting A \/A% and B\/A%. We reserve for Sec. 517 an explana- 
lion of the method for varying k x . 

To solve this problem we choose a spectrum of values of the variable 

.»*,: 

w| T| *1 I • • i t *l r ■ • • t 2 l y 

extending through the interval of definition of Eq. (S2). Equation (82) 

then defines a corresponding spectrum of values of .»-: 

rift . . . ,a* } . 

since both k] and fc* are known. Eq. (84) would define corresponding 

peetni Of At ud X% if then were not pnqpenl the unknown additive 

• onstants .Vy" and A'*'\ Given values of these constants, one could 
compute A'', r) ami .V!, r) , and make sketches showing, for each r, the corrc- 

ponding positions of the input and output cranks, each in its correct 
relation to its own zero position. Now, even though Xf and XT in 
Unknown, one can still compute such quantities M 

AT" A7> h&t** A"), (Ski) 

end 

XJpw - - kt(a{fW) - . r <*>. (8%) 



< me can thus make a sketch showing the relative positions that the input, 
crank must have* for :i sequence of values of t\ ami a sketch showing the 



148 



THE THREE-BAR LINKAGE 



[8m 5* H'» 



corresponding tr/aHiv positions that the output crank must. have, it I In- 
given function is to be generated. Figure 5 20 shows such a set of rclaf ive 
positions for the input crunk, represented by the radial lines HT flttl 
the pivot point Si. The oriettUtion of this figure with resect to the zero 
position of Xf — or, to put it another way, the direction on this figure of 
the line between the crank pivots of the linkage is unknown, since 
it depends on X\ a \ Similarly, Fig. Ml represents, by the radial lines 
■U'> from the pivot point St, the corresponding relative positions of the 




I h;. , r » LMi. Tho nulinl litu-s n-prownt a wrics of rotative positions of llu- mpul ernnk of a 

♦ ltr<H*-tmr linkugo. 

output siuk; in this figure, too, the direction of the line & } S t between 
I he pivots of the linkage cannot l>c specified, since it dc|>ends on Xf. 

Figures 5 20 and 5-21 can he combined into a single figure representing 
a sequence of corresponding crank positions in the desired linkage, by 
placing them in proper relative j>ositions. \\ 'hat the required relation- 
ship of these figures should he we do not yet know, but we do know 
enough about its characteristics to help us in finding it. For it is evident 
t h it 1 1) if the crank lengths A 2 and B x arc laid out on the MM Kale, and 
(2) if the relative positions of the two figures are correct, and (3) if the 
given function can actually be generated by a linkage with the given 
B 7 /A 2t ku and * 2 , then the distances between the ends of the cranks, in 
all corresponding positions, must be constant, and indeed equal to B% 
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OS the chosen scale. By applying this idea one can determine the rela- 
tive positions of Figs. 5*20 and 6*21 which correspond to that three-bar 
linkage (with the given constants) which most nearly generates t lie given 
I unction; from the combined figure; one can then read off the OOQfltantl 
of this linkage. To understand how this can be done* we consider Figs. 

5*30 and 6*21 in more detail. 

The length A ? of the output crank has l>ccn taken as the unit of 
length in both Figs. 5-20 and Ml. In Fig. 5-21, the points P» 




I i... ;VJI. The* riMlial lituvs n'pMvuMit u .n-rii-* <if rclsitiw edition* «.f t \w output <m;»iiI. 
of A ihriM'-har linkage; I lit* eirelw rcpri'MMit. run i'»|»i>ntliii« |»ON*il>li> petitions for ttir remote 

nd «»f Dm fMaartbie link. 



/' represent a sequence of positions of the pivot I*| b e tw e en 

i n i nit put ennk and the oonnesttaig link. In Kig. B a 30, one cannot con- 
struct, corresponding definite positions for the pivot T% since the crank 
length ll\ is unknown; instead, there is shown a sequence of circles of 

iflferent radii, each of which defines, by its intersections with the radial 
lines, corresponding positions Q m , . . . , Q {r) , . . . , QP* M of this j>ivot. 
ss hen the input crank has Ihe appropriate length. 

In Fig. 5-21 there has been constructed about each point P (t) a circle 
' r ' having as its radius the known length ll.> of the link; the remote end 
of the link, the pivot 7'i, must lie somewhere on this circle. If it is 
possible to generate the given function by a three-bar linkage with the 
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frm constants, it must now be possible to place Fig. 5-21 on Fig. 5-20 in 
such ft way thai point Q <0> lies on the circle point on circle C"\ 
and so on, as shown in Fig. 5 22. Tin- value of .1, in the required linkage 
will then be the length of SV^ on the common scale of the figures; the 
value of Hy will he the radius of the circle on which the points Q<"\ . . . , 
Q(t) t Q<»> lie; and successive configurations of the linkage will b4 

defined by the points S u S„ /*<*>, 0»i «n S* <T; He. 




1'iu. 6-22.— IteJalive iJCNUtionn of I'ik*. MO und 5-21 rorrwpondirifc to u thrre-W linkiiKo 
leciKM-atiiiK tlu» Kivt'ii function. 



hi pract ical terms, tin* geometrical method ol solving our restricted 
problem may In- summarized thus: 

1. Choose a spectrum of xi. 

2, Compute the sjicctral valines ol ** A' i ■ XJ* f A, - Xf< 
& Construct. Fig. Ml as a chart, on a sufficiently large scale 

4. Construct Fig. 5-20 as a transparent overlay, on tlie same scale. 

5. Move this overlay freely, using both translation and rotation, over 
the chart, seeking a position such that the circles C tn \ ('<»', . . . , 

pass through the points Q<°>, . . . , on some circle 
of the overlay. (In making this fit it may In- necessary to consider 
each overlay circle in turn.) 
<>. If a fit is found, the unknown constants of tin- link can be read otT, 
At/At as the distance 53* B%/A% as the distance >W 0 \ ami 
V X m the corresponding angles in the combined figure. 
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7 If only an approximate tit is found, the error in the input, angle, tot- 
ally given value of the generated output angle, can be read as the 
angle subtended at Ni by the arc from the corresponding (J point 
I for example. Q lr ) to the intersection of the corresponding C circle 
(C (r) ) with the arc Q {ii) Q {n \ Thus one should seek a position of the 
overlay which makes these errors as small as possible, and deter- 
mine the eouslants of the linkage as above. 

It will be evident to the reader that a change in sign of ki will leave 
Tig. 6*21 unchanged, but will produce the same effect on 1'ig. f>-2t) as 
nuning the overlay face down. A single overlay, used face up or face 
down, thus mJEccs for a given ]A*i|. 

5-17. Solution of the Basic Problem. We now turn to the basic, 
problem of UM geometric method, that of obtaining the best til of the 
generated tO thi given function by simultaneous variations ol three 
parameters of the linkage, keeping ti\ed the values of B% . I .j and /, L .. This 
i an be accomplished without any essential complication of the procedure 
deeOfibcd in Sec. 5- 10, by making a special choice of the spectrum of Zu 
This has also the advantage that the overlay corresponding to Kin 
then has the Mine form for all problems and can be used again and again. 

Let the spectrum of values he chosen as 

xr = .,<»» + 'f_ \ . a> r = <>,!,••-,„, m 
wheres 5 and (j are constants such that all values jY' lie within the range of 

definition of Bq. (82). Equation (S9/i) then becomee 

v <r,n _ V (r> = a,6 ~ f = (9!) 

The separations of consecutive spectral values A', ri . the angles between 
uecessive positions of the input crank, will then change in geometrical 
progression. Figure 5-20 has, in fact, lx*cn drawn for such a ease. 

So long as A* i is unknown, one cannot, construct an overlay like Fig. 
a 20. To overcome this difficulty n\c construct an overlay. Fig. 5'33, on 
which appear radial lines with separations 

p/n, _ ym m mf f % t m o, i, 2, • ■ • . (98) 

In principle, the sequence of /'s might start with other values than 0. 
Btieh cases can lx> reduced to the above by changing the choice of « and 
renumbering the lines.) Let us consider the n + I lines of this system 

labeled /=«,*+!, * ■ * , • + fi * * * , * + n , witli ee para t k ioe 
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These will have the same separations as, and can be identified with, the 
linos Bp, BP BPi ... B<*\ prodded 

Thug by identifying various lines £ w of Fir. 5-23 as the line It\°\ one can 
in effect nnrfgT to fci any value given by Bq. (OS) for an integral i. The 




36 

Fici. ii'2H. — Overlay f«»i t!n> ir^uuoeitc iiu'ihod. 

o\i nrlay » s completed by 1 h<* system of concentric circles which appears 
als<» in Kig. I 20; it is used in the same way a-s that figure'. 
r rhc procedure is then as follows: 

(1) Choose a spectrum of values x\ r \ as given by Eq. (90). It is 
usually satisfactory to take f - 1.1; 1 may be positive or negative and 
should he so chosen that w, denned by 
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lies in the range between 8 and 12. It is advantageous to choose the 
sign of 5, and the corresponding value of a.*\ 0> , so as to make the spectrum 
of values .r ( .{ } as evenly spaced as possible. Thus in the case illustrated 
in Fig. 5-2-la, in which tix^/tUi decrease's as .v\ increases, it is desirable to 
choose .r'/ 0 at the lower end of the range- of x x and to make 5 positive; 
irhen tf«r 2 dx\ increase's as X\ increases, as in Fig. ,V2lf;, j (0 should lie 
t the upper end of the range of x x and 6 should )>e negative*. 

(2) Compute the' corresponding spectral values of /m and A 2 — A '•' 
lining Bq/L (82) and (8U). 



*2 
*P 
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1 6>0 d<0 

(«) % 

I hi. VlM. Choir** of ami h to inula; tin* .s|m < Ii .i| value* jr* { " ovciily himmimI u.n 

possible. 

(8) OcwtniCi a transparent overlay .-iinilar te> Tig. 5*38, with surccs- 
radial lines at angles 



) " 



(97) 



measured clockwise from the* zero line. The' value' eif tj must be* the* HUM 
M that e-hejse'n in Step (I); a may lx» chosen arbitrarily but should be' 
u.tll. Figure* S*23 hae be-e'ii drawn with tj = 1.1, a = 1°. Isabel each 
radial line with the* corre'spe>neling value' e>f /. 

I I I'sing the' Bpectral value's eif A'.j — X£\ construct a chart ce»rre- 

pomftng te> rig. 5*21. The length of the» crank, .1?, should be' one unit, 
on the* seala used in oomtruoting the- overlay. Lay down the sue-e-e'ssivei 

♦ rank positions. Ai'\ anel about the end points V >(r) construct circles C [r) 
with the known radius 

(5) Place the overlay on this chart, face* up, anel se«e'k a position fe>r it 
Mich that the (n + 1) circles, C<°\ C (, \ C<*\ on the- chart pass through 
i// + 1) points Q<'\ Q ( - +,) , • • • Q<" ,n > on the overlay in which a circle 
of the concentric family, labeled Bt, intersects ft + I consecutive radial 
lines, V* s . . . If***. 
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In seeking this fit one has to consider: 

a. All possible positions on the chart of the point S\ of the overlay. 

k All orientations of the overlay — i.e., all values of a. 

c. All circles of the QQfffcOeiltric family. 
The problem is not as difficult a.s it mi^ht seem. I.et the point N, of the 
overlay be placed in a fixed position on the chart. Kaeh flilde of the 
Overlay will Im* InfanSOidfl by the' C circles in a se<|uence of points which 
will he unchanged by rotation of the overlay. Unless successive intervals 
l>etwcen these' petints change in geometric progression, by a factor //, there 
is no possibility of obtaining a fit by turning the overlay. Thus, for each 
posilion of the overlay cemVr S u B quick inspection of the* spacings of the 
intersections of the two families of circles will suffice to determine whether 
there is any chance of a fit on any circle of the overlay. By a systematic 
survey of this type one can reject large areas of the chart a.s possible 
positions for #SY 

When a sequence of intersections has )»ern found in which the intervals 
change 1 in about the right way, it becomes worth while to turn the overlay 
until the radii! lines in the region of intersection have similar spacings — 
for example, until an s is found such that circles C <0) and C iH) pass through 
UlB points QM and <7 f * ,M . respectively. This configuration will corre- 
spond to a linkage in which the errors in the generated function would 
vanish at the ends of the range of tt] the errors in the generated function 
in the intermediate range are evident, being measured by the angular 
distances on the overlay between the points <7'" and the intereecttofll 
of the circles ('" "' with the /f, overlay Circle. With practice one rapidly 
develops a technique for improving this tit by smaller adjustments in the 
position of Si, with corresponding rotations of the overlay. 

(0) If an acceptable lit is not found with the ovcrhiy face up. turn 
the overlay face down, and repeat the process. 

(7) When a fit has l>een found, the elements of the linkage can be 
read directly on the overlay scale; Hi/A-2 is the value of H for the overlay 
circle on which the fit is obtained, and A%/A% is the value of H for the 
overlay circle that passes through the point ,S' 2 on the chart. Limiting 
configurations of the linkage are evident from the arrangement, and 
values of X and A'iv can be read. 

Figure 5-22 actually represents an application of this method, since 
Kig. 5-21 is, in fact, the portion of Fig. 523 in which « change's from 22 
to £0. A full example' of the' mcthexl is presented in Sev, 5- 10. 

5-18, Improvement of the Solution by Successive Approximations. — 
A first solution of the problem of mechanizing a give»n function can bet 
improved by successive applie-ations of the geometric method, in e»sse»n- 
tially the same way as with the nomographic method. 
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The first approximate solution will have Ijcen femnel with fixed values 
of the constants AA" 2 and H tl A*. The first e>f these? constants may be 
determined by Other facte>rs in the problem, but the choice of the' secemel 
will have* been to some degree an arbitrary one'. If the choice of />., 4 . 

i ven unfortunate, the fit eihtaincd may be' se> bad that the process 
must Im* repealed with another value' of this constant. In most cases one 
will find a reasonably goeiel mechanization of the function one which is 
:it least lufficiently good to serve as a guide in finding a hotter one. In 
particular, note' should be taken of the* values found for the constants 
Bfl Hi and AA'i of this linkage*. 

Now let us consider the inverse! of the function of K<j. (82), 

xx - (xi\xt) • r if (OS) 

with .r L . twted the input variable. Interchanging the naVs e)f X\ anel 
Xt in Secss. 5- 10 anel TH7, one can apply the geometric method to the* 
mechanization of this relation and thus obtain a second mechanisation 
of the Original relation. The inve'ited problem elihVrs from tin* original 
in the interchange* e*f li x anel A 2 , X x anel 180° - X t (cf. Sec. 5- 13). Thus 
it is evident that appropriate choices for the fixe'd constants of the new 
problems are 

Bp = BP 

A<? W m 

AAV AA'i n . { 

If the* conditions of the problem dictate a special choice of AX% DM 
should treat = AX\ 2 l) also as a constant; the- problem is then that 

discussed in Se«c. 5- 10. [It can, of course, be tasted by the method of 

Bee. B*17, iritfa i restricted to a mmftant value determined by Eq« (04) 

hi I0(|. (95)1. In other cases one will treat A.\ , as a variable parameter 
in the inverted problem. In any erase the inverted function will be 
approximated by ■ linkage selected from a family which includes the 
mirror image Oi the original linkage; I be fit . if properly made, must be* at 
1 i t i- i:ooil :is il ;it found as a first approximation, anel will usually be 
appreciably be-t te'r. 

A third approximat ion <*an the'ii be* found by returning to the considera- 
tion of the* uninverted function and applying the geometric method with 
the fixed constants 

3? \ (loo) 

= ax !p . J 

As a rule this process cem verges toward a certain emtimum solution of 
the' problem. It is to be noted, however, that there may be several such 



THE THUEK-bAR UNKA0M 



[8m . .VP.) 



approximate solutions within the class of three-bar linkages; which of 
these is found will depend upon the initial choice of B 2 /A 2 and AX t . 
When one finds a mechanically unsatisfactory solution of the problem, it 
is usually profitable to start the process again with a different value of 

In applying the geometric method it will lie found that the values of 
AX i and AA' 2 converge more rapidly to a limit than do the ratios of the 
sides of the quadrilateral. It is therefore suggested that this method be 
abandoned as soon M the values of A.Yi and AXf are sufficiently well 
determined, the calculation befog completed by the nomographic method. 

5-19. An Application of the Geometric Method : Mechanization of the 
Logarithmic Function. We slmll now apply the geometric method <o the 
mechanization of the logarithmic function 

r, log 10 JTi (101) 

in the range 

1 < *, < 10, 0 < x* < L (102) 
In terms of the homogeneous variables 

hi - (103) 

It - .. .. (104) 

the relation to lx> mechanized heroines 

fa = log,„ <!)/., + 1). 1 105) 

Since the logarithmic function is of the type illustrated in Fig. 5-24<t, 
we shall choose a positive 6. The spoelrum of values of the homogeneous 
variable /i, can then he written sus 

/if = 0, 



a - 1 

Wc shall choose <j = I.I. » l<>. Solution of the last of ll<|s. HOC), 
with VP = I, gives 

& = 0.0027. (107) 

The values of /(','> can then l>e computed by Eq. (100), and the correspond- 
ing values of by Eq. (105). The resulting values are shown in 
Table 5-2. 
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TABU 5-2. — Spectral Values fob tub Locakitiimic I!i:utton 



r 


if 


IP 


| 


0.000(1 


o noon 


1 


0.0027 


0 UM3 


2 


n 1318 


0 3307 


3 


0.2077 


(i i.vrs 


4 

•I 


o . se i 2 


o . r>r>88 


5 


0.3K30 


o MM 


(> 


o. isn 


0.7289 


7 


o.nn 


0.S032 


8 


0.7175 


a.sm 


0 


0.8520 


0.9:i7'.l 


10 


i onoo 


1 01 XX) 



If wc express t his relation in the inverted form, treating x 2 or h 2 as tin* 
input tramble, the function is of the ty|>e shown in Fig. 5*2 i/>. In 
mechanizing this In* the geometric method the spectral values of h-> 
should l>c chosen with 5 negative. Distinguishing by a tilde the spectral 
values required in this inverse mechanization, we have 

k? = 1 



hp = i + { j r _ | I = (>. 

With g = 1.1, N = 10, as above, one finds, on solving the* hist of these 
equations, the same magnitude as before for 6: 

b - -0.0027. (MY.)) 

Thus 

h\p - 1 - ftp; (HO) 

tin* corresponding values of /V, n , computed by Bq. 105), are shown in 
Table 6*8, 

W e begin mechanization of the relation in the direct form by choiring 
arbitrarily 

- 1.25; AX¥> - 100*. (Ill) 

The overlay re(|uire<l for the work is determined as soon as g and an 
arbitrary small angle a are chosen; with a - 1° it has the form shown in 
Kig. 5-23. The chart to be constructed depends, however, on the 
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Tam.k 5 :i. SiM-ii-ruAL Vai.i i;s kok nu? Logarithmic Kklation in Invrrrr Form 
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particular problem here considered. On this chart (ef. Pig. 5*25) the 

i 1 radiate from the point N 2 , making angles /# < / > A.Y a /r a r M(K)° 
with thfl MTO line The points P< r) lie on these lines at unit distance from 
S... About each «>t these i .-. drawn ;» circle (''■' with radius 



'p = Lh = 1.2o 

This completes preparation of the equipment, The overlay is now 
p iced face up on the chart, ami it is found (as shown in Kig. 5-25) to he 
possible to make the curies C" 1 pass, approximately, through the points 
(J • • ■ Q ,lit> at which the interpolated circle /* 0.05 on the overlay 
• lashed circle in Pig. 6*35) intersects the radial lines toL <lw . Tll8 

tit, however, is rather poor at the points Q n * Q (H) , Q m . In addition, the 
linkage would he mechanically unsatisfactory because, of the small angles 

between the output crank and the link at small r, and between the input 

crank ami the link at large r. (The extreme configurations are indicated 
by dashed ami heavy solid lines in Fijj. 5*25.) The fit. could be improved 
by the mgthffd of Sec. 5- IS. but the approximate solution thus found 
would probably have the same unsatisfactory mechanical characteristics. 
No satisfactory fit, can l>e obtained by turning the overlay face down. 
We therefore repc.it. the process with another choice of H 2 /A 2 . 
Wc now try 

7*1) 

^ - 1.8, AX?> = 100°. (112) 

The overlay is unchanged, and the chart is changed only in that the 
■ i ITU'S C r> have the larger radius ll> 2 = 1.8. The same chart can thus l>e 
ii ed again, with the new circles drawn in ink of another color. A more 
n -factory fit can now be obtained, this time with the overlay face 
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down (Fig. 5-20); the circles C (0) to C (l0) pass very nearly through the 
points to Q (10) , at which the overlay circle D = 1.2 intersects the 
radial lines L (l,) to L (t *K From this figure one reads the constants of 
the linkage: 



bp BP i 



I,' 



K 
Bp 



.I'.. 11 



1.5. 



(118) 



(114) 



The angle AA'i ran lx» measured on the overlay, but is even more 
easily obtained as the dilTcrenee of tabulated values of ) "; 



AXi = Y<*+*> - Y 



(116) 



ThflM \ a lues are given, for the overlay Fig. B*28 9 in Table f> I. In the 
present rase 

A.V, - )'« ia > - 89.51° - 3-1.52° 55.02°. (116) 

Tahlk 54.— for ^ - 14, « - 1° 
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Although the linkage thus obtaineil is not mechanically satisfactory 
when r is small (xi and x 2 near their lower limits), we attempt lo improve 
it by application of the geometric method to the inverted function, with 



Bp 
A : 



/;.. 



i.r, 



and 



AJPi f) - AXp - 55°. 



(117a) 



(117*) 



\ completely new chart must l>e constructed, with radial lines A\p making 
angles h\ r) ±X z A r i r>, 55° with tin* aero line; the required values will be 
found in Table 5*3. (It must be remembered t hat in this inverse problem 
hi and .Y_. vary together, as do Jh and V, In the procedure, 7/^ now 
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lakes the place of hip) the values of have hern so chosen that the 
differences increase in geometrical progression and correspond to succes- 
sive lines on the overlay.) The points P U) are const rooted at radius 
= i y .tin! about these ;m« drawn circles C (r) with radius = 1.5 
(Fig. 5-27). W hen the overlay is placed on this chart, face up, the 
circles C ir) can l>e made to pass very nearly through the points (J 1 a! 
which the circle B 0.7f> intersects the radial lines l. nHl to L m \ 00 a 
larger scale it can he seen that tin* lit is perhaps a little better than that 
obtained In the preceding step, hut the accuracy obtained in both eases 
is about the best that can be expected of the geometric method. One 
reads from the figure 



Bp 

If 



1.5, 



BP 



|2 

If 



1.39: 



henee 



Bp 
Bp 



2.0. 



(llSn) 



K<»> - >' <IH> - 88.61* 



(119) 



The input angular range is 
AAV 

in 1 1 1 ins of the constant! of the raunverted problem the above resulti 
become 

A f 
B 



/; 15 



0.75, 
10, 



AP 

up 



1.80, 



(120) 



i ml 



AA'£' H8.CH c 



(121) 



The values of Bf/A^p and AY lie not very different from those of 
Eq. (112). with whieh we started; it is evident that the solution is no) Ear 
from Die best one or. at least, the l>cst one with approximately these 

cmitante. If hi therefore reasonable to fi\ <>u definite travels, 



55°, AA' 2 = 90°, 



(122) 



us sufficiently close to the l>cst values, and to determine a final design 
using the nomographic method. 

The reader will find it a useful exercise to carry through this step, 
using the procedure of Sec. fell. 

W e have, by Eq. (51), 

- fe-fifj (138) 
m - h+ • !K)°. 
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Taule 5-5. — Spectral Values or the Parameter 
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To make it possible to use Fig. H I, we ohofflW 5 = 10°, thoil^li, in view 
of the small value of AA'i, it would Ik? better to use 5 = 5°. Th6 sjxjctral 

10 




\ 

I n.. .V2K. A|»proximuU* mwliuitisation of x* - logic *\. 

values tp[* and <f2 n , computed with the aid of Kq. 105, appear in Table 
5*5. The choice of suggested by the last application of the geometric 
method [Kq. (120)] is 

^i = l«Ki«(^J log,,, (l.:*«>) O.m 0.15. (12-1) 
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I hily ft few lines need be drawn mi the overlay. Picturing the mirrored 
form of Fig. 5*27 with &\ to the left of one sees that the scales of y>» 
and A' 2 increase together, whereas H «i and Xj increase in opposite sense--: 
i he fit is to l>c expected with an overlay curve of the niimiH family, 
probably with k 15, since .V, u 150°. 



Choosing 
\c hud 



pkt o.i.l 

A - 0JB8, 
M fi 0.200, 

A',„ = tl - 150°, 

A\„, - -110.5°. 



1125) 



I lencc 



Mid finally 



^ - 0.707, 



= 1.890, 



(136) 



£ = 1.055, 



= 0.5. r t4>. 



The linkage is sketched in I i^. .V2S. It will l>c <lisrusM><i furl h«*r in ti 
I in i <-\:Hl)|»lr (See. 7-8). 



CHAPTER 6 



LINKAGE COMBINATIONS WITH ONE DEGREE OF FREEDOM 

It is only rarely that one OKB mechanize I given function with high 

ftoouimiQ bgf ■ harmonic transformer or a three-bar linkage. Usually a 

BUM complex linkage must be employed in order to gain tin* flexibility 

required in lilting the given function with ntffioiant aoc nracy . Instead 
of den Ung entirely new structures it is better to combine the elementary 
linkages; the double harmonic transformer dieouaoed in chap. I is such a 

combination. Other naeful comhinat ions an* the double three-bar 
linkage analogous in si nurture to I he double harmonic t ransformer and 
combinations of single or double three-bar linkages with one or two 
harmonic t ranslorrners. ( 'hoiee of the proper comhinat ion should of 
course he detemdned by (he type of funetion presented for mechanization. 
Techniques for the design of such linkages will be indicated in the present 
chapter. 

COMBINATION OF TWO HARMONIC TRANSFORMERS WITH A THREE-KAR 

LINKAGE 

6-1. Statement of the Problem. -The combination of two harmonic 
transformers with a three-bar linkage, as sketched in Figs. 8*1 and 6*2, is 
particularly useful when it is desirable to use slide terminals at both input 
and output. (In these figures both harmonic transformers are indicated 
as ideal; in practice both will usually be constructed as uonidcal.) 'The 
input link and the crank ItiSi constitute a harmonic transformer that 
transforms the homogeneous input parameter // 1 into the homogeneous 
angular parameter 0 U The angular parameter corresponding to 0\ will 
be called A\ (Fig. Cr2); the constants of the harmonic transformer are 
then A'i m , A AY (H is important to remember that 0 U not ll h is the 
homogeneous parameter corresponding to AY) The crank 7\S U rigidly 
linked to is described by an angular parameter A 3 ami a homo- 

geneous angular parameter 0$, which will be identically equal to 0\. The 
input harmonic transformer thus carries out the transformation: 

0, - (0*1//,)-//,. (I) 

The cranks '/\S\ and T?S- Jt with the link T\T», form a three-bar linkage 
{constants AY.,. A.Y.i - AAY A'.| m , AAY etc.) that transforms the param- 
eter 0 X into another homogeneous angular parameter, 

04 - (Iffr) ' K (2) 
I Mi 
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associated with the angular- parameter AY The crank ft 2 &s, rigidly 
linked to 7*S* is doeoribed by t lu* angular parameter AY or by the 
homogenous angular parameter 0 ? , identically e<pial to 0,. Finally, the 
crank B»Si and the output link form a harmonic transformer leonsiants 
\Y», A A'._. AA'i), which trans- 
forms 0 4 0 2 into the homogeneous ^V^^—^^ 1 lj oS* 

output parameter n \ \ / \ / Hj 



// 2 - (// 2 |0|) ' 04. 



It will be noted that the angles 
V i and X 2 describing the harmonic 




777777777777777777777 



transformers cannot in general be Km. im. Thiw-iinr linkage romiiimui win, 

.... M two hariuiHiir 1 1 :iri*f<jMitcr.s. 

measured from the same zero lines 

M the angles X$ and Y, describing the < luce- bar-linkage configuration, if 
the conventions of the preceding chapters are to Ik* maintained. In the 
particular eases illustrated in Figs. (>l and <c2, in which the input ami 
output links of the t ransformers ate parallel to the line of pivots of the 
three bar linkage, the zero lines for X% and X% are perpendicular to those 
for AY and AY 




I 1... »» J. < * • 1 1 1 1 >i ri.it m » 1 1 of llirr<' I>ju liiikuw with I wo !i:»rn.< ,in. O uhnfiM im r.s, .skctHinl in 

lis fxt r«»nw |Htr-il Hin.s. 



The linkage as a w hole carries out the transformation 
//, - (//,|//,) //,. 

where 

- (// 2 |04) (04|0 S ) (0,|//,). 

(Siveii a functional relation in homogeneous form, 

A* = (Ufa) -ft* 



(0 

(«5 

(6) 



one will wish to find hnrmonic-t ransformer functions, i.//_.|fl,) ami ($n\H%) f 
and a three-bar-linkage function, (0|j0.O, such that the product operator 

< // -_. | // 1) will approximate as closely m possible to i/Y/Y). on direct or 
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complementary idcntili(»ution of the parameters {II u lit) with the 
variables (/n, //-i). 

It would l>e very difficult to find the best approximation to (//•_./;,) 
within the twelve-parameter family of avaiUUfl functions. The tech- 
nique to he described is intended only M a practically useful method for 
obtaining a good result in .1 reasonably short time. This involves a 
preliminary resolution of the desired operator (// into three factors: 
two harmonic I ransformer operators I usually ideal), and a third operator 
bo be mechanized by the three-bar linkage. W hen the three-bar linkage 
has been designed, by the methods of Chap. .">, the harmonic transformers 
are redesigned, almost invariably as nonideal, in order to get a letter fit 
to the given funetioil. Finally, the over-all error is further reduced by 
small simultaneous variations of nil constants of the linkage, by met hods 
to be discussed in Chap. 7. 

6-2. Factorization of the Given Function.— A rapid method for linding 
a satisfactory preliminary factorization of (// 2 |//i) is essential to the 
success of this procedure. Let liq. (5) be multiplied from the left by 
(0 4 |// 2 ), from the ri-ht by ://,|0a). ( >ne obtains 

Oilo,) - (e 4 \n t ) • (// 5 |//i) ■ (//il*>). (?) 

Of the quantities on the right, has a p w e rih ed form in the given 

problem, and the operators <0,|//..) and <//.|^), though unknown, are of a 
relatively limited class particularly when attention is restricted to the 
ideal-harmonir-t ransformer operators Ol Tables A l and A-2 in carrying 
out the preliminary five tori zat ion. More or less reasonable choices of the 
operators (0«|// s ) and <//i|tf : «) WW I* ,>:LSnl nn '•<'Hsidcration of the form 
of the given function. < )ne can thru quickly determine, by the graphical 
multiplication corresponding to Bq. (7), the required form of (0 4 |0 3 ). 
Inspection of this function will suffice to indicate whether it can l>c 
approximated by a three- bar-linkage function. If so, the constants of 
that linkage can be found by the methods of Chap. it not, the problem 
must be recomidei vd and another choice of ha rmonic-t ransformer func- 
tions hjffd This plOOMl of trial and error is not excessively burdensome 
since each trial involves only reference to Tables A- 1 and A 2 ud a 
graphical const ruction. The speed with which it can be Carried out 
depends, of course, on the judgment and experie nce of the designer, both 
in selecting the liarmonic-t ransformer functions and in assessing the 
possibility of mechanizing the derived (0<|0,) by a three-bar linkage. 
Some suggestions on the first of these matters are contained in the follow- 
ing paragraphs. 

It is possible, though not usually desirable, to mechanize a given 
function approximately by a double harmonic transformer and to use an 
interposed three-bar linkage to make a small correction; it will rarely be 
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satisfactory to mechanize the given function appradmatf b b(J I tfafflM bar 
linkage and t hen attempt to convert to slide input and output, by harmonic 
transformers that make only small changes in the form of the generated 
function. Instead, in mechanizing monotonic functions i< is better to 
make all three components of tin- linkage combination contribute about, 
equally to the curvature of the generated function. Perhaps the simplest, 
way of accomplishing this is to locus attention on the terminal slopes 
of the factor functions, which become more and more dilTerent from I 
as the curvature increases. When all factor functions are monotonic 
one has 



A/// A A/// A (<io\ / d$i \ 

V///,///, » / ' \<ioJ 9i „ " 

A/// A (,Hl\ (</o\ (d$A 

V///i/ii, i \<ioJ 9t \do'J $i \<(U\), h . ; 



(8a) 
(8b) 



the terminal dopet of the generated function are products of the corre- 
sponding terminal slopes of the factor functions, tor a first orientation, 
to make sure that no factor function need have excessive curvature, one 
can require that all factor functions have the same terminal slopes: 



A/// A m (***\ (***\ 
A/// A /<wA (***\ 



A///A f 

A///A P 
V//,/,, , I 



(9a) 



Specification of both terminal slopes is sufficient, to fix the ideal-harmonic- 
t ransformer functions completely; they may In- identified by reference to 
Kigs. 4- 17 and I - IS. By use of Kq. (7) one can then determine the 
corresponding required form of (#4! 0a), for examinal ion as to the possi- 
bility of mechanizing it by a three-lmr linkage. It is to be remembered 
that this linkage must, be one of specified angular travels A.Y : , and AT t, 
I hese being fixed as the angular travels of the input, and output harmonic 
transformers, respectively. 

If there exists no ideal-harmonic-t ransformer function with the speci- 
Bed terminal dopes, or if the angular travels AA'i - A.Y :| and AA * ■ AJC 4 
art* unsatisfactory, one can lighten the restrictions on the terminal slopes 
by requiring only that 



\dO A /*«-n V///i//^o 

/(///A (do A 



7rf//A 
\rf//iA 
A///A 
V///./«,-._ 



(10a) 



I 10/0 



In addition, any convenient angular travels AX \ and A.Y.. can be specified 
and the constants of the two ideal harmonic transformer! then deter- 
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mini .1 by use of Figs. 117 and 418. (An example is provided in Sec. 
6-8.) The required three-bar-linkage function, found before, will 
again have terminal slopes given by Kqs. (9). 

W hen the given function has one maximum or minimum, at least one 
of the three factor functions must also have :i maximum or minimum. 
Only one of Kqs. (8a) and (H6) can then 1>e valid, and a different pro- 
cedure must be employed. It is usually best to choose the output- 
harmonic-transformer function as nonmonotonic — that is, to attempt to 
mechanize the funeiion by a linkage of the sort illustrated in Fig. M. 
Th.' constants of this transformer should be such that the function to be 
Benefitted by the other two element! Of the combination, 

(o { \n>) m (#414 ■ (*,(//,) = «? 4 |//,) ■ (//,//■), < 11 ) 

is monotonic aud as smoothly curved as possible*. 

The function ( will be monotonic only if the harmonic-trans- 
former function (//..|04) has the same values as the given function (// 2 |//i) 

at the ends of the range of vari- 
ables (Fig. o.T). This require- 
ment fixes the form of <//»'0 1), and 
hence if/,'//, I. for any given AAV, 
it remains to choose the value of 
this constant. This should be 
dflM with MOM attention to 
mtchnnical suitability but pri- 
marily so Be 10 assure that (0.||//|) 
is :i smoothly curved function, as 

in Fig. 6"3; it is mora important 

to avoid points of inflection in 
(0i|//i) than to make its curvature 
small. When :///",) has been 
determined and t he corresponding 
function (0.i|//i) has been obtained 
by graphical const ruction (See, 
31), it remains to resolve this 
latter function into the product on one hannonic-t ransformer function 
and a t hree-bar-linkage function, as expressed in the fust part of K(|. ( I I). 
As when resolving a given function into three factors, it may here he 
desirable to choose the harmonic-transformer factor by reference to its 
terminal slopes, fixing 

(do A _[7 rf V\ 

\rf//,/»,-. " Lv///i/»,~i 
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Vm. 0-3. lloHolutimi of \x Kivcn function 
(//?[// 1) into -i" <nHim(-h;iriiioiiir-tniiiN- 

tamm hmctian mi » monotonia 

function (0«|//|). 



(12a) 
(12/>) 



Sue. b-3| KX AMPLE: FACTUM \G I'll hi f,7 I l \ FUXiTIOS 171 



This will determine the constants of the second harmonic transformer, 
and it will remain only to work out the required form of the three-bar- 
linkage function by a second graphical construction. In some cases it will 
not be possible to satisfy both of these conditions; one can then, for 
instance, satisfy one or the other, and in addition fix XX \. 

It is to be emphasized that the preceding paragraphs do not contain 
:i prescription that assures immediate success, and are intended only tobe 
suggestive. A satisfactory resolution of the function may be found only 
after several trials, in which the designer must be prided by his imagina- 
tion end experience. 

BeetlODfl M and (H will carry an example through the stages of 
factorization of the given function and mechanisation of the thrcc-bar- 
linkage factor, to the point where there is obtained a first approximate 
mcchanizat ion of the given filiation by a combination of a three-bar 
linkage ami two ideal harmonic transformers. hi Sec. fr. r > we shall then 
return to a general discussion of tin' next stage of the design procedure 
improvement of t la* lit by Inttfuducl ion of nonidcal harmonic t ransformers. 

G-3. Example : Factoring the Given Function. — To illustrate the 
details of the method w e shall consider again the problem of mechanizing 
the lenglllll function, but through a wider range of variables than was 
at tempted in ( 'hap. I : 

x 2 - tan x x% 0 < x, < K0°. (IS) 

\s usual, we introduce homogeneous variables. 

Tahlk 6*1. — Xi = tan ^i, 0 £ x\ £ 80°, in Homogknkoiis Vakiaiilks 
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Equation (13) then becomes 

h 2 = 0.17G32 tan (In ■ 80°) - « ky (IS) 

This function is tabulated in Table 0 1 and plotted, II tin- dttHIM 
(// 2 |//i), in Fig. 6-4. The terminal slopes, obtained by difTerentlltiM 
Kq. (15), are 

(Q) =0.246, Op) -8.165. (16 

We first consider the possibility of applying Kqs. (9) in factoring this 
monotonie function* This would require 

Un A m /fio>\ m (0246)w m (Mi27 (17a) 
\<lo A /^^o \<fii 1///1-0 

Inspection of Figs. 117 and 118 ihcvwi that there exist no ideal-hnrmonic- 
transformer functions with the require<l terminal slopes; it is necessary 
to use the Bghter conditions of Kqs. (10), which become 




(18a) 



(18J>) 



In addition, values can be assigned to AX i and AX 2 . If one requires that 
AXi = AX 2 , the problem becomes identic*! with that discussed in 9m 
1 11. Applying the method of solution deserilied then', one finds, for 
example, the following sets of constants that satisfy Kqs. (18): 

1. AX i = AX 2 - 90°, X lm = -7.5°, Xi. - -l>7.5°. 

2. AX, - AX, = 100° X,. 17.5°. X tm = -70°. 

Other sets of constants with AXj A V 2 arc easily found by the same 
method; a slight and obvious modification of the method is required 
if one wishes to have AX] ^ AAV For a But trial we shall choose 
AA'i = AA's = 1(M)°, these values being both mechanically satisfactory 
and especially convenient for the computations to be made. Tin m the 
harmonic-transformer functions to be used an* 
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(Hi\B t ): -17.5° g Xi g 82.5°, 
(llt\0 4 ): -70° gX,^ 30° 

These functions are plotted in Fig. 0 4, the first as a set of encircled 
points, the second as a continuous QUITO; 

The desired form of the thrcc-bar-linkage function can now be com 
liiited by application of Kq. (7), or some equivalent equation. As is 




0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

I n.. 6*4L — Kesolutirm of thr tun^'iit function, (//^//i), into u produrt of Imrnionic- 
loinsfornior funrtiona, (//-|^4> ami (0j|//i>, ami a function (0 4 jfli) tluit is to l»o uirrhuiuKtMl 

i I lirrc-Ujir link. HW- 
USUally desirable, in Fig. 6-1 we have plotted all functions with the 
' 1 scale horizontal. (Systematic use of this convention helps to prevent 
mistakes and makes easier the change to nonideal transformers.) To 
mike use of these plots in a graphical construction for (0 t |0a) we must, in 
effect, solve an equation that involves harmonic transformer functions 
only in the form (JI\0). This we can obtain by multiplying Eq. (7) from 

I he left by Uh\0<)\ 



M0, 
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The product on the right can be formed by graphical multiplication of 
known operators, :us in Fig. 01, where construction of the rectangle 
O — > A — ► B — > C leads to local ion of the point Con the I unplot ted) curve 
representing this product. A corresponding point I' on the curve of 
<04|0a) is then found hy graphical solution of Gq. (I'M. through ronst ruc- 
tion of the reetangle C — > D — » K — • b\ It is, of course, unnecessary to 
loeatfl point C* The complete OOOS tTU CtlOP lor the point A' of the function 
(0.i|0.-i), corresponding to the point 0 of t he funet ion i If ,!tf ; ,>. t hen involves 
(1) construction of a vertical line through the* point (>. and (2) location 
of the point F by const ruction of the lines () — * A — > B A' — ♦ /''. 

The complete curve (04|0s) shown in Kig. 0- 1 is quickly determined by 
repeated application of this roust ruction. It ap|>cars to he a function 
that can he mechanized hy a three-bar linkage. We therefore tentatively 
accept the resolution of the given function as satisfactory, and turn, in 
See. 6-1, to the problem of designing the corresponding < hree-bar-linkagc 
component. 

64. Example : Design of the Three-bar-linkage Component We 

have now to consider the problem of mechanizing a function, given 
graphically in Fig. 61, by a three-bar linkage with fixed angular travels, 

A-Va = ax 4 = too 0 . ran 

Since both angular travels an* fixed, the nomographic method must Ikj 
used in determining the other constants of tin- linkage. Although this 
method has l>cen illustrated in Sec. .VI 1, it may be desirable to show all 
stages of the procedure also in the present case, which differs from the 
earlier example in that the method of successive approximations described 
in BOO. 5* 13 converges very slowly. This example will also serve to 
illustrate the fact that a given function can often be mechanized by 
several quite different linkages, among which one must make a choice 
on the basis of mechanical suitability. 

The function to be generated by the three-bar linkage, as read from a 
carefully BOMfcfUCtad ch:irt, is given in Table 02 in both the direct and 
the inverted form. The variables used are not the homogeneous variable* 
03 and 04, but the angular variables [cf. Kq. (6*61)1, 

APi = AX,o,, (21 d 

<p* - A\\0<. (3ll 

(It is to be rememl>ered that in this example X% will replace the A, of 
Sees. 5*7 to 5-13, and A'., will replace A'.,.) 
We begin by taking 

0P = -0.2, (22) 
the usual first choice of the author. 
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TaBLR fi-2. — fJlVKN Fl'NCTlON KflK THIS KXAMl'LK 
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(Loosing 5 - 10°. S m 100° 10° - 10, we find the values of and 
<p\ n in Columns 1 and 2 of 'Fable 6 2. ( 'oust ruct ion of t he overlay 
follows precisely t he steps described in Sec. 511 and need not be explained 
here. On turning the overlay face down on the nomographic chart, a 
satisfactory lit is found between the curve s = — H of the minus family 
on the overlay, and the curve pb% — 0.075 supplied by interpolation 
on the nomogram. Figure fro shows on the nomogram grid the con- 
struction of the particular overlay curve for which the tit was obtained, 
and the position of lit on tin* chart. The tit is exact at the ends, very 
good for the larger values of /i/> and the smaller values of A'j, and some- 
what less sat iafaetory for the larger values of Yi. The rafetenoe lines 
of the turned overlay me also shown in the position of lit. 

The elements of the linkaue are thus established: 

jityn —0.2. :is assumed. 
M W> - 0.075. 

/x«f M 0/207, read at the intersection of the vertical reference line 
w it It t he pp BOSkl 

V, 1 ,,; —7.2°, in »:ul at the intersection «>t the horizontal raferanos line 
with the ij-seale. 

A'i'w ■ —80*. (el = X$m 9 not A":,*,, because the curve that, gives a 
lit is of t he minus family. ) 



IK0°. 



I7G 



uxka<;i< com hi s. \r loss 



|Sk.<\ fl-4 



By Eq. (5-56) we have (using the lower signs in the first equation because 
the fit was obtained with a curve of the minus family ! 




Equations (23) arc only as exact as the fit obtained. »Sinee the fit I 
exact at the ends of the range of Xj, the input and output travels of the 
linkage as designed will have the required value, 100°. The yv sind 
Ox-scales will increase with decreasing X\ and <p 2 , 0 U and X A will increase 
together. 

As a check, the linkage is drawn as in Fig. 6-6, which shows the cranks 
in their extreme positions. The distance A\ v between the crank pivots is 
taken as the unit of length; the relative crank lengths are drawn in as 



Bp 



A? 



m io**« = l<>-°- 2 - 0.680, 



4tv! - io-** = io - 0.020. 
ay* 



(24a] 
(24b) 
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The constancy of the required length of I he connecting link, 

= C?) Cn'O = " ,0 ~"' ,,, = n736, (25) 

provided a check on the quantities determined in the fitting process. 

The fit obtained with this first value of is so good that one cannot 
expect it to lw changed greatly by further ealculat ions. Nevertheless, we 
now attempt to improve it by the process of successive approximations, 
interchanging the roles of f] and The inverted function (Sec. 5*18} 

I i.is already l>cen given in ( 1 olumns X and I of Table 62. We begin the 
process of mechanizing this by taking 

piP m -0.2 ~ -/i" (u , (26) 

the approximation being close enough for the purpose at hand. 




I it.. fro. Mc< lmiiiant ion of the tangent, function: lirst thrw-hnr-liiiktMgp tlfhign. 

We know that the linkage to be designed will not be very different 
from that of Kig. (Hi retleeteil in a vertical line. Tor the inverted prob- 
lem we must then have £\m « — 170°, s » —17. (The fit will again be 
rottnd in the minus family of curves.) Thus only a few lines need be 
dni D on t he overlay. 

Figure 0*7 shows the construction of the overlay line* for which the 
best fit is obtained (« = —17 in the minus family, as predicted), and the 
position of fit with the turned overlay. This overlay line is peculiar in 
that it abruptly reverses its trend at the point 7 5( ,- 1S) , with the result that 
7V l7) &n<l 7%~ m fall together; this, however, is not an indication of any 
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peculiarity in the linkage. From the position of fit we read the following 
values for the constants: 

p //,■*' 0.2, as assumed, 

- 0.025, 
^ <2) - 0.200, 
£ 4m = -93.8°, 
f M - -170°, 

= -270°, 

/7, 2 > > (27) 

V = io-° 5 = am) ' 

ip 

V = lO" 0 -* = 0.630, 

V - 10- °- 174 = 0.608. 
-if' 

Since (p\ and y>2 have interchanged in this problem, Kq. (5-56) heeomes 

- - 170° 

?i = A\ + 93.8°. (28) 

When the fitting process is carried out on a large scale it can he seen that 
these constants give a tit good to within 1°. 

To make more evident the change in constants due to this second 
calculation, we rewrite the above results, using Kqs. (5-68) and the 
obvious relations 

A { ? = fip, fo\ A<*> = A\» % - BP. (29) 

One finds 

pty* - -0.2, 
M o< 2 21 0.025, 
= 0.2, 

£k - 0.630, ' 
^i S) > (30) 

4 01 

JJi - <>•«», 

5^5 = 0 668 

To throw Kq. (28) into a form comparable to Eq. (23), one must also 
remember that Xz in the inverted problem corresponds to ± 180° — X A in 
the direct problem, and X 4 corresponds to ± 180° — A'j. Wc have then 

v?, = -X, - 86.2°, (31a) 
Vt = X* + 10.0° (316) 
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Figure 0-8 shows Hip mirror image of the linkage described by K(|s. 
(27) and (28)— that is, the linkage described by lujs. CM)) and (31). 
Direct comparison can then be made with the linkage of Fig. (>(>, with 
respect bO lAich this is supposed to be an improvement. The scales of 
A* 3 and .V a in these figures :»rc mirror images, as are those of X , and A .,, 
but the seules of 0 3 and 0 4 , which alone are of real interest , are almost the 
same. 

It will be observed that our consideration of the inverted problem has 
led us back to the initially assumed value of fxb t ; indeed, all constants of 
the linkage are essentially the same in the second approximation as they 




In.. <} s. MiM-kunixation of tin* tan^m! fuiiftion: Socoml thr«^1mr-linka«c droiffii. 

were in the first. This, together with the good fit obtained, might lead 
one to suppose thai the initial choice of pfc was unusually fortunate, that 
another choice would have been decidedly worse, and that the method of 
successive approximations would have led to convergence on the value 
pfrj = -0.2. Thin, however, would be incorrect: we have here a case in 
which a good fit does not depend upon a particular choice of pb h and the 
method of successive approximations converges very slowly, if at all. 
I' or example, if we had chosen pty* = — 0.3 we would have found a good 
fit tor fin'" 0.31 I. Passing to the inverse problem, we would have 
assumed pBp - -m«' !> = -0.31 1 and then found m^ 2> ■ -»a i2) « -0.3, 
very closely indeed. 

Convergence to a definite value of /ib t is here so slow as to be undetecta- 
ble in a graphical method, and is not of any practical importance for 
obtaining a good fit. It will, however, 1m* observed that there is one 
constant which is the same in all these linkages: 
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pki + /ia m 0.01, .;.T2r/) 

or 

kVitlfO - ML (836) 



It is 01 ident that to obtain a good fir to our given function otic must have 
the crank lengths very nearly equal. Any adjustment of parameters 




-0.7 -0.6 -0.5 -0.4 -0.3 -02 -0.1 0 *0.1 +0.2 +03 *0.4 +0.5 



I'm;, li-tt.— Mwliuiiisittion of the l-uiitfcnt function : Thii il :i|>pi oxim.-Uinn jf tlt«* ftQMgnpfclf 

method. 

which tends to disturb this relation— for instance, change of rl when b\ 
is li\ed will lead to very little improvement in the over-all fit. even 
.'hough it might resull in a marked improvement in some other constant, 
of the linkage. The ideal method for adjusting constants in this problem 
would be one in which />, + a could l>c treated as fixed and the other 
constants varied. This is, howev er, fl matter of rather academic interest 
as the lit already obtained is quite sat isfactory. 

This MOH given function can be mechanized by other radically 
different linkages. noted at the end of Sec. 5*13, before accepting any 
design one should Seek a solution of the problem with pt/>, of the opposite 
mil -in this case positive. Trial of pfif - 0.2 leads to so poor a fit 
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that it is uncertain what value of m« h really best. In such a case it is 
desirable to toy inothar value of /i</, l> . We take mW* = OA Thc 

of the plus family labeled * = 1) and * = 10 then give the best fit, but an 
intermediate overlay curve, I - 9.6, is appreciably letter. Figure 6 ■<» 




Fit;, tt-10.— Mechanisation of tho taiiKcnt linka«o: Third llirw-lmi-linkn«r ilcsiKti 
shows tin* OODstruction of this curve and the fit obtained on tin* eonimu 
0.1. The constants of the linker m 
A^ 1 * = 0.4, 

pip = o.i, 

M a<'> = -0.686, 
A\ m - 326.4° or -33.o°. 
X* - 95°, 
BP 1 

IP - 2.54, 

a - « .». 
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Here X*m = *6, since the lit is found in the plus family. This linkage is 
sketched in Fig. GT0. Hy Kq. (5-56), using the upper signs, we find 

- I, - 1)5°, (3 b/) 

* 2 = X 4 + 33.6°. (3l//> 

The directions of increasing 0,, and l) x are then those indicated in the 
I » tch. 

In applying the method of successive approximations one would 
normally take pt/p m — /i/i (I> = 0.666. Instead, in order to keep within 
the range of the nomogram, we shall take pSf —0.6. The linkage 
generating the inverted function must differ from that of Fig. 0 10 by 
rcllection in a vertical line, and also in horizontal line, in older that, the 
scale of the output quantity may increase clockwise (cf. Sec. 5T4). The 
fit is to be expected again in the plus family of overlay curves, for 

tm " -130°, 

or p « —15. It is in fact with this curve that the best fit is found, on Ihc 
contour fib — 0.3. This St M shown in Fig. 6T1, which makes use of the* 
extension of the iioinogram into the range w > ISO". The constants of 
the linkage jls thus determined are 

u.\'" - 0.6, 
= 0.3, 
pgf* = -0.135, 
$ 4m - 279.8°, 



fir 
2p 



8.96, ) (36) 

I 72. 
5.13. 



The form of this linkage, after reflection in vertical and horizontal lines, 
is shown in Fig. 6 12, for comparison with Fig. 6T0. By Kq. (5*56), 

?i m f% - 150°, (880) 
* - .V , - 279.8°. (Ml) 

The scales for 0 :i and 0<, a-s associated with the reflected linkage, then have 
the senses indicate! in the sketch. The linkage of Fig. 6 12 provides an 
excellent fit to the given function, and there is no reason to proceed to a 
third approximation, with /u''i 3) = — m"' 2> =f 0.435. 

We have thus mechanized the given function by three-bar linkages 



1 84 
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with m^s < 0 and /ifr 2 > 0, respect ively. Ideally, cither of these* link- 
ages might be used. Mechanically, the second linkage is much less satis- 
factory than tin- first, hoth as regards space required and the magnitude 
of backlash error (acute angles between the cranks and the connecting 
links will tend to magnify backlash). In our further discussion of this 
example we shall therefore iwe the linkage of Fig. 6 8, with constants 
given by Eqs. (30) and (31). Direct calculation, by the methods of 
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I n.. 6*19. — Mechanisation of the tangent linkage: I'ourth threo-har-linkiiKc < Ionian. 

Sec. fH, .shows that Ihis 1 i r i k : i gcncraU's tin- relation between 0 a and 
$4 given in Table <>•:* (cf. Table 
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With the constants as given the fit is not exact at one end of the curve, ami 
\V, does not have exactly the desired value of 100°. This discrepancy 
could be removed by readjustment of the constants but will be corrected 
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later in an easier way. The generated V? in Column 0 of Table 6-3 is the 
homogeneous variable corresponding to the generated jjp, rather than 
that given by Kq. (216). The? error in this quantity nowhere exceeds I 
per cent of the total travel. 

We have thus arrived at a first approximate mechanization of the 
tangent function, Kq. (18), by a combination of two ideal harmonic 
transformers and a three-bar linkage, with the constants 

X im = - 17.5° AX i = AX* = 100°, 
A'*. - -70°, AXi - AX< - <J<J°, 
It. - -186.2°, A r 4m - -10.1°, 

n , /i 2 /* 2 



V = 0.630. ^ = 0.030, ^ 
li ;li A\ 



I) r,«,s 



The error in t his mcchanizat ion is most easily determined by extending 
Table M to either side, I sing the harmonic-transformer constants of 
Bq. (37), one can compute the values of // , and //« associated with the 
tabulated values of 0 3 and 0 { \ these can be compared with values of h x and 
//? computed by Kq. I 15). The* resulting values ap|>ear in Table 61. 

Taklk (i I. I //.. // 1 I v-, Cknkkatki) hy Imrkt Ai»i*uoximatk blNKACK 
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The over-all error thus remains less than 1 per rent of 1he total travel. 
6-6. Redesign of the Terminal Harmonic Transformers. I 'he 

methods described in See. (>-2 will lead one to a preliminary mechanisation 
of the given function by a combination of a three-bar linkage* and two 
ideal harmonic transformers. Accepting tin* t hrec-bar-linkage constants 
a,s fixed, one 009 tfaoi improve the accuniey <>f the device, and at the 
same time bring it into a more satisfactory mechanical form, by redesign- 
ing the terminal harmonic transformers as nonideal. The problem of 
designing the two terminal harmonic transformers ditTcrs but little from 
that of designing a double harmonic t ransformer and ran be solved by the 
name methods. (Cf. Sect*. 4*13 to 4-15.) 
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Graphical Mcthoil Of Surer sx ire Approximation*, The problem is to 
choose operators and (JTi|4)j each characterized by three disposa- 

ble constants X m , L, A'*, which give the product operator 



(//J//,) = (II,\0 A ) . (0<|0 a ) . (0 a |//,) 



(38) 



as nearly as possible a s|)ceilied form. We iirst try to make 
identical in form with (&i|ftfl) by changing only one of the transformer 
operators — for example, (//•j|0.,) — and assigning to (0j|//i) its iirst approxi- 
mate form, fO a |//i)i. The required form of (J/^Oa) can be determined by 
solution of 



(39) 



by the graphical construct ion illustrated in rig. Cr\'.\ (which applies to 
the example discussed in Sees. 6*3 and (H). A judiciously chosen 
approximation to this will be (// 2 |0|)2. The form of (0 a |//i) requited, in 
conjunction with this form of ( //..]0.,'), tu make the mechanization exact, 
ran then be determined by graphical solution of 

(h,\h l ) = (ffftldi « (0<\0m) ■ (fcJJfdj (10) 

•0a|//i)2 is determined as a suitable approximation to this. Next. 
(//*|04) is readjusted, ami so on until 
the lit can no longer be improved or 
until the limits of applicability of the 
graphical method are reached. 

Numerical Method. The numeri- 
cal method for the design of nonideal 
double harmonic transformers {Sec. 

I 15) can l>e applied to the present 
problem without essential change. 
In particular, Kqs. (1.89) to (1.1)7) 
arc valid here also, provided only 
that H-siO*) i* taken to mean the 
ralm of 11+ corresponding to the 

perilled value of 0 3 ; alternatively, 
we may consider II+(0z) to be an 
abbreviation for //?[0i(0.i)|, where 
//*(0.i) is defined by Bq. (112) and the functional relation 0«(0 ;i ) is deter- 
mined by the three-bar linkage under consideration. The met hyl will be 
fully illustrated in the next scrtioii. 

6-6. Example : Redesign of the Terminal Harmonic Transformers. — 
In continuing the example of Sees. 6-3 and 61 we apply numerical meth- 
ods to the redesign of the terminal harmonic transformers. This example 
is of special interest in showing that straightforward application of the 
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method of Sec. 4-15 does not always lead to a satisfactory result; the 
modification required in the present case will he described- 

\Yc shall keep fixed all constants of the linkage specified in Eq. (37) 
and shall adjust only the constants />,, L% Bf . BJ, which characterize the 
input and old put links. 

We sIi.mI1 first of all attempt to make the error in the mechanization 
vanish for 0 8 = 0.2, 0.4, 0.0, O.K. In Table 6-5 will be found the quanti- 
ties needed to give explicit numerical form to Kqs. (-1-97). Values of 0j 
and 6, will be found in Table <> 1. Values of //f can he found from Table 
A-l by an interi>olation between corresponding entries in the columns 
AXi m 100°, A\ m - -20°, and AA'» - 100°, A' <(W - -15°. To obtain 
values of //.* would require interpolation in hot h A.V, and 0,; it is advisable 
t.> make a direct calculation by liq. I I - 12). The values of //* and //J in 
Tabic 6*5 have been thus obtained. The f s have been computed from the 
//V ami //*'s, and the values of dh> 2 dh\ have been computed as 



see" (80* - //,). 



tan S0° 

Taiilk 6-5. — Constants IU:miKKi> in Dksic.n ^rockim kk 
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Kquations (4 07) become, for 0* - 0.2, 0.4, ().(>, 0.8, 0.9, respectively, 

-0.0886a + 0.1727b + 0.0501c - 0JW73d = -0.0033, (42a) 

-0.1846a + 0.4197b + 0.1074c - O.8400d = -0.0008. (12/>) 

-0.2709a + 0.9432b + 0.4318c - 1.0030c! = 0.0023, (42c) 

-0.2223a + 1.8640b + 0.5757c - 0.9950d = -0.0052, (42d) 

-0.0653a + 1.8146b + 0.3944c - 0.6090d = -0.0072. ( I2r) 

Attempting to reduce the error to 08T0 at the first four values of 0 a , we 
solve simultaneously the first four of these equations, and obtain 



a - 0.0246, b - -0.0206, 
Equation (4-31) gives 

g t m 0.6751, 



C « 0.0702, d = 0.0017. (43) 



0 2 - 0.4627. 



(44) 
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By Eqs. (4*46) and (4-47) we have then 

0.2279 0-1070 m _ b m d 

or 

/„ - 9.26*1, L s = 1.525, Et - -0.837, Kg = 0.024. ( 16) 

Calculation, by the methods of Table 4-5, of values of //(. //.'. and ol 
/f^' (the value of /i 2 corresponding to /j 1 = //{), yields the results shown in 
Tftble (H>. The OVer-AO error, A'^ — //J, of this mechanization is 
actually lar|8r than that with whirh we started, rather than zero at the 
chosen values of 0 3 . This is evidently due to excessively large errors in 
I lie* approximate linear equations used in the design procedure. In order 

TaHLN C> (1. I'l'.KKOHMANCK «>l TIIH Ijnkaok |Kq. (-15)] 
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to make a small correction in the over all generated Junction we have been 
forced, by its peculiar form, to use harmonic transformers that deviate 
strongly from the ideal form; //..'"' :iml // , - //.' are large. Accord- 

ing to our approximate equations, these large corrections should nearly 
cancel, leaving an over-all correction of much smaller magnitude jiihI of 

the ddirod form. Unfortunately, In computing these large correct ions 

with the lineal' equations we have made errors that do not tend to cancel 
out — errors that, in their aggregate, are even larger than the difference 
that it was desired to compute. Accordingly, the expected accuracy in 
the correct ion has not been realized. 

Diflicultics of this type can sometimes be avoided by very slight 
modifications*!!! the condit ions imposed. In the present case, for instance, 
one DOOd admit only a very small error at Q* — 0. 1 in order to use harmonic 
1 ransformers that an* more accurately described by the linear relations; 
the linkage thus designed has a performance much closer to one's expecta- 
tions, and correspondingly more satisfactory, 

We desire to make a positive correction at 0* = 0.2, a negative one at 
0, m 0.0. It is evident, then, that the correction made will tend to be 
small at 0% = 0.4, whether or uot special can* is taken with this point. 
We shall therefore release this point from direct control, and shall solve 
the first, third, and fourth of Kqs. M2) f or the constants a, r, </, in terms of 
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the constant 6. (The choice of the constant b for this special treatment is 
quite arbitrary.) One finds 

a m -0.220 817 11.100 571 h. Win) 
e m -0.015 059 - MU 7:*N b, (476) 
d = 0.048 170 + 3.118 M0 k | I7d 

r rhe error to be expected at 0 8 = 0.1 is 0.0008 plus the quantity on the 
left-hand side of Kq. (436): 

6 0 .4 = -0.00076 - OJOB80S fc. (18) 

As one* would expect, 5 0 .4 is quite insensitive to the choice of b\ we can 
choose; this constant with the idea of getting a good mechanical design, 
well described by the linear equations. We desire, then, that L\ and L 2 
shall not be either very large or very small, and that S} and A'? shall lie 
between zero and one. It follows that a and c should lie of the order of 
magnitude of 0.1, that b should have the same sign as a, and that <l should 
have the same sign as r. We can give L , and A 2 roughly equal magni- 
tudes, and obtain the desired sign relations, by setting 6 = —0.0135: 

a m -0.07201, b - -0.0135, c = 0.03868, d = 0.01960, i 19) 
Li - -3.1215, L z 2.7676, A? - 0.185, A* - 0.507. 

The expected value of 5<i. ., is then -0.(KK)2. The actual performance of 
t he linkage is shown in Table 6 7. 



TABI.R 6 7. PKlimitMANeK OK TIIK LlNKACK [Kcj. (40)] 





H\ 


//' 


ip 1 //: 


0,0 


0.0000 


0 0000 


0.0000 


0.1 


0. 1217 


|,<M 


0.0001 


0.2 




0.0044 


0 0000 


0 | 


0.1819 


o. 1006 


0,0000 


0 1 


0.0110 


o UBS 


0*0000 


0 | 


0.000 1 


0 2150 


0.0010 


0.6 


0.71S" 


0 :tn:t7 


o oooo 


0.7 


ns 157 


0. 1000 


o 0000 


OS 


0,t*to 


0.0045 


o 0000 


0 0 


0.0748 


0 K170 


0*0000 


1 0 


1 1)000 


1 <HMM> 


0 0000 



The errors due to use of the approximate equations are small, and the 
performance of the linkage is satisfactory at the points controlled. 
Unfortunately, the error increases rapidly for 0 S > 0.S, and the design can 
not Lie considered acceptable. It is evident that in the design process 
more attention must be paid to the error for 0 :i - 0.9. 



Skt. 0 0] 



REDESIGiX Of THE TRANSFORMERS 



101 



An attempt to control the error at 0* = 0.9 instead of f) x = 0,8, by 
using Kq. (42r) instead of Kq. (12r/), leads to similar results: one can 
actually make the error at 0 3 = 0.9 very small, but the error at 0* = 0.8 
lakes on a large negative value. An attempt to make the error vanish for 
lM>th 0j = 0.8 and 0* ■ 0.9, by solving simultaneous! y Bqo. ( t2fl), 
1 42c), ( 12*/), and | I2r ), leads to calculation of the constants 

= 1.030, A 2 - 0.771. Af - -0.171, Sf - -0.250. (50) 

These values are such that the linear equations can not be expected to be 
accurate; the linkage will not give the cxjicetcd good performance even 
at ft ■ 0.8 and 0, - 0.9. 

The case here encountered is in fact one in which adjustment of the 
i on^tants Li, Aj, A*, A* can not bring the over-all error within very strict 
tolerances, such as 4 0.001. Readjustment of A iM and A' •..,„. or even a 
new resolution of the given function and redesign of the three-bar- 
linkage component, would be required if such accuracy were demanded. 
On the other hand, a tolerance of 10.0025 c:in be met without such 
redesign, by a somewhat different approach. 

Our problem is bo correct the error appearing in the last column of 
Table 61 by making the proper linear combination of four correction 

functions: - /,(*,), - A(*),A(#d, and /«< 0.0. We have 

been dealing with special values of these functions as coefficients in 
Mqs. (12). These* are reproduced, with the error to he corrected, in 
Table T> X What is required is that we make linear combinations of 
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nil ics in Columns 2 to 5, inclusive, with coefficients a f b, c t d, such that 
the sums approximate as well as possible to the corresponding entries 
in ( 'olumn 6. Kxamination of Table CrS will make it clear t hat our diffi- 
culties have arisen from the attempt to make a positive correction in the 
center of the range and a negative correction at both ends, whereas not one 
of the error-correction funct ions changes sign. The error at 0* — 0.6 can 
be tolerated; let us therefore make no correction at this point arid attempt 
only to reduce the errors at the ends of the range. We shall in fact design 
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the input and output transformers so that neither changes the generated 
function at 0 3 = 06, taking 

- 6 . = 0 - 0.2872, 
(i 

(51) 

i = Et - OJ80O. 

The form of the eorrcction made in each terminal transformer (F t and 
Ft in 'Fable 6-8) is thus fixed; it remains to determine the constants a and r 
with which these should be added. 

Next, let the (approximate) error at B% = 0.2 be required to vanish: 

-0.0469a - 0.1503c - -0.0033. (52) 

The errors at 0 a - 0.8 and 0* = 0.9 will then be 

l M = -0.0052 - 0.3130a - 0. 1824c = -0.0092 - 0.2561a, (63a] 
= -0.0072 - 0.4559a - 0.1538c = -0.0106 - 0.4079a. (536) 

It is evident that for best results one must use a negative </. and allow a 
negative error at 0* =» 0.8, a positive one at 0a = 0.9. An appropriate 
choice is 

a m -0.0306, r = 0.0315. (54) 
We thus find as constants for the linkage 

In = -7.438, bt m 3.398, E* = 0.2872, B} - 0.3950. (55) 

The performance of this linkage is shown in Table 6-9; it is about the best 
that can be attained by adjustment of these four constants. 



Tab lb 6-9. — Performance of the LontAOl [Bq, (65) | 
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6-7. Example: Assembly of the Linkage Combination. The final 

step in the mathematical design of a linkage combination is to coordinate 
properly its component parts. Careful attention must be paid to sign 
conventions and to the varying zero lines from which angles arc measured 
in the several types of components. 

It is safest to l>egin by sketching t he component linkages in their basic 
positions. With each component there should be indicated the scales 
for the output parameters. In our example the linkages and scales are 
fully characterized as follows: 
Input harmonic transformer: 

Xm - -17J*, U -7.488, 

A.Yi = 100°, UX - 0.287, 

0 2 increases with AY 

Three-bar linkage: 

Tm - - 186.2°, = 0.630, 

A\\ m ioo°, 4* = 0*690, 

X 4m - -io.i°, ~ m 0.608) 

1<M>° • 0 3 - 80.2° - A'a, 

99" ■ e 4 - io.i° + a ,. 

Output harmonic transformer: 

AY* - -70°, Ln - MH8> 
AX 2 - 99*, K* = 0.395, 

0 4 increases with A .. 

Tbm linkages arc sketched in Fig. (i l l; scales of //,, H% 0* and d 4 are 
shown. There is an adjustable scale constant in the design of each com- 
ponent. The scale constants of the harmonic transformers (a and r, 
renpectively) can be adjusted to control the travels at the input and out- 
put terminals; choice of the scale constant of the three-bar linkage (b) is 
subject only to considerations of mechanical convenience. 

In the linkage combination the readings on the tf a -seales of the input, 
harmonic transformer and the three-bar linkage must always be the same. 
We have designed the two 0*-scales to cover the same angular range, but 
the sign conventions have forced us to allow the 0 :r scalc of the three-bar 
linkage to increase counterclockwise, whercjus that of the transformer 
increases clockwise. These components might, for instance, be con- 
nected by the gearing indicated in Fig. O il. On the other hand, the 
-rales oi the three-bar linkage and the output transformer increase 





>K(\ (i-8J 



THE DOUBLE THRMMAM LINKAGE 



W5 



in the same .sense; our possible method of connecting these components 
is indicated in Fig. 611. This completes the preliminary representation 
of the linkage combination. 

Finally, one must convert the preliminary m pT C W m Uti on into a prac- 
tical ffcwign without nhan g fa g Ulfl WWllinl relations of the component s. 
OM p O Wa bh arrangement of this tangent linkage is shown in Fig. (Hf>. 
I hc thrce-bar-linkage component is rotated through 90° from its position 
in Fig. O i l, largely to gain clarity in the represrnt at ion. The output 
• rank of the three-bar linkage and the crank of I he output transformer 
are made to rotate together as arms of the same bell crank. In order to 
1186 the same type of eonneetion between the input transformer and the 
three-bar linkage, we must reverse the sense of rotation ol onr or the other 
Of these cranks. This ran be done by reflecting the input transformer 
nd its associated scales in a vertical line. The two cranks can (hen be 
joined into a bell crank, and the linkage apjx'ars as in rig. 615. 

THREE-BAR LINKAGES IN SERIFS 

It is not desirable to use harmonic transformers in a computer in which 
all variables are represented by shaft rotations since the linear motion of 
I fie input or output slides must then be transformed into a rotary motion 
by a rack and pinion; it is much better to take the rotary motion directly 
from a rotating terminal. This remains true even when the angular- 
travel must later )»c increased since t his can be accomplished by gears that, 
permit a more compact design than the rack and pinion. 

Pet such computers a single three bar linkage is ideal, except that it 
docs not permit generation of a suflieiently large chuss of funct ions t o cover 
all practical cases. Systems of two or more three-bar linkages provide 
greater flexibility, together with the same satisfactory mechanical 
characteristics. 

6-8. The Double Three-bar Linkage.— In a double three-bar linkage, 
uch as that sketched in Fig. M6, the homogeneous input parameter 0 t 
m transformed into an intermediate parameter 0, by the hist three-bar 
linkage; this serves as the input to the second three-bar linkage, which 
■ • BOe rates the output parameter (K. In the operator symbolisin. 

= (Bt\Bt) ' (ob) 

[1m three- bar- link age operators are each characterized by five constants, 
iAA' lf A\', u bn, />•►,, </,) ami [AX* AX* fr l2 , &„, a 2 ), respect ively. Since 
the linkages must have a common value of the constant A.Y,,, the number 
nf disposable constants in the combination is nine. The design problem 
is to choose operators (O+\0 t ) and such that their product ($t\» x ) 

approximates as closely as possible to the given function 

= (M*0 • li (57) 
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ptl direct or complementary identification of the variables ft, 0 2 with the 
variables h if 

Formally this problem resembles elosely that of designing a double 

harmonic transformer, and the general 
a ppro ach to it is the same. For in- 
stance, one can apply Hie inetho<l of 
successive approximations described 
in Sec. I- 13. In each stage of t he* pro- 
cedure one must (hen fit a tlirec-har- 
linkage function of specified A.V :| to a 
known function by an application of 
ft* frit, Omm ti.«,o-Uar linka^. th « nomographic or geometric method. 

Aaidfl from this increase in manipu- 
lative difficulties, the principal difference between this problem and 
the earlier one lies in the first step, in which one must make an initial 




I •►•17. Cou.HtantM of ;t ilouhh* llurc-hw linkup- itu-< liuuiaintf the Iftjcnrithmir rotation 

for 1 < x < 50. 




choice of one of the factor operators. It is to be noted that this choice 
fixes a value of A\\ which will Is* used throughout the design procedure. 
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One can begin by using an operator (0i|0 3 ), for example, which by 
itself gives a rough lit to the given operator; the second factor will then 
serve to make relatively small corrections. This procedure leads to the 
design of combinations of quite different linkages, such as that, illustrated 
in Fig. 6 16. 

A generally sounder procedure is to try to find a combinat ion of more 
or less similar linkages which will make roughly equal contributions to the 
curvature of the generated function (cf. Fig. 6-17). An appropriate begin 




l'lt;. «• IS. A |>o.smMi- |ih\sir:il lorm for the logarithmic linkngr. 

ning is then made by factoring the given operator into the product of two 
identical operators IK: 

(As|*0 - W W m W\ (58) 

The operator IK, called "the square-root oj^rator,-' has been discussed 
in ('hap. 3, where it has l>een shown that it is not uniquely determined. 

I any one of the square- root operators can be mechanized by a three-bar 
linkage with equal input and output travels, then two of these linkages in 
-erics will generate the given function. If only an approximate mecha- 
nization of W can be found, the corresponding operator can at least serve 
as a first approximation to (0 3 |0i). With which to l>egin application of the 
method of successive approximations. 
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An example of a 1 1 1 1 k ; i .l; < * obtained by use ol the square-root o|x»raior 
II* is provided by a patented linkage 1 mechanizing the relation 

-r 2 - bgtt ** I g x, g 50, (59) 

with an error everywhere less than (MKW of the output travel. In design- 
ing this, a three-bar linkage was used to mechanize, with good approxima- 
tion, that one of the square-root operators II which has derivatives at the 
ends of the domain. Two such linkages in series gave ii mechanisation 
of the given function which was sufficiently good to permit immediate 
application of the methods of ('hap. 7 in a final adjust .nient of the con 
stants of the linkage combination. The final linkage is shown sche- 
matically in Fig. 017; the component linkages have similar, but not 
identical, constants. The angle fi of the combination can be chosen at 

will. Hgtire 240 shows the linkage obtained on setting fi = - 142° 34'. 

A mechanically preferable form is that shown in Fig. 018, in which the 
tWO linkages share the intermediate crank: 

/5 = 0 and 2.3725Ufi - 1.80124ft. 
s A. Bttboda, r.s. Patent 23ioar»o. hvi. i, mil. 



CHAPTEB . 



FINAL ADJUSTMENT OF LINKAGE CONSTANTS 

7-1. Roles of Graphical and Numerical Methods in Linkage Design. 

The preceding chapters have been concerned with methods for linkage 
design that an* largely graphical, rather than numerical, (iraphical 
methods are easily applied, and have the important virtue of making 
evident the diameter of the over-all fit to the given function, not merely 
the fit at a selected set of points. Their accuracy, however, is limited; 
when high accuracy is required, the final adjustment of linkage constants 

1 1 ust be carried out by numerical methods because these alone* permit 
sufficiently careful adjustment of the constants and sufficient ly accurate 
evaluation of the performance of the linkage. 

Numerical methods, on the other hand, tend to be excessively complex, 
except when they relate to changes in linkage constants so small that one 
can assume that the error function depends linearly on each of these 
changes, (iraphical methods are thus very important in making it possi- 
ble* to find, quickly and easily, a linkage with constants which need to be 
changed only a little to bring its structural errors within the ■petrified 
tolerances of the problem; it is only at this point that numerical methods 
beOdOM effective and convenient 

III general, then, graphical methods are desirable for the first stages 
of linkage design, which must yield a linkage with small error over the 
whole range of (ravel. The error can then be further reduced by numeri- 
cal methods; often it can be made to vanish at several selected points. 
This was, for instance, the method employed in Sees. 1*7 and t-15. 

The present, chapter will provide a general discussion, for linkages with 

one degree of freedom, of tin* problem of making final adjustments of all 

disposable constants of a linkage. It will be a basic assumption that the 
structural error at any point, is nearly a, linear function of each of the 
variations of constants to be considered. Thus the discussion will in 
most, but. not. all, cases apply only to small changes of the constants. 
Sometimes these methods are convenient even when an improved basic 
Outline of the system is to l>e obtained by R substantial change in some 

constant. Such may be the case vrhen the graphical method has been so 

applied that it does not establish n near optimum design within a whole 
class of linkag es f oi instance, when a combination of a three-bar linkage 
and harmonic t ransformers has been designed with frozen angulnr travels. 
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and one must consider the possibility of making fairly largo changes in 
these travels. 

The chapter will conclude with a discussion of a quite different method 
of reducing structural errors, whirl* is particularly useful after the usual 
numerical methods have been applied: the introduction of small cor- 
rections by tin* eccent ric Mnkagc. 

7-2. Gauging Parameters. 1 .rt in consider the problem of cheeking 
the performance of a linkage ilesignrd to mechanize a given relation 
l>etween variables X\ and Xti 

x% = (Xt\Xi) • X\. (1) 

The linkage will generate a relation between an input parameter A'i and an 
output parameter A r *: 

V 2 = (Zi|X]} - Zip (2) 

The form -of the operator (AV.A'i) will depend upon dimensional constants 
of the linkage, the precise nature of which we need not specify. We 
denote these by g n , g lf </ 2 , . . . r/«_4. At the input terminal there will be a 
linear scale which relates the values of the input variable and the input 
parameter: 

Xi = XT + fri(*i - af), (3) 

A'i 0> and xj 0 * being corresponding values of these? quantities. At the out- 
put terminal there will be a similar scale relating the output parameter to 
the actually generated (not the ideal) values of the output variable. 
Denoting by X& these actual output values of the mechanism, we have 

ti = X? + kt(xu - ^?), (4) 

A% 0> and again being corresponding values. The linkage* and scales 
together generate a relation between X\ and a**,,, which depends on the 
constants of the linkage and on the four additional constants, A-,, A'7'\ A j, 
and X ( y, w hich characterise the terminal scales. These latter constants 
we denote also by f/ n -.i, g»-u and We have then 

= F(x u go, 9u ' ' ' a»), (5) 

a function of the input variable and n + I constants of the mechanism. 

Perhaps the most obvious way to study the structural error of the 
mechanism is to compare the desired and the actually generated values of 
the output variable for a spectrum of values of the input variable, 

a-*,* x\ l \ . . . 



The corresponding spectrum of values of a*.j is determined by Eq. (1): 
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Similarly, Eqs. (2), (3), and (1) determine spectra of values of A'i, A" a , and 
s> la . In particular, 

x<& - (/o, g h - - l = 0, 1, • • • r. (7) 

The structural error, <5a* 2 , of the mechanism has the spe ctrum 

ft#-^-*S*J * = <>, 1, • • • r. (8) 

The corrections s\ hich one would like to make in the out put of t he mecha- 
nism arc the negative* of these quantities, 

In such a test a comparison of Ihe ideal and the actually generated 
v alues of x>> is used as a gauge of the precision of the linkage; \\r shall say 
that j-a is used as the gauging parameter. 

It is not at all necessary to use x>> in the gauging process. In most 
< ases this is not cve'ii desirable; it is belter to use* as a gauging parameter 
one e>f the* dimensional constants e»f the* linkage, g 0 , g x . . . g*. I*ct us 
solve lOq. (7) for this gauging parameter, for instance g 0 : 

ti - w& % *a, ^ - • • *x w 

If we substitute em the* right any corresponding value's e>f .r, and a*...,,, we 
shall compute always the same value* ejf g a — the mutual value of this con- 
stant in the linkage? considered. If, however, we use* ideal values i>f .r 2 , 
jjjp, instead of the actually generated values, x ( fl f go will not in general 
have* a constant value, but instead a spectrum e>f values, 

- G(x\<\ x?\ ft, 9% ' ' ' • - 0, 1, 2, • • • r. (10) 

I he* difference between the' actual value g 0 of the' constant ami the' value 
ffif which it WOllld Heed to have 1e> make* the* linkage- exaet at the* point « 
we' shall e-all the* gauging emir, 

«T - ih ~ |Ti • " % l| * * & (II) 

Such (|iiantities are' useful as gauges of the precision of linkages, although 
they do not give directly the' error at the output. A wisely chosen 
gauging parameter is usually simpler to calculate and easie r to interpret 
(at least as regards desirable changes in the ce instants) than is the- error at 
Ihe* output; in particular, if is independent of .s it. is only necessary 
to reduce (jo by this amount to make' the linkage' exact. That the proof of 

perfect pa rf o n aaaca of the linkage' is rad u aad i<» damopateattoa of the 

eonstancy of the results of a series e>f computations is also e>f value fe»r the' 
avoidance of computational errors. 

7-3. Use of the Gauging Parameter in Adjusting Linkage Constants. — 

In the preceding chapters we' have* see n how te> ele-sign linkages with small 
gauging errors. It may still be desirable te> improve these linkage's by 
making small variations in the* dimensional constants gi, g» f . . . r/ n . 
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A perfect* linkage will be obtained it' values of g u • • . f/n, can be found 
such that frt° jus computed by Kq. ( 10) is tin* same lor all possible sets of 
values (j* , ,* > , a^ 0 )- ' n general, one ean at l>cst hope to make <j tt eonslant 
at a pmnmijpind set of points equal in number t * ► tin' independent con- 
slants of the linkage ami thus to obtain a linkage which generates the 
given function exactly at these points. 

If the dimensional constants are changed by amounts Ufa becoming 

- (fi + Aih, 1-0,1, • • « n, (12) 

the gauging parameter will have the spectrum of values 

& = cur, «p. <a. <i'„ ■ ■ ■ </u), d3) 

and the gauging error will become 

fy?" - u'o - v?\ * - o f i, • • ■ p. (i i) 

Kxpanding Kq. I b'i) in a Taylor's series, sve may write 



j/i'" = its' + M*» = (/';> + £ 



(15) 



the partial derivatives l>eing evaluated at {x*'\ xif\ f% 9 g*, . . . The 
gauging error can thus be written as 

h$* = go + Ago - 



$m 1 i- 1 



(16) 



It is desire<l to reduce this to zero at a chosen set of p + 1 precision points: 
•v 0, I, 2, • • • ;#. 

The general solution of this problem is prohibitively difficult, and it is 
necessary to make an approximation which will be valid only if t he required 
changes in the constants arc sufficiently small. Termn in Kq. (16) of 
higher than the first order in the small quantifies S<j, will be neglected. Let 

gm - d f\ Of = -i. (17) 

Then, by use of Kq. (II) one can rewrite Kqs. (Hi) thus: 

n 

^ (^Ag* - %P; • - 0, 1, • • ' 7>. < 
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\ set of Ar/i's which solve these equations will serve as corrections to the 
originally chosen as indicated in Eq. (12), under restrictions which 
must be discussed. 

One ean solve this system of linear equations for the Ay, it the ranks of 
the matrix of coefficients [6V } | and the augmented matrix flGJ*] with the 
added column Vo 4) ) «'U*c equal. In less precise but more direct terms, 
the equations will usually be soluble if and only if the number of inde- 
pendent constants characterizing the generated function is equal to or 
greater than the number of equations, p + I. It would be natural to 
inter from this statement that the linkage ran be* made to generate a given 
function exactly at m arbitrarily chosen points whenever the generated 
function is characterized by in mathematically independent constants, 
(m S H + 1). In practice it will l>e found that this is not khfl ease; the 
number of precision points which can be obtained depends upon the 
nature of the linkage and the given function, and on the way in which 
the precision points are chosen. Even when the linkage under considera- 
tion is well adapted to generation of the given function one must, often 
Ik; content to fix fewer than m precision points, or to use other methods 
of reducing the error. 

This difference lietween the mat hematical problem of solving Kqs. (18) 
and the practical problem of finding a linkage* with /> + I precision points 
arises from the fact, that. Kqs. ( IS) are inathemat ieal approximat ions valid 
only for sufficiently small ±</ x . For practical purposes one must not 
only sola AV/.v. (IS), but must solve them with Atji which arc so small that the, 
quadratic terms in l 4 !qs. (10) arc ncyliaiUc. We have seen in Sec. 0 (> 
i see Table (W>) how different may be the experted and the actual per- 
formance of a linkage designed by using approximate lineal* equations very 
similar to Kqs. (IS), when the Jk</, are so large that neglected terms are 
important. 

Difficulties are most likely to arise in the straightforward application 
of Kqs. ( IS) when the restriction to small Atji has. for practical purposes, 
the effect of establishing a relation between mathematically independent 
parameters. 

To simplify the discussion of this point we shall assume that the 
parameters //,: i 0. I, • • • //) which occur in this equation are all inde- 
pendent of each other. One can then attempt to fix n I I precision 
points, determining the by solving n + 1 of Kqs. (18). Uccause of the 
independence of the parameters, the determinant of the deficients Of 
will not vanish; the solution for the A(fi will be uniquely expressible as a 
fraction in which the numerator is the determinant \(fj^\ with one column 
n placed by the column of coefficients fyo\ and the denominator is the 
determinant itself. The smaller 1 lit* gauging errors 5<ti } the smaller 
will be the AQ{. However, even when the 8(f Q ' } are very small it may be 
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found Chit the are large and that the linkage with constants given by 
Eq. (18) does not have the desired precision points, or even an improved 
performance. This happens most frequently when the determinant 
|fr'} 4, |, although not exactly zero las it would be if then' were an end 
relation between the parameters), is very small. In such eases one ran 
make large and properly related changes in t he parameters which produce 
only a small net change in the generated function. For instance, as 
illustrated below, it may be possible to make large changes in two param- 
eters, tji ami r/ yi which will change the generated function very little if 

•/. f/, is held roust ant. When one restricts 
attention to small changes in the parameters 
tin- generated function then depends, in 
effect, on a smaller number of parameters; 
in our example it would depend, not on j/< 
and Qj individually, but only on ft/flu 
Thus the numl>er of effectively independent 
parameters may be decreased by restricting 
considerat ions to small A*/,-, and with it the 
number of precision points which one ran 
hope to establish. 

An almost trivial example ie illustrated 
by Fig. 71. A single pivoted arm I Fig. 
7-1'f) ran be used in t he generation of linear 
functions. The mechanism itself involves 
no adjustable 4 constant. The input scale is 
characterized by the two parameters ki and 
A'V*, the Output scale by the two parameters 
Id and 3tp. The generated linear function 
is characterised by only two independent 

constants; equal changes in A ," and A or 
proportional changes of all four variables do not produce any change in 
the generated function. In using such a device as a mechanization of an 
almost linear function one cannot in general reduce the error to zero at 
more than two p reassigned points. Now consider the three-bar linkage 
in Fig, 7-1/). It is almost a parallelogram linkage, and generates an almost 
linear relation l>etween .r, and a% — one which is characterized by seven 
mathematically independent parameters. The determinant \<ir\ t with 
seven rows and columns, will not vanish; it will, however, l>c very small, 
and vanish as the parallelogram condition, H\ — At f /* 2 = A i, is attained. 
It is obvious that equal changes of A''/'' and A'^ w ill produce very small 
changes in the generated function, and that proportional changes of k u A* a , 
JTp and Jfp will have a similarly small effect. ( 1 on vcrsely, certain small 
changes in the generated function will l>c obtainable only by making such 



>ti 
(6) 



Kiu. 7*1. (a) Mechanisation 
of n linear function. (5) Meclmn- 
ifculimi of mi utmost linear 
hind ion. 
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large changes in t hese parameters that the linear theory will not apply 
If we exclude large A(H from consideration there are in effect two fewer 
degrees of freedom than one might expect; an attempt to establish seven 
precision points will be likely to fail, although five should be obtainable 
if the initial fit is good. Such is usually the 0MB with three-bar linkages, 
which will receive more* detailed discussion in Sec. 7-7. 

7-4. Small Variations of Dimensional Constants. II if u n il -, I 
able to apply the approximate linear form of the gauging-parametcr 
method, even when one must reduce the number of precision points in 
order to deal with small variations of the dimensional constants. 

Let the number of indej>endent dimensional constants be n + 1, and 
the number of specified precision |>oints be /,' less than this. It is then 
possible to solve any n + 1 — k independent equations from among 
Kqs. (IS) for any H + 1 — & of the Af/\s, in terms of the other k of t hesr 
quantities. Tor instance, solving for Aj/,>, A*/i, . . . Af/„_A, in terms of 
A<7„_*+i, . . . A// ... one obtains relat ions of the fon 

bg* = Coo + CoiAgn-k+i + • • • + Cim,A{/., 
Afl = Cio + CiiAfo) i|l + + PiftAfc 



AQ»-k = Cn-k„ + Cn~k. t &0n-k+l + " ' " + C^.tAflTn. | 

Any sel of small Af/\s which satisfies Kqs. (10) will constitute a valid arid 
practically useful solution of the given problem. Such a solution is not 
mathematically unique, but it will be effectively so if one is attempting to 
establish the maximum number of precision points subject to arbitrary 
choice. 

7*5. Large Variations of Dimensional Constants. By solution of 
Kqs. (18) one can determine a set of changes A// Ar/i, . . . Ag H , in the 
dimensional constants which reduces to zero the first-order terms in the 
gauging error. Equations (16) become, exactly, 

n w 

^* >r ■ (ao) 

• i • i 

When this gauging error is negligible we say that the Ap's are small; the 
problem has been solved in the first step. We turn now to the case in 
which 5(/ { l A) is not negligible, but is adequately represented by tin* sccond- 
order terms written out in Eq. (20). In such cases the design problem is 
not satisfactorily solved by a first application of the method of Sec. 7*3, 
but it can often be solved by successive applications of the method, which 
produce successive improvements in the dimensional constants. We shall 
now see how the convergence of this process can be hastened. 
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Knowing the Af/s which solve Kqs. (18), and the gauging error h<j'f 
after thenc corrections are made, one run easily compute also the gauging 
errors resulting when proportionally larger or smaller changes are made in 
the dimensional constants. Let a new set of corrected dimensional 
constants l>c given by 

</,"(A) - ft + Ufe < = 0, I, • • />. (21) 

In the Taylor's series expansion for the gauging parameters, Kq. (15), the 
first-order terms an* then changed by a factor X, the second-order terms by 
a factor X s , and so on. The resulting gauging error is 

vo'«« + - * ^ ^ - 2 x ■ X 2 2£ **** 

+ • • • , (22) 

or. by application erf Kqs. (12), (18), and (30), 

«#•"■ - (1 - k)ltf + X^/i", I = 0, I. ■ ■ ■ p. (23) 

The validity of this expression of course depends on the possibility of 
neglecting higher-order terms in Kq. (2()). 

When X = 0 the dimensional constants and gauging error have their 
uncorrected values. Increase in X will reduce the gauging error hy"^ 
so long its the quadratic term in Kq. (23) remains negligible. As X 
approaches 1 the quadratic term will eventually (by our assumptions) 
become appreciable, and may even become very large. It is evident 
that one can obtain a smaller gauging error by applying a fraction of t la- 
correction Indicated by the linear theory (0 < X < 1) than by applying 
the whole correction (X = 1). The more important the quadratic terms 
the smaller will this fraction be; it is, however, always possible to find 
some positive value of X which gives a better set of constants than either 
X = 0 or X = I . 

In practice one begins with knowledge of &/j>'\ and computes the 
Aj/'s. As a check on the validity of the calculation one should then 
determine the values of usually by direct calculation [Eqe. (13) 

and (14)1 rather than by use of Kqs. (20). If these quantities are not 
satisfactory small, one should make a smaller change in the </'s; the 
appropriate value of X can be determined by use of Kq. (23), X being 
chosen to make the quantities bg'^\ as small as possible. The constants 
fff computed by Eq. (21) will then serve as initial values for a second 
application of the method. 

7-6. Method of Least Squares. — The designer's ultimate objective is 
to assure that the output error 
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shall be kept small throughout the domain of operation of the mechanism. 
One way to assure this is so to choose the dimensional constants of the 
mechanism, on which bx | depends, as to minimize the integrated squared 

errWj 

tfttftt ft -••?/«) = j (Mi) 2 dxt f (25) 
or the corresponding sum over ■ diseretc spectrum of output values. 

r 

Such conditions are most reasonable when accuracy is Squall; important 
for all values of the output variable, or all values of r. More generally, 
ntic should introduce a weighting function, /e(.r..) or wtr), which increases 
with the importance of accuracy in the result at the corresponding or r. 
One will then so choose the y\s as to minimize 



(27) 
or 

A', V|«-ir) 6.,</'p, (28) 

r 

subject to any other conditions whieh mu.st be imposed on the dimen- 
sional constants. 

I^ast-squarcs methods suitable for use in linkage problems have l>een 
developed by K. Lcvenburg. 1 It is, however, the opinion of the author 
that least-squares methods ire relatively unrewarding. In particular, 
when the method dependl on the use of an expansion in which only 
linear term are ret ained there is ;»l\\:i\ s t he danger t hat a result obtained 
after a large expenditure of labor may be in validated by this approxi- 
mation, In general the author prefers to net tolerances on the output 
error tolerances which may vary ■ ith %% or r— and to apply the methods 
of the preceding section* to bring the actual structural errors within 
< hese tolerances. 

7-7. Application of the Gauging-parameter Method to the Three-bar 
Linkage. Formulation of the Kt/nnlionx. In applying t he gauging-param- 
cter method to three-bar linkage design we may choose t he dimensional 
constants as follow s: 

1 K. LeveolNUFg, \ iiethod fat the Rotation of Oertaii rtonHnwif Pfceblera in 

Li^ist Squares," Quart. Appt. W ..//».. 2, UN M'MI . 
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As Hanging parameter we shall use </■>. In effect, we shall gauge the 

error of a design by computing the 
required length of the connecting 
bar as a function of the other dimen- 
sional ronstants and the variable pairs 
(x\ f> , x ( f } ); M shall seek to make con- 
stant the related gauging parameter, 




-•-(f)- 



(80) 



li... 7 'J. -Three-bar linkw. 
rule. symbolized by 



A spcetruin of \jiIik-s of .r, cjiii Im> 
chosen according to some arbitrary 



The spectrum of art is then determined: 
K(|Hations (3) and (4) liecome 

IP - #»+ f*W - «F) 

XT = ff* + 0.(4" - ■>?). 



(31) 



(32) 



(33) 
(34) 



Let the horizontal separation of the cutis of the connecting bar, in terms 
of the unit .1 1, l>e U M , and tlie vertical separation, in the BUM units, 
be V'"\ Then by tlie geometry of the linkage (F%, 7-2) we have 

I rw =l+ ffl cos If - ft cos Xjft (35) 
r " = </, sin AT - ff. cos Zf, (89] 
If* - (f») s + (V<'>) s . (37) 

\n equation of the form of Kq. (9) could l>e obtained by eliminating 
from I-kis. (33) to (37) the quantities X\'\ A'S*\ C"\ and V". This, 
however, i> not nocewwry for our purposes. 



Bm 7K| a.iraixa a thkkk-hau uxkauk 909 

The partial derivatives 

f.?' (38) 
will now l>e given in a form suitable for numerical calculation: 

or = - 1 



1 flp = cos .V," - ETW sin I*« 
2f/i 



_ * CV» = F w cob A'i' 1 - t/« sin A'," 



or 


(39) 


W 


(10) 


or 


(ID 




m 




d.-i) 




do 




(41) 



2f/ s 



It is to be remembered that all angles are expressed in radians, and that 
f/j. f/4, f/6, and f/c must Im» interpreted corres|>ondinglv. 

One can use tlie quantities Q\ 9) directly in the solution of Kqs. (18). 
On introduction of the quantities 

Aft-Sr** * = 0, 1, > • », (46) 
which are simply constant multiples of the Af/'s, lOqs. (18) become 

*Aqt m « = 0, 1. • ■ • p. (47) 



Having solved Kqs. (17) for the A</'s. one can compute the Af/s by Eqs. 
| 10). 

7-8. Application of the Gauging-parameter Method to the Three-bar 
Linkage. An Example. — As an example of the gauging-parameter 
method we shall check and improve the logarithmic linkage designed 
by the geometric met hoi I in Sec. 5*19. This was intended to generate 
the relation 

Xn = log-ox, (48) 

in the domain 1 £ X\ ^ 10. The design constants established in See. 
5*19 will be taken us 
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) 1.06000 s 1.11303, \ 

g x = ^1 - 0.70700, / 

9t = 4* - 0.65000, > (49) 

f/s = X\°> = 2.61798 ( = 150.000°), I 
;, , -0.10666 I - (5.000° B), 1 
^ s = = - 2.03330 ( = -116.500°), I 
g* m kt = 1.57079 (= 90.000°). / 

All constants are Riven to Hie fifth decimal place, or a thousandth of a 
degree, since this number of digits will be carried through the further 
calculations. 

We have first to choose a suitable sj>eetrum of values for Xu A 
uniform distribution of values in this spectrum would yield a relatively 
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|MK>r check in the range of small x x , whore fractional errors tend to he 
greatest. It is better to choose a uniform distribution of spectral values 
lor x 2 ; we shall take 



*P = o.i* L (ll2 



x[* 



10. 



The calculation of the gauging error of this linkage is shown in Table 
71. The gauging parameter (/<," is constant to within one jmt cent; the 
required length of the connecting bar. V0». h constant to within one- 
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(inuring error in the nrnt lognrit limit' linkup. Soli<l line, result of direet 
mlrulal inn, I>u.she<l line. :in approximation wit h slowly varying ciirvuliur, 

half per cent. Figure 7 \\ shows the gauging error Iffi plotted against 
the homogeneous input variable h\*\ The gauging error is not large, but 
it is evident that it can l>e made much smaller; this linkage has only 
one point of precision, whereas it should l)c possible to obtain five (Sec 
7-3). 

We can proceed in the following way to make a reasonable choice of 
the points which arc to be established ;ls points of precision. Through 
the curve of dgtf is drawn the dashed line of Fig. 7-3, which follows it 
closely but with minimum variation in curvature, intersecting it in five 
pOIIltB. If we establish these points as points of precision, we will 
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be making ■ change in fy^ which also has slowly varying curvature, anil 
which must therefore approximate closely to the dashed curve; the 
residual gauging error should then be nearly equal to the vertical scpara 
lion of the two curves in Fig. 7 :\. For convenience, IH us choose instead 
to establish points of precision at a = 3, 6, 9, and 10. The fifth point 
should Be between a - 0 and I ■ I, and it would not be entirely satis- 
factory to kike either of these as points of preeision. Instead of taking 
.v _ 0.5 :|S the fifth point, we can obtain tin* same result by requiring 
thai .s = 0 shall he, not a point of precision, but a point w hen' t here is a 
predetermined error: h/ 0 l0) - 0.0019, as read from Fir. 7 S. That is, 
instead of solving Kq*. i IS) or i 17) with O.CMWI. whieli would 

make s - 0 a point of precision, we shall solve them with 

&g<*> m -0.0050. 

We shall choose to solve Kq. I 17). < m calculation of the </s by Kqs. 
(89) tO | 16), these equations take on the following form, for 8 = 0, :\, <>,<>, 
10, respectively: 

-1.00000 Ar/„ - 0.12545 A?, - 1.03035 Aft - 1.01898 Aft 

+ 0.00000 Aq* + 0.18925 A<y fi + 0.00000 A</* = -0.00500, 

kooooo Aq<> + 0.22071 Aqi - 0.98987 Aq+ - L03068 

- 1.02577 Aq. x + 0.43224 A</* + 0.12967 Aq 6 = -0.00064, 
1.00000 Ar/„ + 0.57370 Ar/, - 0.77340 Ar/., - 0.H8136 Ar/ 3 

- 2.02710 Ar/ 4 + 0.71259 Aq h I 0.12755 Ar/r. 0.00710, 
- 1.00000 Ar/o + 0.8 14S0 Ar/, - 0.30102 Ar/ 2 - 0.62289 Ar/, (51) 

L8M00 Afi + 1.00551 Ay* + 0.00496 Ar /n 0.01 i:;o, 
-1X10006 Ar/,> + 0*90721 Ar/, - 0.02 117 Aq 2 - 0.52725 Ar/ 3 

- 1.71525 Ar/, | 1 .01001 Ar/* + I 0490 1 Ar /ft - 0.01199. 

Since there an here two fewer equations than t In re are variables, it is 
possible to fix two of the variables arbitrarily, subject only to the condi- 
tion thai all Aqs shall he small. On eliminating Ar/o, Ar/,, Ar/ 2 , and Ar/, 
from these equations we obtain 

0.0009 1 Ay., - 0.05528 Af/i - 0.05390 Ar/« - 0.00229. (52) 

The coefficient of Ar/, is small; Ar/, can be chosen arbitrarily with little 
effect on the rehtion between Ar/ & and Ar/ fl . It is therefore reasonable to 
set 

a 7i = 0. (SB 

Wc can then solve Kqs. (51) for each of the Ar/s in terms of Ay,„ finding, 
for instance, 

Ar/, - 0.05486 - 0.85468 Ar/*, (54) 
Ar/i, = -0.04142 - 0.97503 Ar/*. 
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If Ar/3 and A?* an to be small, we must keep Ar/* small, since its coef- 
ficients are large. The best value of Ay 6 is approximately zero; a posi- 
tive value will increase the magnitude of Ar/ r , f a negative value that of 
V/n. We shall therefore choose 

Ar/n - 0, (55) 

and find in consequence 



(56) 
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Ar/ 2 


-0.0I9S5, 


Ar/* 


= 0.051 SO, 


Ar/i 
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Hy Kqs. (40), 



Ar/„ - Ay« - -0.04512, 
Ar/, A Ar/, 0.02130, 

Ag t = - i Aq 2 - 0.00902, 

Ar/a = J A</, - 0.4H70. 



I 2(/i A V , 

.,' A 7 , 0.(Kt7r»5, 



Finally, by Bq. (12), 
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= -in.:v»2°). 


fl 


- 1.57079. 





(68) 



To cheek the performance of the linkage with the new constants//', we 
compute the new gauging error 5r/,'; r> . This is shown in Tahle 7 2, 
together with the values 

I 

Wf%m - MP ~ £ (59) 

pr e dict e d kf a theory ill which only first-order terms in the 6r/\s are 
retained. The difference between these two quantities, denoted by y <A \ 
represents the neglected quadratic and higher terms [Kq. (20)], Figure 
7 1 shows these quantities graphically, y lM> appearing as the vertical 
separation of the full and dashed lines. 
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Tablk 7-2. — Calculation ok hg^ 
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Fid. 7*4. — Gauging HIV in Um fir*t improv^l lugJuUhMifl link««c. Full lino, rcmilt of 
exuH mtiijnilntion. IWuul lira*, valine exported on liiwar theory. 
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We have thus established precision points at positions shifted only 
slightly from those initially — and rather arbitrarily — selected. The 
result of this first calculation might very well l>e accepted as final. It is, 
OH the other hand, easy enough to make a first-order correction for the 
effects of the quadratic and higher terms. We have only to replace 
W on the right-hand side of Kq. (51) by y <M \ and solve for new Atfs and 
A</s to be added to those already obtained. As before, we choose 
arbitrarily Af/ 4 = A</« = 0. The second-order corrections to the jy's an- 
then found to be 
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The new and final constants of the linkage are 
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r Phc final values of the gauging parameter and the gauging error are 
shown in Table 7*3, together with the resulting error in the humogrniMiiis 
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output parameter, To compute this wo note that 

whence 

2Q : ; f 

the conversion to terms of the homogeneous output varial>le is obvious. 
These results are also presented graphically in Pig. 7-5. 

+ 0005- " 45 
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I'm, r :> Charactorwtii^ of Iho werond improve! logm ithmic linkngiv The «1:ihIio»I lino 
|HpH lorm d ■ corroHioii to bt AfcNMttd in Sit. 7-9. 



Xi ,O) =97.05^ 




x ? =- 0.00595 
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J = - 115.067° 



Feci. 7-6. — Second improved lou:u itlunii- liukugt'. 



The linkage itself is outline<l in Fig, 7 Hi. The constants g» t Qu and 
determine the lengths of the linkage arms, whereas </ 3 and g. t determine 
the nature of the input scale. The linkage is shown with the input arm 
at cither end of this scale— that is, for xi = 1 and x x - 10. The output 
arm is shown in the corresponding positions required by the geometry 
of the linkage. Because of the structural error in the design, these posi- 
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tions do not coincide with the ends of the ,r 2 scale determined by gu and 
g«; the scale readings are than shown in Fig. 7 0. (These have been 
determined by exact computation; hence one finds xj^ = Jtp = — 0.00505 
in Fig. 7-0, in contrast to the approximate value, - 0.0057 I, in Table 7 :5.) 

7-9. The Eccentric Linkage as a Corrective Device. \\ hen specified 
tolerances are very close it may not be possible to meet them by any 
choice of the parameters of such simple linkages a.s the three-bar linkage?. 
Reduction of the struetural error to tolerable limits thru re<juires intro- 
duction of new adjustable parameters into the linkage. In many cases 
one can introduce small additional corrections by a superficial change 




lin. 7-7. Thr«N>-li:ir linkup iimxIiImm! l, v a douiilu ecrciitric: linkage. 



in the structure of the linkage, Replacement of an Ideal harmonic 
I ransformer by a nonideal one is such a change; anot her is I he int rodnet ion 
of eeeentric linkages at tln> joints of three-bar linkages or harmonic 

transformers. These modtficatione in the glruclurc ai* mechanically 

sound, and permit one to make use of all previous computation an 
important reoiiomy in effort. 

Figure 7-7 shows a three-bar linkage modified by the introduction 
'.f an eccentric linkage at either end of the connecting bar. The moving 
pivots of the input ami output rranks carry planetary gears meshing with 
stationary gears. The connecting bar is not pivoted to the cranks, but 
to the eccentric pivots ft, and A\ on the planetary gears; the ends of the 
connecting link do not move with the pivots of the rranks, but about 
them in circles with radii c, and usually small. Thus the distance 
hetween the ends of the cranks is not a constant ; in effect, <j„ can 1>e made 
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to vary, as is required for more precise generation of the given functional 
relation. i 

Kac.li eccentric linkage mu) l>e characterized by three constants: the 
tooth-ratio I of the stationary to the planetary gear, the eccentricity c 
Of the planetary gear, and the angular position of the crank (denoted by 
V, - « i) for which the eccentric pivot lies on the center line of the 
crank, at a maximum distance from the frame pivot. The double 
eccentric linkage in Kig. 7-7 thus provides the designer with six additional 
parameters to adjust. Obviously, for greatest precision one should 
adjust all constants of the device simultaneously. Isually one can 
obtain very satisfactory results by accepting as fixed all constants 
determined in previous design work, varying only the constants of the 
eccentric linkages. Indeed it is often satisfactory to use only n single 
eccentric, linkage, with consequent reduction to three in the number of 
constants to be adjusted. 

To determine the constants of the eccentric linkage one can employ 
the gauging-parameter method in a somewhat modified form, valid so 
long as the eccentricity of the linkage is small. 

In dealing with a modified three-bar linkage* one can advantageously 
use the squared length of the connecting link. f/o. as the gauging param- 
eter. Reference to ftg, 7*7 shows that int rodiiction of the first eccentric 
linkage has the same effect on //,, as a change Ijff 8 in the length of the 
input crank and a change 5A"Y° in its angular position, where 

l& = c, cos (Wrp - a,), (04a) 

to terms of the first order in the small quantity t\. Similarly, introdue- 
tiou of the second eccentric linkage has the effect of changing tj>> and &X% 
by, resjjectively, 

fig? - <?* cos (ttX? - a,), (65*1 

VCf = (^) sin cwtf - «*). ( 05 ^) 

The resulting change in the gauging parameter is 

or, i>y m. m, 

A(/ir> = + +■ + <V*?f. (07) 

It is thus the sum of four sinusoids multiplied by the slowly varying O'*. 
Combbring K<|s. (64), (65), :uid «>7). one ran write 
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(OP) 1 4- 



(f); 



-III 



sin 



W - ai + lan-i fej ) 
W - + tan - feg ) 



(68) 



Here the contribution of each eccentric linkage to the gauging parameter 
is expressed as a sinusoid with adjustable frequency, amplitude, tad 
•base constant, the second and third of these* quantities bring subject to 
doW variations of predetermined character. The difference in cITect of 
BOeenftrifl linkages on the input and output cranks arises partly from 
differences in these variations, but principally from the fact that the 
argument of the sinusoid is in the first ease a linear function of X u in 
I he second rase a linear function of A ... 

It is possible to use the additional flexibility provided by eccentric 
linkages to increase the number of precision points, if all constants of the 
device arc adjusted simultaneously. When only the constants of the 
eccentric linkages are to be adjusted it is usually desirable to leave 
undisturbed the precision points already established, (me < ; m make 
AjTo* vanish at five previously established precision points by adjustment, 
of the five constants t it f 2 , a* a*, and e t /e\. Then Agtf* will have the same 
zeros as the gauging error of the original three-bar linkage, and usuallv 
the same general form; by appropriate choice of the remaining constant , 
say ei, one can give it roughly the same magnitude. The completed 
linkage will then have the same precision points as before, but smaller 
gauging errors. When a single eccentric linkage is to be used one can 
leave undisturbed only two precision points. 

Example. — As an example, we shall further reduce* the structural 
error of the logarithmic linkage of Kig. 7 b, using a single eccentric! link- 
age. The design procedure is then extremely simple, but requires the 
exercise of some judgment if best results arc to be obtained 

The error tunc! ion of the* original linkage, as shown in Fig. 7-0, has a 
generally sinusoidal character. The points of precision occur for 

ftjf - 0.05, 0.3, OA, 0.0, 1.0, 

ftf - 0.0125, 0.1125, 0,3325, 0.772, 1.0. ((><)) 

Kxcept for the last, they are quite evenly spaced in .Y 2 , but unevenly 
■paced in Xi; they have about the same* distribution B0 the nulls in a 
sinusoid with argument linear in AY If a single eccentric linkage is to 
be used it should be placed on the output crank; it will then be possible 
to leave four, and not just two, of the points of precision essentially 
unchanged. We will have then, on introducing the Q's in place of theG's, 



« 2 + tan 



(70) 
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The nulls of this expression occur when 

(•X? - + t:tn - Mr. (71) 

Table 7-1 shows the values of QCfQf at thfl previously established 
precision points, I = 0.5, 3, 0, 8, 10, and 1he valuers of i%X^ — <*.. required 
if then points are to l>e nulls of A*/,; 1 ; n has Ixvn assigned the values 0, 1, 
2, 3, 4 at the successive nulls. 

♦ 0.005 1 1 a 




-0.005 



I n.. 7 s. mimliHil rrror in llie final Ingnrilliiiur linkage. 

Tarijc 7-4 — Value* or CUXV* - Ukquirkd koii Vanishing ok A^j, 0 
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Let us choose to retain the points .v 0.5 and .* 1) as points of preci- 
Mon. Taking the values of V . in Table 71 as sufficiently accurate, wo 
t hen require 

/, (-110°) - a 2 - 77.9°, 
fe(-33.f>°) - at - 



(72) 



whence 



U - 6.21), \ 
a, - -766.5°, 



£!? = -122 4° 



.731 
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e 2 * 0.0004 1 (exaggerated) 

Fl«». 7-a. Final ln«nril hmir link :nr« * 



The corresponding values of bif^/v-i are shown in Table 7-5, and are 
;>lottrd (dashed curve) in Fig. 7-5. This curve has re Highly the same 
form as the residual error of the linkage which is to he improved; 

inspection will show the Ar/i," gives about the best approximation to 
Jjjf* when 

c 2 = 0.0004 1 . (74) 

I Mo.k 7 5. Cam'ih.athjn ok Stiii ctuual Kkicou ok Final UMjUBIBOD LtJIEMfl 
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The resulting values of and of the final gauging error 

fyo' <f> = Wi w - AfT (75) 

are given in Table 7*5, together with the resulting error in the homo- 
geneous output variable; the last two quantities air plotted in Fig. 7-8. 
The struct ural error remains less than 0.05 |>ci rent except in the immedi- 
ate neighborhood ol /; , A, = 0, where it .abrupt I y rises to 0.4 per cent 

The linkage is outlined in Fig. 7-9 in its configuration for s « 2, very 
near to one of its precision points. 



CHAPTER 8 



LINKAGES WITH TWO DEGREES OF FREEDOM 

Functions of two independent variables are usually mechanized by 
three-dimensional cams ;Fig. 1-21), which arc expensive to manufacture, 
and rather bulky; they are, however, easy to design and have very wide 
application, liar linkages with two degrees of freedom can also serve to 
mechanize functions of two independent variables. These linkages have 
the advantages of being flat and small, of giving smooth frictionless 
performance allowing appreciable feedback, and of being relatively 
inexpensive to manufacture in quantities. They are, on the other hand, 
relatively difficult to design, having always residual structural errors 
which must be brought within the specified tolerances. The mathe- 
matical design of these linkages will l>e treated in the remainder of this 
book. BiLsie concepts needed by the designer will he introduced in the 
present chapter Succeeding chapters will show, partly by precept, and 
partly by example, how to design linkage multipliers or dividers (Chap. 
9) and linkage generators of more general functions of two independent 
variables (Chap. 10). 

8-1. Analysis of the Design Problem.— Mechanisms wit h two degrees 
of freedom have at least one output parameter X k functionally related 
to two input parameters A\ and A',: 

-Y, - /-(.V., -V,). (l) 
If the domain of definition /> of this relation is a rectangle, 

A „„ ^ X4 S Xim t Tim g Zj S X*«, (2) 

the mechanism is said to be " regular." 

To such a mechanism one may add function.nl scales that establish 
relations between the parameters A",, A'. f \\, and corresponding variables 
i,, x h x kf respectively. The mechanism will then serve to establish a 
functional relation 

m = /(*., m 

between these variables; we may say that the device, mechanism plus 
scales, mechanizes Eq. (3). If this relation of the variables is to l>e 
single- valued, it is necessary that to definite values of the input variables 
there correspond definite values of the input parameters, and that to a 
definite value of the output parameter there corresponds a definite value 
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of the output variable. The scales must then establish relations of Ihe 
form, 

Zi - (Xi\n) ■ *, 1 

JT| - (A',k) • • (4) 
* - Cr t |A',) • X* , 

where all three operators (bill not necessarily their inverse operators) 
arc single- valued It Bqi. (4) arc Of linear form. 



Xi - AT + M* - 



(5) 



the device provides a "linear mechanization " of Kq. (3). When I 
mechanism is to be a c omponent of a more eomplex computer, it is of Umi, 
but not always, required to provide a linear meehaiiization of the relation 
between input ami output variables. 

Any mechanism generating a funetion F of two independent param- 
eters may lie represented sehematieally as 
in Kig. S I. This representation! is sufficient 
in the ease of three-dimensional earns, which 
can generate in one step, so to speak, any 
well-behaved funetion of two independent 
parameters. Simple bar linkages, on the 
other hand, ean generate only a restricted 
class of functions; to mechanize a given rela- 
tion between parameters one must usually 
build up a more complicated structure, a 
combination of one or more simple linkages 
of two degrees of freedom ami several link- 
ages of one degree of freedom. It is then 
necessary to consider the internal structure of the function generator F. 

Let G denote a simple bar linkage with two degrees of freedom, gen- 
erating a function of two indc|)cndent parameters, 




I Mi. s i. Schematic rcprc- 
.sciitHOon of iiicrlianiHin RtMtrr- 
utiiiK • fuurlion A'* of two 
indepomlcnt paraiuctcr.H, A, 
and X). 



(6) 



of a restricted class. By combining such a linkage with three linkages 
having one degree of freedom, as shown schematically in Fig. 8-2, one 
can generate relations of a much wider class between parameters A',, X^ 
X k . A more elaborate structure is that shown in Fig. 8-3, which consists 
of four linkages, each with two degrees of freedom, so connected as to 
make use of feedback. Theoretically, such structures make possible a 
further extension of the field of mechanizable functions. In practice it is 
usually sufficient to use the simpler structure of Fig. 8-2, to which we shall 
henceforth confine our attention. 
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We have then to consider structures consisting of a linkage with two 
degrees of freedom, which establishes a relation \ Va\. (f>)] bet w ee n internal 
parameters )'., ) ,. )\, and three linkages of one degree of freedom, which 
relate the internal parameters to the corresponding external parameters 
A | , Xj t Xt > 

ft- 0 ,,A\) A,, | 

r, = (r,|x,)-A'„ (7) 

A, - (\\\)\) ■ )\. j 

Together, these establish a relation between the external parameters 
[Bq, (1)|; the functional scales, in turn, convert this into a relation [Eq. 
(3)] I >et ween variables x, r X§ t gfc, which i,s to be made to approximate as 
closely as possible to some given relation, t hroughout a s|iccificd domain. 




I n.. 8-2. CoriihiniUH ( ui ill JMmftOf PML s:{. PSttdbttflh liiiknict* willi two 

unit (run -L.r run liitkiljCR*. <l«»fcivi»* of fl ihuIiiiii, 



7\, T h 7\, we shall call the "transformers," Ijecause they transform the 
internal parameters )' into the external parameter* A. The division of a 
mechanism into a grid generator and I ransb Miners is to BOOM extent 
arbitrary; the breakdown of a given functional relation [Kq. (I)| into a 
grid-generator relation [Kq, ((•)] and t ransl'oriner relations [Kq. (7)| is 
completely arbitrary. We shall therefore make use of the generalized 
term "grid generator for a given function" as denoting any linkage with 
I wo degre e ! of freedom which will serve as the linkage (i in a mechaniza- 
tion Of the given function. 

Transformer linkages increa.se the field of linearly mechanizable func- 
tions, but not the field of functions mechanizable in the mine general 
sense. A relation r* = /(.r,, r t ) mechanized by a grid generator [Kq. (6)], 
transformer linkages [Kq. (7)1, and functional scales [Bq. (4)] can be 
mechanized also by associating the same grid generator directly with 
scales which establish relations 

>\ (Yi\X) • (Xi\n)-Xf~ ) 

) [YJ(X f ) <X,.r,)-x, = W 

^ - ■ (A\m) * n - *t(n). J 
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Transformer linkages in a design thus serve only to change the form of the 
functional scales — usually to make them linear. 

It is obvious that the choice of a grid generator is the central problem 
in the design of a linkage with two degrees of freedom. When a linear 
mechanization is desired, one can then proceed to design the transformer 
linkages by methods discussed in the preceding chapters; concerning this 
latter stage of the work, which offers no new theoretical problems, little 
more need bt said. It is evident that a very simple grid generator 
may serve if the transformers arc made sufficiently complex, whereas 
another choice of grid generator may make unncccssan the use of one or 
more transformers. It is important that the transformers not add too 
much to the complexity of the design; a good grid generator should l)c 
simple in structure, and also adapted to use with simple transformer 
linkages. For instance, we shall see that the common differential is a 
theoretically adequate grid generator for an important class of functions; 
its general use in linearly mechanizing these functions is, however, not to 
be recommended, since the required transformers tend to be excessively 
complex. 

In practice one has available a relatively small number of types of 
linkage suitable for use as grid generators; the available grid-generator 
functions G belong to several restricted classes. Isually these will not 
include an exact grid-generator function for the given function; a struc- 
tural error must be admitted in designing the grid generator. Structural 
errors must also be admitted in the design of the transformer linkages. 
Thus it is always important in designing such mechanisms to make a final 
adjustment of all available constants, in order to minimize the over-all 
structural error. 

In summary, mechanization of a given function of two independent 
variables involves the following steps: 

1. Choice of a suitable type of grid generator. 

2. Selection of tin* constants of the grid generator. 
& Design of the transformer linkages. 

4. Final adjustment of all constants of the mechanism. 
The ideas to be developed in the remainder of this chapter are essential for 
the first of these steps; they also form a foundation for the procedures 
required in the second step, which will be descril>ed in later chapters. 

8-2. Possible Grid Generators for a Given Function. It is very easy 
to give a formal characterization of all functional relations which can be 
mechanized by use of a given grid generator. Combining Kqs. (G) and 
(8), we see that these; are the relations which can l>c expressed as 

* - /(*., x f ) = O) 

where G is the given grid-generator function and fa, <*>/, fa are arbitrary 
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single-valued functions of their arguments. Conversely, to mechanize 
a given functional relation 

one can employ a grid generator with parameters related by 

r» - fl|r« >•,) = ^(/forW, *,-'(>',)]). (MO 

where fa\ 4>T*t 1 an? ino h*VW»B of arbitrary single- valued functions 
fat 4>h 

The relations expressed in Kqs. (0) and (10) can also be expressed in 
terms of contour lines of the functions/ and G. Let us plot contours of 
constant Y k m G(Y{, Y t ) in the (Y if Yj) -plane and label them with the cor- 



1 




(») (W 

I'ki. S I. Ti>|M]|<>Ki<'iil t rniMfor luatiaa <•< MMWk 

responding values of K« (Fig. S- In). Next let us introduce u change in I In? 
independent variables, defined by the equations 



(H) 



where 4> t and fa are single-valued functions of these arguments. Replot 
ting the contours of constant <7 in the (x f , .r,)-planc (Kig. H- Lb), we obtain 
lines of constant /(j*,, :r y ), as defined by llq. (0). If these contours are 
relabeled with values of Xt given by 



x\r - him, 

they will represent the functional relation 

*k - f(*it *i) 



(12) 



defined by Eq. (9), for a particular choice of the functions fa, 4> n fa. 1 1 
is thus clear that a given grid generator can be used in mechanizing a 
given function if the contours of constant G{ >*,, )',) can be transformed 
into those of constant f(x i% r,), or conversely, by any topological trans- 
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formation of the form of Eq. (11), with relabeling of the contours accord- 
ing t o Bq. (12). 

Form*] relations such :us Eqs. (9) and (10) arc not of great value in 
practical design work. The graphic presentation of these relations by 
means of systems of contour lines is of nunc interest, but as an indication 
of n direction of development, rather than as a completed idea. What is 
really needed is a means of characterizing given functions, on the one 
hand, and available grid generators, on the ot her, which will make it clear 
at once whether or not a given grid generator can be used in mechanising 
a given function. lOven more valuable will be a means of characterizing 
a given function which will assist one in designing a new and satisfactory 
grid generator. In both respects the idea of "grid structure of a func- 
tion " is of fundamental importance. 

8-3. The Concept of Grid Structure. The representation of a funct ion 
of two independent variables by a grid structure is an extension of the 
familiar representation by a set of contours of constant, value of the 
dependent variable. It will here be introduced in a specialized form, 
■rtfafastoff] for the classification of functions; in later sections it will be 
generalized ami applied in design work. 

lUctangular Grul Structure with ttespect to a Center S and a Contour C\ — 
We have now to construct the grid structure of a functional relation 

* -/to*) (i4) 

defined through a domain /) in the (.r», .r,)-planc. 

Let S be a point in the domain />, associated w ith values of the varia- 
bles w hich will be denoted by .r;° , x) il> , 4 0> ; this is to serve as the "center" 
of the grid structure. Through 8 construct the contour H of constant Xk f 

4* (Ufl 

(See Fig. 8-5.) Next choose an adjacent contour C, defined by 

Si = 4 l) . (MB 

This, together with the point S, will fix the grid structure thai i- to be 

eonatructed. 

Through fl construct the vertical line Xt « x\ 0) , intersecting the con- 
tour C at the point Xj~ u , Through this latter point construct 
the horizontal line 2; ■ x)~ l \ intersect ing the contour H at the point 
(.r['\ .r}"", Through this point, in turn, construct the vertical 
BttC x\ m j\ l > t intersecting the contour C at the point (x\ u f Z$~ v t jrjf u )- 
Continuation of this process extends the steplike structure of lines 
bet ween the t wo contours, bot h above and below N, and defines sequences 
of values of the two independent variables: 
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. . . , *?\ A l \ aft 

. . . , *r x \ *?\ *P, *! 2 \ 

The rectangular grid of lines 

.r, - gf (17) 

and 

will cover part, but not always all, of the domain />. This rectangular 
grid serves to define a system of contours 

a - 4°, 0»> 

which, together with this grid itself, will make up the 11 rectangular grid 
structure of the function, defined with respect to the center S and the 
contour (V 




Kia. 8-5. Ideal grid atrin Mm*. 

Ideal Grid Structure. The rectangular grid has ban so const meted, 
and its lines so numbered, that a single contour, 

* - (90s) 
passes through all grid intersections for which 

r + s = 0, (20/v) 

and a single contour, 

* - (21a) 
passes through all grid intersections for which 

r + « - -L (2W») 
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There is an important class of functions such that, no matter how the 
center «S' and the contour C are chosen, there will l>e a single contour, 



* - 4". 

passing through all grid intersect ions for which 

»+.«.= /, 



0») 



(22) 



/ being any integer, positive* or negative. Such a function will l>e s:ii<l to 
have 11 ideal grid struct inc." 

An ideal grid st ructure (defined with respect to a center 8 and a 
contour C) will consist of the rectangular grid specified above, plus all the 
contours of constant x k which pass through the intersections of the grid. 
Such a grid structure will appear as shown in Fig. 8-5. This grid struc- 
tore can also be deseril>ed as consisting of three families of curves, given 
by K<|s. (17), (IS), and (10), such that through every point «>l intersection 

there passes a curve of each 
family. This description will re- 
main valid even when the con- 
cept of ideal grid structure in 
generalized. 

A r a n ideal ( ir id S fr net u re. — 
When different contours of con- 
stant Xk pass through grid inter- 
sect inns characterized by the same 
value of (r + ,s), the grid struc- 
ture will be said to be "nonideal." 
Figure 8T> represents an extreme 
case of nonideal grid structure. 
When the grid structure is non- 
ideal one cannot distinguish by the single index (r + s) the contours of 
the family defined by the grid; one might, instead label each curve with 
the two indices, r and .s-, of the corresponding grid intersection, as shown 
in Fig, B4L 

It is not convenient to consider all these contours as belonging to the 
grid structure of the function, nor would this contribute to the clarity with 
which the grid structure represents the properties of the function. It is 
sufficient to include only one such contour for each value of (r + «), label- 
ing it with this quantity as the single index. The choice of the contours 
to be included is to some degree arbitrary. We shall consider a nonideal 
grid structure to consist of the rectangular grid defined in the usual way, 
plus the contours of constant Xt that pass through the grid intersections 
with r = .<? = n, plus intermediate contours that interpolate smoothly 
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between these and therefore pass near the intersections with 

r = « + 1 = n 

ami r -f I .s /.. i.\ precise method fur choosing these i n te r mediate 
contours will be indicated in Sec. 8-0.) 
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Figure 8-7 illustrates a typical nonideal grid structure*, that of the 
function 

fc-;^ « + + (23) 

The point Xi = Xj — ./, I has Ixnm chosen a,s the center tf, and the 
OOtttOUT C is that for which .r ; , — 0,0 = xi~ l \ The contours ire svm- 
metrical with respect to the dotted line in the figure, and so is the ree- 
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tangular grid. It will be observed that near the contours B and C, and 
near the line r = «, the contours pass very nearly through the grid inter- 
sections. Away from these lines the noiiideal character of the grid struc- 
ture becomes increasingly apparent, as the contours pass farther and 
fai l her from the grid intersection*. 

Grid Structure in the Neighborhood of a Center. — The greater the 
distance from the eenter & to the adjacent, contour C of the grid struc- 
ture, the more coarsely does the grid structure represent the properties 
of the function. In order to define for a function "the grid structure in 
the neighborhood of a center/' one must allow the contour C to approach 
the center 0, and concentrate attention on a very small region about the 
eenter which, nevert heless, contains a considerable number of grid lines. 

One can expand in Taylor's series about the eenter S any well-be- 
haved function: 

= ** *,) = * + (*< - <•} + (mx - *■> 1 

+ terms of higher order in (.r, — x t 0> ) and Uv — J} 0> )- (24) 

In the immediate neighborhood of »S the quadratic and higher terms in 
Kq. (21) can be neglected. To this approximation the contours of 
constant Xk are parallel straight lines, the grid consist* of identical 
rectangles, and the grid structure is ideal. Thus one can say that the 
grid structure of any well-behaved function is ideal in the neighborhood of 
its center. The practical significance of this statement, which will be 
brought out more completely in later sections, is this: It is always easy to 
lind a grid generator for a function if the domain of mechanization is 
sufficiently restricted; what is difficult is to find grid generators useful 
throughout extended domains. 

8-4. Topological Transformation of Grid Structures. It has been 
shown in Sec. 8*2 that the topological transformation 

r, - fete), (in 

carries contours of the function 

n = mx M y>) (•) 

in the (Y if F;)-plane into contours of the function 

* =/(*.,*,) (13) 

in the (a\, .rj-plane. This transformation carries vertical straight lines in 
the (K„ y'y)-plane into vertical straight lines in the (.r,, x y )-plaiie, and 
horizontal straight lines into horizontal straight lines. Indeed, the 
reader will easily see that the idea of grid structure has been so defined 
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that if this transformation carries a center &r in the ( )',, ) r ,)-plane into a 
center S M in the .r,)-plane f and a contour Cy into a contour (\, then it 
carries the complete grid struct ure of the function (7(7* )',), defined 
with respect to 8j and Cr t into the grid structure of the function /(./•,, ./•,). 
defined wit h res|K»ct to S x ami C r . The values of t he variables associated 
with the grid lines and contours will be transformed according to Mqs. 
(11) ami (12), but the indices r, *, /, will be unchanged. 

The main conclusion of Sec. K-2 can therefore Is* restated in the follow 
ing terms: A given grid generator can l>e used in tin' erne/ mechanization 
of a given function if, and only if, there exists a topological transforma- 
tion, of the form of Kq. (II). that carries each grid structure of the 
function <7(V\, K>) into a corresponding grid structure of the given func- 
tion x,). In practice, of course, all that need lie shown i,s that some 
grid structure of the function (/()',, )'/), with sufficiently small meshes, can 
be thus transformed into a corresponding grid structure of the function 
/(#,, Xj), with errors within specified tolerances. 

The topological transformation cannot change intersection properties 
of the lines of the grid structure; it must then transform an ideal grid 
structure into another ideal grid structure, a nonideal grid structure into 
another nonideal one. It follows that a given function with an ideal 
grid structure can be mechanized exactly only by a grid generator with 
ideal grid structure, a given function with nonideal grid struct ure only by 
a nonideal grid generator. 

In Sec. So it will be show n that all functions with ideal grid structure 
i'.-iii bo mechanized by any grid generator with Ideal grid struct ure, such as 
t he common differential. 

In I he HUM of nonideal grid structures the situation is not BO simple. 
There 0X0 many different ways in which a grid structure can be nonideal; 
it is in general possible to determine whether or not a given grid generator 
will serve in the mechanization of a given function only by making a 
detailed comparison of their rcsi>eetive grid-structure properties. In 
Sec. 8T> then* will be indicated the basic ideas of a systematic method for 
choosing from among a number of given types of grid generator the one 
which is most suitable for the mechanization of a given function. Unfor- 
tunately, this method cannot suffice for the design of nonideal grid gen- 
erators until an extensive file of grid structures has been accumulated. 
In the present state of the art it is necessary to design a grid generator ab 
initio for each given function; the way in which t his can l>e done, by a 
study of its grid structure, will be indicated in >Sec. 8-7, and illustrated at 
length in Chap. 10. 

8*5. The Significance of Ideal Grid Structure.- It will now be shown 
that if a functional relation 

= /(*,, n) (25) 



(26aJ 
(266) 

(26c) 
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has ideal grid structure, then there exists a topological transformation 

- 

such that 

r f = r, + r f (27) 

In other words, if the functional relation Ki\. (25) has ideal grid structure 
it can 1>e expressed as 

4>t l (*t) - *&) + *,(*,)• (28) 
It will follow immediately that this function can he mechanised using a 
differential as grid generator, together with transformer linkages and 
scales which establish the relations of Kqs. (2(»). 




I*i<i. K S. Su I xli vision of an kI«-iU icriil structure. 

Let us consider the ideal grid structure defined with respect to a 
center S and n contour C t as shown hy the solid lines of Fig. 8*8. Asso- 
ciated with each intern et ion in this grid structure are values of the 
indices r, t, and /. such that 

r + s = /. (29) 

The index / is a single-valued function of the r .-coordinate of the inter- 
section, | is a single-valued function of x, t and .r* is a single-valued function 
of /. In short, the indices r, a, / have all the characteristics which should 
he possessed l>y the parameters )',, Y,-, )'*, respe ctively , except that they 
are defined only for a discrete sequence of values, instead of as continuous 
functions of .r„ x h x k . We shall now show that the definition of the indices 
can he extended to apply to a continuum of values; the theorem above 
will then follow on identification of r, «, I with )„ Y„ Y kt respectively. 

Let us consider the portion of Fig. 8*8 lying between the contours B 
and C, and between the lines x^ and x^K It is clearly possible to choose 
a contour C such that a step structure constructed lictwccn the contours 
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B antl C passes from the center S to the point (x) l \ x$-*\ x^) in two 
steps, instead of one. Now let us construct a grid structure with resj>eet 
to the center S and the contour C (solid and dashed lines of Fig. 8-8). 
It is clear from the method of construction that this new grid structure 
includes the contour C T as it*s first contour beyond C'. It follows immedi- 
ately that every line of the original grid appears in this new one; in 
addition, there is a new line interpolating bet ween each pair of adjacent 
lines in the old grid. Instead of reassigning integral indices to all lines 
of the new grid, we shall retain the old indices for the old lines and assign 
half-integral indices to the intervening lines. All indices an' just half as 
large as they would have been if the construction had been begun with 
the center S and the rout our (" \ Va\. 
(20) is still satisfied, but half-integral 
indices may occur in it as well as 
integral ones. 

In the same way we can const ruct 
a new grid structure in which (" is the 
second contour (rather than the first) 
beyond S t and can assign to the lines 
of this structure quarter-integral in- 
dices which satisfy K<|. (21)). Con- 
tinuing to subdivide the original grid 
in this way, we can define grid-struc- 
ture lines corresponding to arbitrary 
values of r, n, /, in a continuous range, throughout maintaining the validity 
of Kq. (2*)). These indices ap|)car as functions of x f} .r*, having the 
form of Kqs. (20); it is only necessary to identify r, s, I with Y{, V',, V\, 
toeomplete the proof of the theorem 

As examples of functional relations with ideal grid structure we may 
lake 

Sk ■ J\ + x„ 
with grid strueture shown in Kig. 8*9, 

4 = <* + 4 

with grid structure shown in Fig. 8-10, mid 
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ik = 



(32) 



or 
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(88) 



w ith grid structure shown in Kig. 8* IS. 

An alternative statement of our result is the following: It a functional 
relation has ideal grid structure, it is always possihle to apply ;i topO 
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logical transformation of the form of Eqs. (20) that will transform this 
grid structure into the form shown in Fig. 8-9, within some domain of the 
variables. Possible limitations of the domain of this 1 ransformation will 
be evident OO comparison of Figs. 8-9, 8*10, anil 8-13. The grid structures 
of Figs. 8-9 and 8-10 correspond closely in the first quadrant, and the 
general form of the required transformation of horizontal and Vertfafl 




Khi. 8-10. (Jiiel Ktrticturc of /,* + = x**. 



coordinates is clear enough; on the other hand, it is also clear that ;i 
transformation which will serve to carry one grid structure into the other 
in the first quadrant will not have this effect in the second quadrant, or 
the fourth. This is due to the fact that the transformation Kq. (20a), as 
defined by the grid structure, ceases to he single- valued when the contour 
C i followed through a point of infinite slope; similarly, Kq. (2tt) ceases 
to be single-valued when C is followed through a point of zero .-lope. 
Together, these* limitations restrict the transformation from Fig 8-9 to 
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Kig. 8- 10 to corresponding quadrants. A very different example is 
provided by Kq. (33). The transformation equations 

> - lnz„ 

r< - - In * (31) 
Fi - In x kf 

which transform Fig. 8* 13 into Fig. 8*9, transform the first quadrant of 
Pig, 8- 13 into the whole of Fig. S t); other t ransf urinations carry each 
of the other quadrants of Fig. 8- 13 into the whole of Fig. 8-9. 

We have now proved that any function with ideal grid structure can 
Ik* mechanized using a differential as grid generator. This is by no means 
necessary, nor is it usually desirable. It is, in fact, possible to use any 
grid generator with ideal grid structure in mechanizing any given func- 
tional relation x k = f(x it .r,) with ideal grid structure; the choice should 
depend on the mechanical desirability of the device a*s a whole. In order- 
to make contact with the analysis of Sec, 81, let us suppose that it is 
desired to establish between external parameters X* -Y„ Xk, a given 
relation 

x k =- F(x i9 xd m 

with ideal grid structure; this is a problem equivalent to that of finding a 
linear mechanization of a relation of the form of Fq. (35) between 
variables x in x i% x t Lei there !>e given a grid generator with ideal grid 
structure mechanizing the relation 

Y k - G(Y„ f3 (36) 

between internal parameters )'„ )',, W We have seen that, this relation 
ean also l>e mechanized using a differential as grid generator; Fq. (30) is 
equivalent In 

z k = z t + z h cw) 

Zi = {Zi\Y,)-Y it \ 

Zi = (Z,\Y,) ■ Y it (38) 
Y h - (Yi\Z k )'Z k , 

with the indicated transformer functions all single- valued. Conversely, 
the given grid generator, Bq. (88), can be and in meoherridng Bq. (37), jw 

indicated in the inner circle of Rg, SI I; the transformer function, 
required are the inverse of those in Kq. (MS). We know :ilso that the 
resulting differential can he usinI in mechanizing (35), in comhination 
with transformer linkages generating the relations 

Z. = (Z.|A\) • Xi, 

Zt = {Z,\X)-X h \ (39) 
X* = (X*|Z 4 ) • Zm 
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as shown in the outer circle of Fig. 811. It thus heroines obvious that 
the given grid generator can be used in mechanizing Kq. (35), by com- 
bining it with transformers mechanizing the operators 



(>\|A\) = ()\\X,) ■ (Zi\X t ), 



(40) 



These transformers may be simpler in structure than those required 
with the simpler differential grid generator, and the domain of operation 
of the complete device may he more extensive. For example, it is cer- 
tainly possible to build a multiplier with linear wales, using a differential 




— i 

|„; SI I. M«M-hui>ijuition of » icivrn function with ideal if tit 1 Ktructurc by u Rivon fciid 
IBMicrahir with Idnl nri<l MOu<tur«\ 

as grid generator, and logarithmic transformers [Kq. (34)1 such as that 

illustrated in Fig- 1 * The resulting meehanism would he unnecessarily 

complicated, and would be operable only in a domain in which none of 
the variables changes sign. It is much more satisfactory to US c as grid 
generator a. st ar linkage « 'hap. 0). This can be so designed jus to have an 
almost ideal grid structure, and, in combination with simple trans- 
formers, makes up a multiplier useful through a domain that includes 
both positive and negative values of .r, and x r It is thus evident thai, 
the problem of designing new grid generators with ideal grid structure is 
one of considerable practical importance; it will be the subject of Chap. 9. 

8-8. Choice of a Nonideal Grid Generator. The number of type* <•! 
simple and mechanically satisfactory grid generators is rather limited, but 
the grid structures of these devices can be varied widely by changing 
design constants. It appears to be practicable to set up an atlas of grid 
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structures from which, by simple comparison with the grid structure of a 
given function, it would be possible to select a type of grid generator 
suitable for a mechanization of that function, and to determine approxi- 
mately the required design constants. We may note here some char- 
acteristics of this problem, and some methods of simplifying it. 

The grid structure of a given function may differ from the catalogued 
grid structure of a satisfactory grid generator for any or all of four 
reasons: 

1. They may differ by a topological transformation. Kqs. (8), which 
i: to be carried out by the transformer linkages. 

2. The contours C of the grid struct urcs may not correspond. 

3. The centers S chosen for the grid structural mas not correspond. 

4. The catalogued grid structure may correspond to use; of t he CTOng 
terminal as output terminal. 

These? four factors will l»c considered in turn. 

h'< yuiurizcil Grid 8triwturvx. — In order to make possible direct com 
pari son of the grid structural of given functions and given grid generators, 
it is desirable to reduce to a common form all grid structures which differ 
only by a topological transformation. This common form will be termed 
the 14 regularized grid structure.'' It is possible to mnnhmllfl a given 
function by a given grid generator if, and only if, their regularized grid 
structures are identical, or can Ik» made so by proper choice of the ele- 
ments mentioned in Items 2, 3, and 4 of the preceding paragraph. 

In general terms, one may define a regularized grid st ructure as that 
obtained from any given grid structure by applying a topological trans- 
formation which converts the rectangular grid of the original structure? 
into a square grid. More precisely, the transformation to be applied is 
that which maps into a square grid the very fine grid structure* formed 
in the limit a.s the contour (* approaches the center »S\ Let the given 

functional relation be 

* = /(-*,*/). (14) 

The* transformation to the plane of the new variables (z n zj can be 
defined in lerm* of line integrals in the (.r r , .rj-plane. extending from the 
chosen center 8 ■ (xm, along the contour of constant Xtl 

The variable z k is then so defined, as a function of x Lf that Kq. (14) 
reduces to 

Zk ■ Zi + Z; (42) 
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along the line 2, =» */ in the (z„ z ; )-plane. Rewriting Eqs. (41) as 

Xi = *r l (*), (43flJ 

4 me may cypress the required relation jus 

All functions with ideal grid structure have the same regularized grid 
Structure — that illustrated in Fig. 8-t) except for possible differences 
in the spacing of the grid lines. For instance, if the given relation its 

x k = (*? + *J)» = /(*,, *d (45) 

{cf. Fig. 8-10) one has 

/^A = ^ / <V\ m x± (46) 

\6*ifm mt mm x ko 

Then 

id ■ -o- r « ( »7a) 

% - (4?| 

Thus 

z. - *-'(z.') = (x/o + (48a) 

x, = *-•(*,) = ft + 2.r tl *,)» (48b) 

and Kq, (44) becomes 

** = (a*. + 2x t „z*)* (4<)«) 

or 



it 



As with all functions having ideal grid structure, the z's thus defined 
satisfy Kq. (42) not only when z, = z>, hut throughout the domain in 
which the transformation Kq. (11) is defined and single-valued ; the 
regularized grid structure is that of Kq. (42). 

Figure 8T2 shows a regularized nonideal grid structure, that of Kq. 
(23). It is, in fact, the regularized form of the grid structure shown in 
Fig. 8-7, and has l>cen constructed graphically by referenre to t hat figure, 
rather than by analytical working out of the transformation discussed 
above. We know that the rectangular grid of Fig. S-7 would be reduced 
to an almost square grid by this transformation. In Fig. 8-12 this grid 
has been constructed exactly square, wit h negligible error. The eon- 
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tour lines in Fig. 8 12 must have the same relation to this square grid 
as the contour lines of Fig. 8-7 have to the rectangular grid; points of 
intersection arc easily established by interpolation, find the contours 
passed through them. Such a construction is quite accurate enough 
for the purposes here contemplated if the mesh of the original grid struc- 
ture is Dflt too open. 

The curves of the structure 
thus established must correspond 
to equally spaced values of z,, z„ 
z i: that .satisfy Kq. (42) along the 
line Zi = Zj. One can determine 
the spacing constant a only by 
reference to the transformation 
equations; this, however, is a 
matter of scale which is of no 
practical importance. 

In a regularized grid structure 
the square grid contributes noth- 
ing to the characterization of the 
function; attention can l>e focused 
<>n the system of contours of con- 
stant z k . The usefulness of the 

idea of regularized grid structure is largely One to tins taei. 

Kffeci of Chatujc of Contour C. The transformation to a regularized 
grid structure converts the functional relation 

* -Jfe n) (ID 

into another, 

which defines a 44 regularized surface" in (z„ z„ 2*) -space. This surface is 
tangent to the plane z t = z» 4- z, all along the line z t ■ 0, and intersects 
it all .along the line z, - z,-; its form is made obvious by the contour linens 
of the regularized grid structure. Change in the choice of the contour C 
changes the spacing of these* contours, but not the form of the regularized 
surface that they dcseril>e. Thus, in comparing regularized grid struc- 
tures of given function with those* of given grid generators, one should 
compare surface to surface, not contour to contour. Tins can be done 
without knowledge of the spacing constant. 

Effect of Chatujc of the Center S- Passage to the regularized grid 
structure always transforms the contour B through the chosen center S 
into the straight line z, + z, = 0 in the (z„ z/)-plane. When the grid 
structure is ideal, all contours of constant .t* are transformed into parallel 
st raight lines; the appearance of the regularized grid structure does not 
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depend on »S\ When the grid structure is iHHudr.il this is nol precisely 
true. Adjacent contours are converted into lines which are only approxi- 
mately straight, and the special characteristics of the nonideal structure 
l>ccome evident in the form of the more remote contours. Choice of the 
center S' on another contour li' (Fig. 8 12) would make that contour 
transform into a straight line, and introduce a corresponding curvature 
into the transformed contour li. If H' is very nearly a straight line in the 
original regularized grid structure, the change in form of li, and of the rest 
of the grid structure, will l)e small. It is thus evident that the chosen 
center of the grid structure in Fig. 8*12 could Ik* changed within wide 
limits with lit tle effect on the appearance of the regularized grid structure. 
On the other hand, a striking change would occur if *S" were chosen as 
t he center. 

It is usually sufficient, for practical purposes, to represent a given 
grid generator l>y a single regularized grid structure. The domain of 
usefulness of the grid generator will he limited by mechanical considera- 
tion-, and it will be natural to choose S near the center of this domain. 
The domain of a given function to 1m- mechanized will also he specified, 
and a center S' will Ik- chosen near the center of this domain. If the grid 
generator 18 to be useful in mechanizing this particular function the 
centers S and aS" must correspond at least roughly, and the difference 
between them will not cause large differences in the apj>earancc of the 
regularized grid structures. 

Effect of Chain of Output Terminal. Coven a mechanism suitable for 
use as a grid generator, one might choose any of the three terminals as 
the output terminal, and might associate the input parameters with the 
Other terminals in two different ways. To each of the six possible ways 
of using this mechanism as a grid generator there corresponds a differed 
grid st ructure. The appearance of the grid st ructure depends principally 
on which of the terminals is associated with the output parameter )\; 
interchange of the input terminals, in their association with ) , and H 
merely produces a reflection of the grid structure in the diagonal line 
Y< - Y h 

In an atlas of grid structures one might then represent each mecha- 
nism by three regularized grid structures corresponding to the three 
choices of output terminal. Alternatively, one might present, a single 
regularised grid structure. For each given functional relation it would 
then 1x5 necessary to construct three regularized grid structures, with 
z iy x fy and Xk, in turn, treated as the output variable. A match between 
one of these three structures and a catalogued structure! (after a possible 
reflection in the diagonal) would then show that the catalogued mecha- 
nism could be used, and would indicate the way in which the parameter 
should be associated with its terminals. 
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8-7. Use of Grid Structures in Linkage Design. The concept oi grid 
structure is of fundamental importance as an aid in designing grid 
generators for special applications. For this purpose it becomes neces- 
sary to introduce the following generalization of the idea. 

(tcmratizctl (hid Structures. — In the preceding discussion the grid 
structure* of a functional relation 

* = /(**,*/) (MJ 

has been defined as a system of lines in the i.r t , a ; )-planc: straight lines 
representing constant values of j , and x„ which form a rectangular grid, 
ami a superimposed family of contours of constant .o.. Such a grid 
structure is a very special form of intersection nomogram representing the 
given relation. 

Now it is not a t all necessary to treat .r, and x, as cartesian coordinates. 
Instead, one can take the plane of representation as the (z it ?,-) -plane, ami 
let Si and x { be any pair of curvilinear coordinates in this plane, given 
in terms of the cartesian coordinates ti, z h by 

Xi - x % (z it z,), (51) 
n = stfs* *,). 

The construction of the grid structure then proceeds as l>cfore. Adjacent, 
contours li and C of constant Xi are chosen, ami between them, beginning 
at the center & t there is const rue ted a step ructure consist ing of portions 
oi contours of constant .r, and x,. These latter contours, extended 
through the plane, make up a curvilinear grid, instead of the rectangular 
one previously obtained. The complete grid structure consists of this 
grid, together with contours of constant Xt which pass through the grid 
intersections r = a, or interpolate smoothly betWMB these contours. 

The same grid structure can be obtained in a different way. Let 
Kqs. (51) define a topological transformation be t w ee n the (.r„ ,r,)-plane 
and the (Zi, z,)-planc. This transformation will carry a center in the 
first plane into a center $. in the second, and a contour C x in the first, 
into a contour C s in the second. It will also transform the entire grid 
structure defined in the (r„ .r,)-planc, using 8m and C«, into the grid struc- 
ture defined in the (z,-, *;)-plane, using S. and C t . 

Such a topological transformation of the grid structure will, of course, 
afYect none of its intersection properties; in particular, it will still serve as 
an intersection nomogram rep resenting the given function. YVe shall, 
in fact, consider grid structures which differ only by a topological trans- 
formation of the form of Kq. (51) as equivalent representations of a func- 
tional relation. 

Mechanical Realization of a Given Grul Structure. — The author's 
technique for mechanizing functions of two independent variables makes 
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important use of such topological traMformations of grid structures. 

The basic idea is to transform the given grid st ructure into a form which 
suggests a satisfactory mechanical form for a grid generator. The tech- 
nique employed in this transformation will l>e indicated in later chapters; 
here we shall merely take note of the way in which a given grid structure 
may suggest a corresponding mechanization of the function. 




Via. H I ;t. Criri htiiK turo of it = Ti/*i (o » 1.25). 



Consider, for example, the grid structure of the relation 

x k - g (52) 

as shown in Fig. 8-13. The spacing* of t he rectangular grid linens change 
in geometrical sequence; the fixed ratio is here 1.25. The contours of 
constant x k tire radial lines; the corresponding value of Xk for each line i* 
the value of .r, at it- intersection with the horizontal lint* .r, - I At each 
point of this figure niic can read oil corresponding values of x iy and x, 
which satisfy Kq. (52). Now, let there move over this figure a pin con- 
nected mechanically to three dillerent scales. If these connections and 
scales are so arranged that one can read on the first, scale the value of .r, 
at the position of the pin, on the second scale the value of x iy and on the 
third scale the value of x k , then the device as a whole becomes a mechani- 
zation of the given function. In the present case, the first scale should 
show the horizontal displacement of the pin from the origin, the second 
scale its vertical displacement; the reading of the third scale should Im» 
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proportional to the horizontal displacement of the intersection of the 
radial line through 1*1 ! * hotlwiltal Bm. The divider (or multi- 
plier) of Fig 1H> accomplishes this IB I very simple and obvious way; it 
ii Hie natural mechanization of the grid structure of Fig. 112, which 
differs from Fig. 8 18 only by a reflection 

\ topological transformation of this grid structure will carry it into 
form (Fig. Nil) suggesting a very different type of mechanization. The 
horizontal lines of Pig. B-1S are transformed into a family of circle*, all of 
the same radius, L u with eenters lying on a straight line C The vertical 
lines of Fig. M3 are transformed into a second family of circles, all of the 
name radius, L t , with centers lying on the curved line C Finally, the 
radial lines of Fig. S ill Ml transformed into a third family of curves 
These are very nearly, although not exactly, circles with the same radius, 
/, 8 ; since the approximating circles intersect at a common point their 
eenters must lie on mother circle with radius curve C a in the figure. 

< hi ignoring the small deviation from circular form of the curves of the 
third family, we are led directly to the mechanization shown in Fig. 8 *1&— * 
an approximate divider or multiplier, hut a quite accurate one. The joint 
/' ran he made to lie on a particular circle of the first family by placing it 
at one end of a bar PA , with length /.,, and fixing the joint I . in the center 
of this circle, on line 0* Conve rsely, if the joint .1, is constrained to 
lie on the line d— as by being pivoted to a slide— it will necessarily lie 
always at the center of the .r r eirelc on which /' lies; a scale placed along 
G\ can thus he calibrated to give the value of .r, at the position of the 
pin I\ In the same way. the value of .j\ can he read on a scale lying alone, 
the curved line C% using as index point the joint A% connected to the pin 
I* by a bar of length L«. Finally, values of the quotient .n might be read 
on the circular scale 0* Instead of pivoting the bar JMs, of length L% % 
to a circular slide, one can constrain the point A a to lie on the curve C* 
by a second bar O.I, , also of length A' :{ , pivoted at the center of this circle 
As shown in the figure, the index point has been transferred to this second 
bar in an obvious way. 

The shortcomings of this particular device are obvious: the use of a 
curved slide, and the nonlincarity of the x r and x A scales. To improve H 
one should devise a more satisfactory way to guide the point t, along the 
curve r,, and should linearize the and .r,.-scalc readings by transformer 
linkages, such as harmonic transformers or three-fa*! linkages. 

How this can be accomplished is illustrated in Fig. 816, which shows 
t he first linkage multiplier so designed as to be operable through a domain 
including positive and negative values of all variables. The point At 
is const rained to follow the curve <\- of Fig, BUS by placing it on an exten 
sion of tla» central bar of a t hive-bar linkage afiyb. (The required design 
technique is indicated in Sec. 10 1.) Motion of along C, produce I 
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corresponding rotation of the bar afi of the three-bar linkage; a nonideal 
liarmonie transformer eon veils this rotation into linearized readings on 
the xrscalc. To linearize the xi-seale the rotation of the bar ()A A h:is 
likewise been converted into linear motion of a slide by means of a non- 
aleal harmonic t .ransformer. 

This design of a practical linkage multiplier has thus l>cen arrived at 
in three steps: 

L To|M>logieal transformation of a mull iplicr grid si rueture into a. con- 
venient form. 

2. Design of a simple device for mechanizing this grid structure. 

3. Conversion of the design to a more satisfactory form, by applying 
constraints in a different way and linearizing the wale readings. 

An important fourth etep is the final adjustment Of linkage dimensions. 
These steps are by no means unique, and our can design a great variety of 
linkage multipliers. For instance, it is |>ossihle to find other transforma- 
tions of the multiplier grid structure in which the curve C« becomes i\ 
circle or a straight line, and the design of a linkage constraint for the 
point A% becomes trivial. To accomplish this one needs a thorough 
understanding of the techniques to he discussed in the next chapter. 



CHAPTER 0 



BAR-LINKAGE MULTIPLIERS 

A technique lor designing bar- linkage multipliers will be developed in 
this chapter, both for its intrinsic interest and as an example of a general 
technique. 'Die problem of mechanizing any otlier functional relation 
with ideal grid structure is essentially the same, as regards the design of 
the grid generator; differences arise only in the details of transformer 
linkage design, which w ill nerd no discussion lien*. 
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9-1. The Star Grid Generator. The grid generator considered 
throughout this and the following chapter will he I he "star grid genera- 
tor" or "star linkage" illustrated in Fig. <H . The general principles t.. 
he explained can he applied to other grid generators, hut the detailed 
const ructions will of course require modification. The reader will 
recognize that in the ease of the star grid generator these construction! 
an* particularly simple; this simplicity and the satisfactory mechanical 
properties of this device give it a special usefulness in practice. 

The star linkage consists of three links. h\ t L<, La. joined together at 
one and by I common joint P. The lengths of these links we shall also 
denote by Li, L 2 , Lj. At their far ends are free joints \ ,, 1 , A* t which 
iiiv in some mariner guided along three curves (',, (\. Input and out- 
put parameters. )*,. Y% Y 3 can lie read at these joints on arbitrarily 
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graduated scales lying along these curves. The linkage establishes 
between these parameters a relation 

r% - (KYu W 09 

w hich characterizes its behavior as a grid generator. 

It is at once clear 1 hat any functional relation that can be generated by 
a star linkage can also be represented by an intOTOOOtioO nomogram con- 
sisting of three families of circles, of radii /,,, l>.u respectively, repre- 
senting constant values of t he parameters ) >, )'n. In fact . t he linkage 
could be mad in drawing this nomogram. If the joint A\ is fixed at the 
point )'i on the -scale, the joint P can then be made t < » describe the 
)Veirde on the nomogram; circles corresponding to definite values of 
W and Y.\ can similarly Ik- traced out b> fixing the joints and .1 :lt 
res|M>et i\ eh . Bftcfa circle on < he nomogram t hus represents a cm respond 
ing point on one of the three scales. To each coiifigurat ion of the linkage 
there corresponds a point on the nomogram at which three circles inter- 
sect; corresponding wale readings and nomogram points indicate the 
same triple! of values of the parameters, Y\ f V*, Ka, satisfying Kq. (1). 

It follow! that any functional relation that can l>c generated by a star 
linkage must have a grid structure that consists of three families of circles 
with fixed radii, or can be brought into such a form by the general topo- 
logical transformation, Kq. (8*51). 

The grid structure of a star grid generator may l>e almost ideal over a 
wide range* of parameter values, Off strongly nonideal. depending 00 the 
link lengths and the choice of curves Ci, Ca, C%\ it is thus useful in mecha- 
nizing functions with either ideal or nonideal grid structure. In the 
present chapter we shall be interested only in designing star grid gener- 
ators with nearly ideal grid structure. 

9-2. A Method for the Design of Star Grid Generators with Almost 
Ideal Grid Structure. It will be instructive to examine the grid struc- 
ture of the star linkage 1 shown in tig. 1H. This can be done graphi- 
cally as illustrated in Fig. \)2. We choose the center S of the grid 
structure, and mark the corresponding posit ions of the joints .l lt A% l. tr 
on the thine Mill with the values of .s. /, faff this center, 0, 0, t). About, 
these points we draw circles C'"\ &f t C^f, with radii L u L lf L A \ these inter- 
sect at S. Let us choose ( ' a.s the contour H in the grid structure, thus 
assigning to )* 3 the role of x L in Sec. 8*3. Near the point / — 0 on the 
VVscale we select another point to correspond to I ' = I. About this we 
<lescribe a circle C ( \\ of radius La, to serve as the contour C of the grid 
structure. Bet ween the contours and C { \ } we can now construct a 
step structure* consisting of arcs of ratlins /,,, centering on curve C\, and 
arcs of radius L% Centering on curve ( Beginning at 8 wr can follow 
the circle C t<» its intersection with the curve 0*Jf. Tliis int (Miction 
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corresponds to 11m indices r = 0, I = Ij in order to satiny the relation 

r + I - / (2) 

it, must also be assigned the index x = I. (All three indices are indicated 
ill Fig. 9-2, though any two of thern would be sufficient for identific ation.) 
At a distance L~ from this point then must lie the point I m | on the curve 
(••>. About, the point s = I we describe the circle C^f, which intersects 
Ifae contour B — C<°J at a point with the indices .v = 1, I = 0; the other 
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index must be r = -1. At ji distance from this intersection there 
must then lie the point r = - 1 on c urve Cu OOnttnuing this process 
we can build up a step structure l>etwccn the chose n contours, and estab- 
lish on the curves C\ and Ct the sequence of points corresponding to 
integral values of the indices r and 8. The families of circles (" ,' and (M 
about these points form the basic grid of the grid structure. All this 
follows uniquely from our choice of tiie center 8 = (0, 0, 0) and the point 
t = 1 on C* 
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If the grid structure of this grid generator were ideal, all intersections 
of the grid with r + s = t would lie on a circle Cf with radius L 8 and 
center on the curve CV Actually, as shown in Fig. 9-2, it is possible to 
construct, circles C;," that pass very nearly, though not exactly, through 
these intersections. (Note, far instance, the divergences in the upper 
right-hand corner of the grid structure.) lor practical purposes the grid 
structure may be considered as ideal over the greater part of the domain 
illustrated. Within this domain it will mechanize the rehition 

*» ~ *i + ** < 3 ) 
if the scale calibration is that established by this const ruction, or any other 
relation with ideal grid structure, if the scales are properly transformed. 
Figure M shows very clearly the system of curvilinear triangles which is 
the distinguishing mark of ideal grid structure. So nearly ideal a grid 
structure is by no means characteristic of star linkages. This particular 
linkage has been expressly designed to have an almost ideal grid structure, 
by a method which will now Is* described in detail. 

Our problem is essentially that of constructing three families of circles, 
(jm C l 2 a \ Ci f) (with radii £*, L% l..u respect ivcly ) which intersect lo faffli a 
triangular struct uresuch jus that shown in Fig. 92. We liegin by choosing 
arbitrarily six points in a plane Three of these, 1 , -I 1 /", .1; l) , will 
serve as the points r ■■ 1,0, — 1, on the curve Ci of the completed link- 
age; they should lie on a line of moderate curvature, with roughly equal 
spacings, but can otherwise be chosen at will (cf. Fig. M). The other 
three pointy A'i } \ A* h . are to serve as the points / =» I, 0, — I, on 

the OUITl Ct, ami should lie chosen subject to similar conditions. About 
the points Aft .1V'\ A\ construct circles Cft <"{\ CJ l \ with arbitrary 
railius />,; similarly construct about the points Aft A*?*, At* t t.he eirclcs 
CP Gft Cf l \ with radius L z , Since these circles are to form the basis 
of the giid structure. /, : « should be so large that each C :r circle intersects 
each circle Cf* in two well-separated points. The brtOfeeotfOM of the 
circles will then fall into groups of nini', wi ll separated in the plane < )ne 
of these grouj)s will lie near the center of the grid structure, whereas the 
other will lie outside the region in which it is almost ideal; it is for this 
reason that the two groups of intersections should not he close to each 
other. 

Choosing one of the two set* of intersections, we label each intersec- 
tion with the corresponding indices r, «, /: (-1, 0, -1), (— 1, 1, 0), 
(-1,2, 1), (0, -1, -1), (0,0,0), (0, I, 1), (I, -2, 1), (1, -1,0), 
(1, 0, 1). [The second index is in each case chosen to satisfy Kq. (2).) 
These nine grid intersect ions have been chosen with a high degree of 
arbitrariness; our problem is now to build the grid structure about this 
nucleus, maintaining its ideal character so far as possible by appropriate 
choice of the available design constants. 
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The three intersections (-1, 0, - 1), (0, 0, 0), (1, 0, 1) must all lie on 
the eirele C 1 , 01 . By constructing this circle we can establish its radius, 
L 2l and its center, the point ,4' $ 0> on the curve CV The known points, 
( — 1, l r 0) and (0, 1, 1), and the known radius L% thru serve to determine 
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the circle CP, with center A^; similarly the points (0, —1, —1) and 
(1, —1,0) determine the circle CI, 1 with center.!!, These new circles 
fix four additional grid intersect ions: ( 2. I, —1), (2, —I, I), (1, 1, 2). 
and (-1, -1, -2). 

There are now determined the three link lengths, Li, Lt, / ami three 
points on each of the curves (7-, C ; , C*. By passing BDIOOtfa curves 
through these points we can set up a <t:ir linkage with a nearly ideal grid 
structure in t he neighborhood of the center S — (0,0,0). To improve the 
accuracy of this construction, ami to extend the domain of nearly ideal 
grid structure, it is necessary to determine other points on these curves. 
We now know that the point .1' 2 -' must lie on a circle Q'f* of radius L > with 
its center at (—1, 2. 1), and that the point A\.~' lies on circle^-* 1 , with 
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the same radius and center at (1, -2, -1). Similaily A\ u and if* 1 
lie on circles of radius L\ about centers (2, — 1, I) and (-2, I. I 
res|>ecti\eh\ and and AfT* he on circles of radius L i about centers 
(1 L 2) ami (— I, — 1, -8). No furl her informat ion is to l.e e\t rncted 
bom the known points of the grid. 

Now let us make a tentati\e ehoice of the point 1,-2, 2, 0), on the 
known circle CP« Together with the known point (-1, 2, 1) this deter- 
mines the circle Cf and its center Ap] Ctf\ in turn, completes the deter- 
mination of the grid intersection (0, 2. 2). \W extension of this process, 
I tentative ehoice of t he point | - 2, 2, 0) leads to equally tentative deter- 
minations ol* ot her elements of t he grid, according to I he following scheme: 

(-2, 2, 0) + ( 1, 2, 1) - Aft CP — (0, 2, 2), 

(0,2,2) + (1,1,2)- Af, C? 

(2, 0, 2) + (2, - 1, 1) - AT, Of -> (2, -2, 0), 
(2, -2, 0) + (1, -2, -1) - At-*, -> & ~a> 

A -2, -2) + (-1, -1, -2)->,1!r ; \ -2), 
(-2, 0, -2) + (-2, 1,-1) - if* Of* - (-2, 2, 0). 

Thus we arrive linally at a const met ion for the point 1-2, 2, 0), with 
which the whole process was skirted. This construction will, in geneml, 
lend hack to the tentatively chosen initial point only if that ehoire was 
Dttde correctly. For example, an incorrect choice of the point ( — 2, 2, 0) 
leads to construction of the diushed grid hues of Fig, 0-3. The cm -vilincar 
hexagon, traced out in the clockwise direction, fails to close. A second 
choice of the initial point leads to a. different error in closing; interpolation 
linally leads to a correct choice and the construction shown in hold lines. 
There are thus determined two additional points on each of the curves 
C,, (.' 2 , C-.u and six additional circles in the grid structure. 

These* six new circles fix additional grid intersect ions — enough of them, 
in fact, to determine immediately two nunc points on each of f\, (\, fY 
A? 1 , A\~*, A { }\ A ( f l \ A ( i*>, yli _1> . For example, the intersection of 

fy ' 1 and Op (totonntoei (8, -2, l) f ami that of r, 1 and C!P determines 

(3 # _ \ r 2); these* points, in the lower right-hand corner of Tig. 0-3. in turn 
determine AT and C\*\ It is ;it this point that tin* flexibility in the design 
becomes insufficient to permit construction of an exactly ideal grid struc- 
ture: these new circles should paM through certain triple intersections, but 
the construction does not assure that they will do so. For instance, the 
circles Ci +3) , C'r 8 \ and Ci 0> should pass through a common point, (ft, 
— 3, 0) ! in Fig. 0-3 it can be seen that they pass very nearly hut not exactly 
through the same point. A similar failure occurs at (3, 0, 3); perfect 
triple intersections at these points can he obtained only by changing the 
original arbitrary assumptions. In the present ease this would hardly 
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be worth while, as the linkage already eleterniiiu'd has e*lT<*<*tively ideal 
grid structure in a very large domain. 

9*3. Grid Generators for Multiplication. The example (rf the precede 
ing section should make it dear that it is a simple and straightforward task 

to design a star grid generator with almost ideal grid struct lire over a large 
domain. From a practical point of view this is only a beginning in the 
work of designing a satisfactory star grid generator for multiplication. 
Other aspects of this problem will now be indicated. 

lake any other grid generator with ideal grid structure in an extended 
domain, the star linkage of t he preceding section can be used in designing a 
multiplier. Calibration of the scales in terms ol* the variables 

z\ = kr, Zi = ks, 2 a = kl (5) 

will convert it into an adder with very simple structure, mechanizing the 

ratalkn 

Zi + z« = *i ((>) 

throughout a domain within which each variable may be either positive or 
negative. Reealibration in terms of variables j-,, x*, ,r 3 , determined by 

log, otfi = z, f log, 0X2 = P* logio-rj, - z lf (7) 

will convei t it into a multiplier mechanizing 

x\x+ m ft (8) 

throughout a domain in which all variables are positive. 

The most obvious disadvnnt age of met I multiplier is its use of 
curved slides. A more generally useful device* could be designed if the 
curves C u C 2 , (\ wnv of simple, mechanically desirable forms; elaboration 
of the star linkage into a multiplier like that of Fig. 8-15 or Fig. 846 would 
then follow the lines indicated in Sec. 8-7. One can in fact bring the 
curves Ci, C a , C 3 into desirable forms by making appropriate changes in 
those* elements of the design that were arbitrarily chosen in Sec. 9-2. A 
satisfactory method for doing this will be indicated in Sec. 9 f> t where it 
can he illustrated in connection with a problem having additional features 
of interest. 

Multipliers designed in this way do not |>ennit change in sign of any 
factor. If x\, for instance, is to pass through 0, then :, ami r must pass 
through the corresponding value - co. To accomplish tin: in a ineclm 
uism with finite travel one must have a r,-sealc of finite length; the 
sequence of points A\ r) must approach a .point of condensation as r — > — oo . 
lOven when one has assured the existence of such a point of condensation, 
I KH n s|>onding to x x = 0, it will l>e necessary to face the problem of 
extending the scale into the region of negative'xi. 
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Such points of condensation have their equivalents in the grid struc- 
ture of the relat ion 

x, = 5 («) 

x% 

an alternative form of Bq. (8). In Fig. 94 this grid structure is de\ eloped 
about the center = Xa = 1, with the line x\ = 1.25 chosen as the con- 
tour C. The step structure between the cont ours H and C approaches the 
origin in an infinite number of steps; the successively added lines of the* 
rectangular grid will tend to Mil out the domain .r 2 > 0, ,r a > 0, but will 
never extend outside t his region. The grid is of course i< leal, and includes 
the contours Xi = (l.25) r , with r taking on all integral values; as r — * » 
these contours approach the hori- 

zontal axis, and as r — ► — «o they 
appro:ich the* vertical axis. 

To obtain grid structures for 
this relation in all four quadrants, 
one must use a. separate center 
for the grid structure in each 

quadrant. If these four point! 

an i chosen in similar positions in 
the four quadrants, symmetrical 

with respect to the two uea, and 

if corresponding contours (' are 
used, then the four grid structures 
will approach the coordinate axes 

symmetrically. TIh*v will then 
appear to Bow smoothly Into each other in omening then axee, and the 

w hole figure will take on the apj>caranec of a single grid structure* < Fi«. 

9-5). It is important , ln>we\er, to remember that this result is obtained 

artificially, and that the coordinate axes are lines of condensation in the 
grid st met urc. 

A topological transformation of Fig. 9-5 that would carry the three 
families of straight lines into three families of circles of constant ratlins 
would convert it into the ideal grid structure of a star linkage*. To 
each circle of this grid structure then* would correspond an integral value* 
of r, s\ or /, and a calibration point em erne e>f the* scales; to the* circles 
obtained by transformation of t he* coordinate IXM then w oulel oomepond 
points of ce)nele*nsation eif the scale calibrations. Such a. star linkage* 
would thus have* the characters! irs to be de*mande*el in a griel genenitor fe>r 
a multiplier that must allenv change of sign in the variables. 

We riiaO now use Uda idea n.s a guide in deatgning a very satisfactory 

slar grid generator for mult iplicat ion. 




OHO* 1 1.2b 
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9-4. A Topological Transformation of the Grid Structure of a Multi- 
plier. -Let us attempt to transform the grid structure of Kig. 9-5 (car- 
tesian coordinates j 2 , .r s ) into an ideal tfiid structure in which each of the 
three families of st mi^ht lines in the original structure is wpweentad by a 
family Of congruent circles icarl esian coordinates y.i). 

First, let us consider the family of lines of constant .n. In the original 
grid structure all these lines intersect at a common point 0. Such a 
pr ope rty will not be changed by a topological transformation; in the 




I i.;. (Iriil .struc hir*' of 21 multiplier or dllldW |MMinitlii»« rhnn^rs in ^iiiii of tho 

transformed grid .slrnctnre Hie corresponding family of circles of ratlins l,\ 
must all intersect at a common point O f . (See Kig. !M».) It follows that 
the centers of t hese circles must all lie mi :i circular arc uh with radius I,\ 
and Center at O'. The radius /vi can be chosen al will, as the problem is 
imlepemlent of the scale of construction; it is usually convenient to take 
L\ as the unit of length. 

The relation between a given straight line of the original grid struc 
ture ami the circle into which it is transformed may be established by 
examining the topological transformation in the neighborhood of the 
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origin 0. In its general form this transformation is 

In the neighborhood of 0, where all rariables can he treated as small 
quantities, this reduces to 

.r 2 = Cniji + QMg% 
r* = r 32 ?/ 2 + fifef* 

on negleet of small quantities of the second order (This, of course, is 
valid only if 0 is not a singular point of the t ransformation.) Let 
us jLSsume that the transformed grid struct an is symmetrical trith res pert 
to the horizontal axis, in the neighborhood of the origin. Then we must 
have? 

Hi - c 32 - 0, (12) 

and 

x* r+i y t 

in the immediate neighborhood of 0, In other words, a. line of slope*! 
at the origin 0 of the original grid structure is transformed into a curve 
through the origin 0' with slope changed by the constant factor !r, ;( r 21 ). 
Since the slopes of the successive .r,-conlours in Fig. Mi change in a 
geometric progression, the slopes at ()' of the corresponding circles must 

also change in g< ictric progression, and by the same ratio 1 L.25). This 

is true also of the slopes of the radii from the origin ()' to the centers of 
these circles, which MB the negative reciprocals of the slopes of the circles 
themselves. Choosing arbitrarily :t value of c M c we ran then con- 
stnict, in the transformed grid structure, circles corresponding to each 
of the lines of constant .fi in the original grid structure. In Fig. 9-6 there 
arc indicated four of these circles (.!„, A i f A- if .1 _ s ) with centers above 
the horizontal axis at points n H n 1, 0 ; t lu» distinguishing subscripts 

are the r values of the original grid lines, which lie in the second and fourth 
quadrants of Fig. 9-5. The corresponding lines in the tirst and third 
quadrants transform into the circles 11 ,, H ^ H ,i. with centers 6 Uf 
6 .1, 6-j, 6_a, which are the mirror images of a«, a_i, a_*, a^%> in the hori- 
zontal axis. The sequence of points <i„, . . . , which lies in the 
domain of positive Xu has a point of condensation a , of) the horizontal 
axis; an extension of the .r, -scale into the domain of negative X\ is 

provided by the symrnet rically placed sequence ft , w hich has 

the same point of condensat ion. This point is of course* the center of 
the circle into which the vertical axis of the original grid structure is 
transformed. 
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Consideration of this family of circles will make it clear that there 
exists no topological transformation of the type Under discussion which 
maps the whole of the i .1 . ; : plane onto the ?/ s )-planc. The original 
contours of constant Z\ intersect < oil >• :it the origin and at infinity, but the 
tllrohl into which we are attempting to transform them may intersect 
anywhere in the (t/ 2 , i/^-planc, if arbitrarily large values of r or Xi are 
admitted. We run at l>est hope to establish n topological transformation 
that carries a jxtrtion of the original grid structure (certainly ON within 
which the magnitude of .r, is limited) into a grid structure consisting 
of ares of circles. This is quite sufliciciit for our purposes, since r = — <», 
Xi = Qj are not excluded from the domain of the t ransfornial ion. 

Now let us consider the family of circles of constant Since the 

original lines .r :i — e were symmet rical with respect to the horizontal axis, 
it is natural to give the transformed circles similar symmetry; their centers 
must lie on the horizontal axis cd. The vertical axis :r a - 0 is already 
known to be transformed into a circle of radius /,,, with Center at 
It billows that this second family of circles must have the same radius as 
the first: L* = Lu flfaiee the lines x* - f£ converge on = 0 as 
t — » — 00, the point must be a point of condensation on the Xg E0>le, 
as well as on the Xi-scale. The lines of the original grid intersect the 
r :r axis at .r/'; the t ransformed circles must intersect the r/a-axis at points 
determined by 

4 - Xa(0, if), (II) 

or, in the immediate neighborhood <>f o\ by 

ff - **T (15) 

The values of ;r' 3 " go to zero in I geomet rical progression (ratio 1.2f>) as 
/_ ♦ — ao. It follows that t he sequence of values y'f approaches aero, and 
the centers of the .r* circles approach ri_ K , in a similar progression as 
/ — oc. As a first attempt to find a transformation of the desired 
character, let us assume that this geometrical progression is exact, rather 
than an approximation valid only in the neighborhood of {f\ that, is, we 
assume that Kq. ( I 0) is valid for all t. Then, after choosing arbit rarily a. 
value of r M , we can construct the circle corresponding to any .ri-line of 
the original grid structure. In Y\\i. IHi then are shown eight of these 
circles, with centers c 0 , 6Li, c_«, e ,„ an<l d n% </_i, d-^ rf_. a . (The subscript, 
is the index /.) The rs lie in the domain of positive ;r 3 , and have a con- 
densation point at a*3 - 0; the rf's provide, somewhat artificially, an 
extension of the scale into the domain of negative gg, 

The assumptions made up to this point [transformation of the r r and 
.^-contours into families of circles symmetrical to the horizontal axis, 
validity of Kq. (15), and Special values of en and r a3 ] determine two 



202 



BAR4JNK AGE M ( LTIPUEHS 



families of intersecting circles, and thereby determine completely the 
nature of the U>|M>logieal transformation. It remains to Ik; seen whether 
this transformation has the desired character whether the %% contours 
arc* also transformed into a family of circles with ciinimoii radius L t . It 
is immediately evident that this is not the case*. In Fiji;. 0 0 then- appear 
01 points q| intersection of the ,r r and .r*-contours, distinguished by 
small circles. The>e are the transformed positions of the intersections in 
the original grid, and through them must pass the transforn cd contours 
of constant x*. It will 1h; observed that the intersect ions in the lower 
half of the grid lie on curves that are concave upward, whereas those in the 
upper half lie in curves (not shown) that are concave downward. By 
the symmetry of the construction, the straight line .r._. 0 must l>c trans- 
formed, not into a circle, but into the straight line y/.j = 0; the radii of 
curvature of tfafl Other ./'--contours increase as they approach this KmitM 
■Uiiglht B&a The transformed ideal grid structure is not that of a star 
linka.gr; indeed it is evident that if such a grid structure exists it must be 
an unsymmetrieal one. We can. however, approximate this grid struc- 
ture by tin* nonideal grid structure of a star linkage, replacing the system 
of Si-con tours of the ideal grid structure by a system of approximating 
circles of the same radius. This 44 approximately ideal" grid structure, 
s\ biefa docs have the other characteristics that we desire, will later be made 
much more nearly ideal by readjustment of the design constants. 

It is possible to pass circles very nearly through all the intersections 
in the lower half plane of tig. <N>, by choosing a mean value L > for the 
radius of curvature and locating the centers of the circles in the upper 
half plain 4 . This will establish the general position of ./ --scale, and 
will make it necessary to pass through the intersections of the upper half 
plane circular ares that are concave upward; the lit then* cannot be very 
good, and we must split the errors of const ruction as well as possible. 

The best nay to do this is to construct a circle through one set of 
intersections in order to establish a radius L*. (In Fig. 9*6, Ko is the 
circle in question, and the radius chosen is just equal to L\ ami L.\.\ 
With this radius, we construct arcs about each of the known grid inter* 
sections. It' the grid structure under construction wen* to be ideal, the 
arcs characterized by a given value of * «■ t — T would all intersect in a 
common point. This is not tin? ease here; instead of points of intersection 
there exist more or less diffuse regions of intersection, within which we 
can locale the centers of the grid circles with some degree of arbitrariness. 
This arbitrariness can be used to go<xl advantage. If a simple mechani- 
zation of ihe grid structure is to be possible, the .r->-scale must lie in a 
simple curve, preferably a straight line or a circle. In the present ease, 
the regions of Intersect ion lie roughly on a circle. In particular, the 
circular arc c, with center at Q, passes nicely through all regions of inter- 
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section except for three at the extreme ends. This circle will be taken 
jus the .r-scale on this scale, and as near to the centers of the regions o( 
intersect ion as is possible we choose the centers c h r«, r_,, . . . ol tin; 
grid structure circles /<* 1( /<',„ ... in the lower half plane, and the 

centers /i,/n,/Li, . . . , of the grid structure circles /<' ,,/•'„, /''_,, . . . , in 
the upper half plane. The grid structure circles must converge on a 
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circle E-n - through the origin ()'. The center of the circle B , 
is —/-«,, the point of condensation of the point sequence <, in the 
positive domain of .r,. t and of the point sequence/, in the negative domain, 
jjg — oc • it is the aero point on the r ..-scale. This completes the 
determination of the constants of the star linkage. 

The grid structure of Kig. <H> is mechanized by the approximate 
multiplier sketched in rig This consists of a staff fjM generator 
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with arms Li, L*, Lj, meeting at a common joint P. The free end of L\ 
is forced to move ahum a circle a with center O', and the free end of Li 
along a circle e with center Q, by arms A*, and 8*, respectively ; the free 
end of La moves in a straight slide r. It follows from the theory of the 
transformation that the lengths of L u L A , and A'i must he equal; Lt also 
has this length, hut only accidentally. To use this device as a multiplier, 
the scales must be calibrated in terms of the variable- n, .. . ■ , related 
to the imlices /\ * I. by Kq*. (T>) and (7). r riie scale points of Fig. 9G 
thus occur for values of X\, x 2f x*, which change in geometric progression; 
these are the scale points shown in Fig. 9*7. < me can easily show that 

x, - A'i tan 0, (16) 
xs - A r 5 //. (17) 

Calibrations on the avscale billow (though not uniquely, since the 
multiplier is not exact) from the relation z* = x%Xt. 

The reader should sketch this mechanism for %\ = 0 and for .r 2 = 0, 
in order to Bee why in these* cases the value of .r 3 is necessarily zero. He 
will also be able to show by simple geometry why the multiplication is 
almost exact for small values of j , and Z% 

9-5. Improvement of the Star Grid Generator for Multiplication. 
The errors in the multiplier of Fig, 9-7 appear very clearly in its grid 
structure, in which many of the triple intersections characteristic of 
ideal grid structure have disintegrated into small triangles. To improve 
this design we must change one or more of t he* families of grid circles in 
such a way as to reduce I he size of these triangles. This can be done by a 
method that is useful whether the function to be mechanized has ideal or 
nonideal grid structure. 

Let us examine the possibility of improving the grid structure of 
Fig. 9*6 by changing the family of circles CI), while keeping fixed the 
families AB and BF. In Fig. 9-8 there are shown eight of the circles 
AH and 10 of the circles Eb\ defining <X0 points of intersection through 
which circles CD should pass. It has already )>een noted that the circles 
("I) must have the same radius as the circles AH; to improve the grid 
structure we can change only the positions of their centers. Let us 
attempt to do this by the method of the preceding section, < Ira wing arcs 
of radius Lj about the S9 intersections of the grid. As before, the arcs 
with a common index / do not intersect in a common point, as they must 
if an ideal grid structure is to be obtained. Instead, we observe an 
interesting and characteristic phenomenon: arcs with centers in the same 
quadrant of the grid structure intersect nicely in a scries of points that 
define a curved Xr-sealc — but a different scale for each quadrant. The ii 
due to the fact that the four quadrants of the original grid structure art? 
actually independent, and have been associated with each other in i 
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symmetrical, but essentially artificial, manner. In Fig. 9-8 the points 
corresponding to positive x« have been marked with small circles, the 
others with dots. 




Fin. O'S. — First stop »» FtdMlprinfl multiplier fcrid struHwn*. 



It is evident that we can add circles CI) to produce a grid structure 
that is nearly ideal in various pairs of quadrants those with .r 2 > 0, or 
with x 2 < 0, or x { > 0, or W\ 0 — but that it will then be far from 
ideal in the other pair of quadrants. To state it differently, wc can 
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combine the scale segments of L'ig. l J «S in several ways to form an .r,vscale. 
obtaining a multiplier that will be very accurate so long as one of the 
fasten has » partirular sign, but much less accurate when it has the 
other sign. On the other hind, the difference between the diverging 
scale segments is too great to jiermit a satisfactory compromise; no 
choice of form for the fi Spoil) 010 make the grid structure nearly ideal in 
all quadrants. To obtain an ideal tjrid structure the eiretrs AH ami BP 
must U so ehnsen that the direnjinff x^-seale setjmcnts amlesee to form a ximjlc 
Xi-sealc. This method of stating t he problem reduces it to an especially 
convenient form, which can be solved by alternately adjusting the 
circles AH and FF. We shall choose to change first the family of circles 

sr. 

In varying the grid structure there are two important principles to be 
observed: 

1. The grid structure should not he given more than one degree of 
freedom at a time. 

2. The grid structure should not l>e excessively sensitive to changes 
in the varied parameters. This can often l>c assured by changing 
parameters in such a way that certain elements of the grid st riieture 
remain unchanged. 

For example, to improve the grid st met u re of Pig. 9*8 let us rearrange 

the circles FF without changing their common radius. Le1 us maintain 
the oboulu form of the ./-scale, but rotate it about the point r m = f_ m 
thus keeping unchanged the circle F „ F This rotation gives 
the Que degree of freedom that we desire in the problem, according to 
Principle Lj we must therefore remove all freedom ill the calibration of 
the scale. By Principle 2, the rule for this calibration must be such 
that the grid structure changes only slowly with rotation of the .r-sealc; 
we shall therefore demand that it keep unchanged the grid intersections 
marked with hold dots in Fig. !)-8. 

Let rotation Of the JPf eoilej c, about the point c „ carry it into the 
position c* (Fir. 9-8). The calibration points rj, /[ on this new scale 
must lie at distance /,_. from the corresponding tixed grid intersections, and 
are easily constructed. The new system of grid circles F'F f can then be 
dtawn, and finally, by constructing arcs about the new grid intersections, 
the new set of .r :r scale segments. 'Thus the whole construction does have 
one degree of freedom, ami it is easy to study the elYcct on the form of the 
Xj-scale segments ot* rotating the .r -scale. Trial will show that rotation 
of the scale in a clockwise direction brings closer together the twox :r scale 
segments to the right of a ,; by an interpolation or extrapolation one 
finds a rotation of r which makes the separation of these scale segments 
very small. This is the rotation shown in Fig. O K, the tentatively chosen 
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rotation having been omitted as of little interest. The new scale and 
the new circles K'F' are shown in Fig. *)•*), together with the new form 
of the Xi-seale construction. The improvement in the agreement of the 
xj-scale segments on the right is very striking, but adjustment of the 
circles AH will be required to improve* the agreement on the left. 
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To improve the grid structure further let us rearrange the circle* AH 
without changing their radii. To do this we shall keep fixed the form 
of the .r, -scale, ait, while rotating it about the point a^. Calibrations 
on the new scale will !>e held at a tixed distance from the grid bier- 
sections indicated by bold dots in Fig. <H). With these changes we 
must make one other change, which has no parallel in the stop previously 
described. Rotation of the .n scale will move its center from 0' to 0". 
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The new circles AB will all intersect at this point, through which there 
must also pass the convergence limit of the circles EF, It is 

therefore necessary to Keep /. ? always equal to the distance from 
to 0" as the X\ scale is rotated. We have then to consider a simultaneous 
variation of both the circles AB and BF, but it is a variation with one 
degree of freedom wliich offers no difficulties. 




I'm. 9-U>. Improved imiltiplici stnirtuie. 



beginning with a trial rotation of the .n-seale into a position a'b' 
(Kig. 9-9), one can establish calibration points />' by drawing arcs 
about the chosen points of the original grid. The AB c ircles can then Ik; 
constructed, the new A 2 determined, and the EF circles constructed. 
Finally, the new ivscale segments can be established, and the best 
angular position for the .r, -scale determined by an interpolation or 




Fio. 9-1 1. — Multiplier grid structure with circular auntie. 

merge exactly, but the groups of arcs make acceptably sharp intersections, 
through which a straight line can l>e laid by a small sacrifice in the tit at 
the extreme right end of the scale. The circles CD constructed about 

1 It will be observed that, because of the change* in all grin! intersections km 
been shifter!, even those used in constructing the new xi-scule. (Old positions .in- 
shown by bold dots in Fig. <»10.) This is not a matter of importance; all that is 
required of the construction is that it shall not shift the grid structure too violently. 
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points on this rectified .r^-scale an- shown in Fig. 9 10. In view of the 
small number of steps required, the result can be considered very satis- 
factory: the grid structure is so nearly ideal over a wide domain that 
analytical methods can he employed for its further improvement 

It is evident that the grid structure of Fig. O K) is not the only possible 
solution of our original problem. The grid structure of Fig. 9*8 could 
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have been varied in many ways other than those described above to 
obtain even larger domains of nearly ideal grid structure, and different 
forms of the scales. Indeed, this method is jus useful for control of the 
form and extent of scales as it is for the improvement of grid structures. 
For instance, the linear xj-scale of Fig. 9- 10 is easily converted into the 
circular arc shown in Fig. 911. This form was obtained by rearranging 
the circles K'F\ this time by increasing the radius of the ry-scxile, while 
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keeping lixed the points c'^ and c'_,. New scale calibrations were so 
chosen as to keep fixed the grid intersections indicated by bold dots in 
Fig. 911. This figure shows also the new family of circles Kl\ and the 
resulting circular form of the .fvseale; the curvature of this can be 
changed at w ill by choosing a new center (J" lor the ifr noilo A more 
elaborate series of variations leads to the grid structure shown in Fig. 
IN 2, with nearly straight scale. The outstanding eharactei istie of this 
grid structure is the large domain within which it remains effectively ideal. 
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9-6. Design of Transformer Linkages. The grit 1 st.n IctureoJ t ig. <> 10 
suggest* the design for a multiplier shown in Tig. 0-18. The structure 
of this multiplier is the same ;is that of Tig. «>•?; increased accuracy haM 
heen obtained by changes in the dimensions, hut the number and relations 
of the elements remain unchanged. The ranges of I he variables c:in 
1h» changed with some freedom: the readings on the Si-, *r t ami T| flfllllfMI 

can be change<l by factors />. ami r, respectively, prodded only thai 

it me. (is) 
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Such a multiplier, with nonuniform scales, is of limited interest; the 
real importance of this device lies in the possibility of using it to drive a 
computer. In such n application it may be regarded as an ideal grid 
generator and nse«l together with I ransformer linkages in the linear 
mechanisation of the relatione 

J'3 - 01** (19) 

* - /,0r.)/*(*i) f (20) 

or indeed of any functional relation with ideal grid structure. If a linear 
mechanization of Kq. (19) is required, the funetion of the transformer 
linkages may be regarded as that of replacing the nonuniform scales of 
Kig. 9- 13 by uniform scales; in ot her cases the transformer linkages serve 
also as function generators. 

Let us consider first the problem of designing a mult iplier wit h uniform 
scales. To describe the configuration of the grid generator we may use 
internal parameters V'i, )' 3 , defined in Fig. 913. The scales shown 
in the figure establish a nonlinear relation of the variables x to the 
parameters )' t 

* - CftlFJ ' T* r - 1,2,3, (21) 

which can be determined, for instance, by measurement of the figure. 
We wish now to establish the same relation bet ween the parameters Y 
and the variables x as indicated on uniform scales. We introduce 
transformer linkages which present new terminals, described by external 
parameters .V, f A' Jt X* These external parameters are related to the 
internal parameters by the linkage* equations 

A\ = (X r \Y r )- Y„ r = 1,2,3, (22) 
and to the variables x u x 2 , x* t by linear relations, 

* - if + /v r < A r If), (23) 
which may be symbolized by 

x r - (x r [|A\) ' A\. (24) 

< htr problem ta to find linkages such that the linkage operators satisfy the 
relations 

(x r \Y r ) m (x r ||X,) • (X r \Y r ), r = 1, 2, ft. (25) 

This problem takes on a completely familiar form when it Is expressed in 
terms of homogeneous parameters and variables: 0 U Q«> ^s, corresponding 
to Y\, K 2 , )Y, II u //-, corresponding 1 1 » \ ,, \ , AY, h x% h«, A 3 , cor- 
responding to Xu ^j, x*. In terms of homogeneous parameters and varia- 
bles a linear transformation reduces to the identical transformation, and 
Kij. 1 25; reduces to 

(h,\0 r ) = ill,\0,). (9ffl 
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Our problem is thus to find linkages with operators (ll r \O r ) having the 
known form of {h,\0,) % subject to the condition that the input parameters 
Y r have a given character— that they are, for instance, angular parameters 
with a specified angular range. This is exactly the type of problem dis- 
cussed in ( 'haps. 1 to (i. 

As an example of the use of the HUM grid generator in linearly mecha- 
nizing another functional relation with ideal grid structure, we may con- 
sider the problem of nwrnhMlWllg Rq, (90) with linear scales in x h x«, x*. 



Taio.i: 0*1. GuIAOIHUOI OP HI S. M.i . op I' i.;, 8*18 



ix'a 




A, 


0, 


-1.000 


-22 | 


0.01 10 


8 ooo 


— 0.800 


17 0 


o. LOO 


0.108 


0 MO 


II 0 


0. ISO 


0 187 


0.511 


-111 


O.'ill 


0.988 


0.000 


0.0 


0*800 


0.502 


0.512 


II 1 


0 756 


0 752 


0.040 


L8.8 


0 820 


0.815 


0.800 


17 1 


0 !HH) 


0.804 


1 . (MM 1 


89, 1 


1 .008 


1 000 




Xt/b 


Yt f ih'RrcoK 


li 


h 


-1 .000 


-88 7 


0.000 


o .000 


0 son 


-27.8 


o 100 


0.071 


0.040 


-22.0 


0 180 


o 188 


0 512 


-m a 


0.24 1 


(1 165 


0.000 


0.0 


0.500 


0.400 


0.512 


10.8 


0 756 


0.043 


0.010 




0.820 


0.705 


0.800 


:\2 l 


0 OCX) 


0.787 


1 000 


•! 


1 ,088 


1 (KM) 




*./«■ 








-1.000 


-0.264 


0 000 


0.000 


-0.800 


-0. 198 


0.100 


0.148 


0 010 


0 1 IS 


0.180 


0.980 


0.512 


0 112 


0.211 


0.841 


0 000 


0 000 


0 500 


0.888 


0.512 


0.008 


0 756 


0,811 


0.640 


0.120 


0.820 


0.861 


0.800 


0.147 


0.900 


0.021 


1.000 


0 182 


1.000 


1 .000 



27 I 



H Mi Ll\ KAUE Ml 1/rirUERX 



|Sk<\ M 



(27) 



TIM quantities to bet multiplied are 

ft = #tfa)j 

The Xr and uvscales of Fig. 913 arc thru to be inter preted as scales of 
Zi and fcjj the relation of .ri to )*i and .r? to P| follows from the observed 
relations of z, to Viand*, to ) •, together with Kqs. (27). Except fur this 
difference «>l detail in establishing the form of tin* operators i.r r |V r ). the 
procedure <>• tfca preceding paragraph applies without change. The com- 
pleted mechanism may be ol exactly the same type as the multiplier 
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itself, or of even simpler form. It is, indeed, one of the important virtues 
of bar-linkage generators of functions of two indc|)endent variables that 
their complexity does not necessarily increase with the complexity of the 
analytic form of the function, as its does with conventional computers. 
This fact will appear most clearly in the next chapter. 

As an example of the form of the linearizing operators, we may con- 
sider those needed for the multiplier in Fig. 9-13. if the ranges of motion 
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are to be those indicated in that figure. Table <H shows the value of 
each variable at the indicated points ol calibi :it ion, the corresponding 
value of tin* associated parameter, and the homogeneous variables | 
and 0 at each point. The o|>erators l/<,|0,> are plotted in Fig. IM 1. It 
will be noted that the operator (h~\0.,) shows an appreciable* discontinuity 
in slope when h* = 0.5. This is due to the still imperfect match between 
the four quadrants of the transformed nomogram. 

The type of linkage used for each transformer will depend both on the 
nature of the function and on the type of output terminal desired. In 
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general it will be foim<l that the linkages discussed in Chaps. 1 to f> offer 
all the flexibility required. Fxainples are provided by Fig. 8-16, which 
has already lieen explained, and by Fig. 015. The latter figure shows a. 
multiplier designed to permit change in sign of but not X\. The 
central joint of the star grid generator appears a little below the Outer 
of the figure. The bars have their other ends guided along a horizontal 
straight line, which serves as the jvscale, and along circles with centers 
O, ft*, respectively. Rotation of the end of one bar about ■(> is t ransformed 
into horizontal slide motion proportional to a* 2 by an ideal harmonic 
transformer; rotation of the end of the third bar about O' is transformed 
into a parallel slide motion proportional to x% by a combination of a 
three-bar linkage and an ideal harmonic transformer The design 
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involves four dimensional constants subject to arbitrary choice: A, which 
determines the scale of the grid generator and the length of the J, -scale; 
/>\ which determines the scale of the three-bar linkage; C and I), which 
determine the lengths of the *t*d .^-scales, respect'n ely. If X h X s , Xj 
are displacements measured in the MM units, the linkage generates the 
relation 

= s.oww \' ]; (28) 

The first steps in designing transformer linkages will involve the use 
of tabular OF graphical methods. A graphical presentation of the oper- 
ators, H in Fig. 914, will make it possible to wad ofT values of the 
Operator! lor evenly spaced values of 0 r , when these are required. |As a 
rule one should disregard irregularities in the linearizing operators, such as 
.ire shown by (M^) >" 1,,c - Wqh above; the operators should be 
IfUlteind by smoothly varying approximations.] Such graphical inter- 
polations are not necessary when the geometric method is to be used in 
deigning a three-bar linkage. One then needs to use a geometric series 
of values of one of the variables involved— such as are provided in 
Table M l in the ease of the variables .r,, x«, x a . To apply the geometric 
method directly to the entries in such a table one would require an overlay 
constructed for the same geometric ratio (here f/ ■ L25). The overlay 
would also need to be extended in both directions from the zero line by 
addition of a new series of lines with spacing [cf. Bq. (5-92)] 

p»U _ ym = / - 0, I, ■ - • . (29) 

The details of this extension of the geometric method will present lio 
difliculty to the reader. 

To minimize the accumulation of errors in designing transformer 
linkages, the following procedure is often useful. When two of the trans- 
formers have been designed, a graphical recalibnition of the third of the 
original scales can be carried through before its linearizing transformer is 
designed. For example, let new uniform scales for X\ and x* be con- 
structed and accepted us exact. On these scales lay down geometric 
series of points 

*B - ±<V. (30) 

Hext, construct, corresponding calibration points on the original non- 
uniform Xi- and a-n-scalcs, using the known constants of the transformer 
linkages. Then, using the known constants of the grid generator, con- 
struct the. points aft* on the original arj-scale that, correspond to X\ = xQ 
and x 2 = Xj'i, for various choices of r and *. If the grid generator were 
exactly ideal, and the transformer linkages were without structural error. 
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all the pointl With 

r + s = t CM) 
would fall together on two points of the 1% ecalo, corresponding to 

sift - ±c,<v. paj 

Actually there will he some scattering of these points, and it will he 
necessary to choose mean positions for tin* new calibration points i ,; 
on the .rvscale. This method of constructing the Xa-scalc introduces a 
partial correction for all design errors committe<l up to this point; it 
remains only to design the transformer linkage for the .fvtcrminal. 

9-7. Analytic Adjustment of Linkage Multiplier Constants. Pinal 
adjust men! of the constants of a mult iplier can he carried out by analytic: 
methods similar to thOM described in Chap. 7. From the point of view 
of theory, the present problem differs from the earlier one principally 
in the necessity for controlling the structural error in a two-dimensional, 
rather thnn a one-dimensional, domain. From a practical point of view , 
the large number of adjustable constants makes a complete treatment 
of the problem tedious, bui assures high accuracy in the result if enough 
care is taken. 'The present section will describe a straightforward 
application of analytic' methods to the final adjustment of linkage nm 
stunts; the next section will indicate* some associated or alternative 
techniques used by the author. The reader should be warned that the 
practical importance of this part of the design procedure, and the labor 
required, are out of proportion to the brief discussion that can be devoted 
to it in this volume. 

If the combination of star grid generator and transformer linkages 
were an exact linear multiplier, it would generate a relation 

UX, XiX* (88) 

between external parameters .V,, A V ,, at least within a domain 

A ,„ < X } < .Y M r. A', UI < A*, < A'.., i, A',,,, < X* < A', w . WW) 

Here R is a constant, and the parameters are iO defined that Xi = 0 
when X\ = 0, etc. Uecause of structural errors in the mechanism it will 
actually generate a relation that can be written as 

«X, = XiXi + 5(v,, A,). CHQ 

The last small term is the si met ural-er ror function of the mechanism, 
which must \n % brought, within specified tolerances by adjustment of the* 
linkage constants. 

In the case of a multiplier it is convenient to gauge the error of the 
mechanism by the structural-error function. The effort in the calculation 
can be decreased by computing the error function for spectral values «>f 
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Y, ami Xt wh><-h fonn geometric progressions in the two halves of each 
input scale: 



AT' AT !/'. I = 

at- = -xr r, I 



, -2, -1,0, 1,2, • • . (36a) 
, -2, -1,0, 1,2, • • • . C«M») 



II (|„- multiplier were exaet, the corresponding spectral values of A'j 
would form similar geometric progressions in either half of the output 

SCalc * 

SXfHH = XFW H = Wo*', ( H7 > 
■XT*- = -XfXlV 4 " - -liXTg*'- 

The spectral values of X, in either hall of 1hc seale would then depend 

„nly on the value of r + « fur the eorresp iug spectral values of X, 

ami Xt, With the actual multiplier *■ have instead 

Bit*-** = m+lt* + icxt*v Xtr*)i < 38 > 

Ike spe,-.r:d values of .Y, do fall into groups according to the value of 
,• + s, hut they are scattered ahout the ideal value lor the group, X\ f , 
with errors given hv the st met nral-error function f>{X\ r,k , A'*,"*). 

The ipeotnJ valuer of the structural-error function are conveniently 
arranged as a matrix— or, more properly, as an assembly of four infinite 
matrices. To simplify the notation we shall write 

8<AT± Xi«>±) = (39) 

With value of X, increasing upward, values of X, increasing to the 
right, the matrix takes the following form: 
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(40) 



Qacb row or column of dots ^presents an infinite number of rows 01 
column of spectral values of X\ a*sr — ± • , in the NM of rows, or of ■ 
M , ^ ± *> t in the case of columns. It is, fortunately, not necessary to 
give detailed con^^ In the graphical 

process of constructing an ideal grid structure it was sufficient to eon- 
sidcr grid lines with small positive and negative values of r and *, and 
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the circles of convergence, r — — * , s = — oc ; the same restrictions on 
r and * can be made in the present discussion, and for the same reasons. 
If the grid structure is ideal at .Y, = A" 2 ■ 0 — and it should be kept. 

so throughout the work — the output parameter Xt will be independent 

of A' i when A . = 0, and independent of Xi when X\ — 0. All entries 
in the central cross of the matrix (10) will then have tin- same value, 

The elements of the structural-error matrix are functions of all 
structural constants of the multiplier: the dimensions of the star grid 
generator and the transformer linkages, the origins from which the 
parameters A',, A r 2 , and A\ ; are measured, and t he constant U of Kq. (38). 
Let. the independent, constants be /, in number: y u g> h . . . </„. A 
small variation Aj/< of the constant //, will change the matrix element. 

K* 1 by an amount r * • A</,. It will then modify the matrix E by 

iddlng to it Aiji times the infinite matrix 

1 (41) 



If small variations are made in all the constants ft the structural-emu 
matrix will become, to terms of the first order in the Aj/,, 



E+ IE - E + Y 04* (42) 

The problem is then to determine the form of the matrices G, and to 
bhooee small (ef. See. 9-3) values for the Af/, which make the final struc- 
tural-error matrix E + $E as small as possible or at least, to reduce* 
the errors in certain regions of this matrix until they meet specified 
tolerances. 

The labor involved in solution of this problem is considerable, and 
the work must be arranged with care. It is necessary to consider only 
the portion of the matrix that corresponds to the domain of action of 
the multiplier. The central cross of the mat ri\ must be included, but the 
calculations nee<l not In* extended to large negative* values of / and «, 
particularly if variations of the constants are restricted to those that 
maintain the accuracy of the multiplication for X\ = 0 and X% — I). 
Analytic determination of the derivatives (dKf t ^)/(dgi) is advantageously 
replaced by large-scale graphical constructions to determine the matrices 

= GiAOi (43) 

for small changes A{/, in each parameter; these matrices can l>e used 
directly in the calculations, or converted into the matrices G,. as desired. 
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The matrices associated with changes in constants of the terminal 
HlllHPI bm simple forms. Variation in a constant Qi of the output 

transformer linkage producee ■ change in 2Ti wlWh depends only on A'*; 
uonaeqaenftfr the corresponding matrix G, has identical entries along 
,, M .h line of constant X+ IlMMM « lines erf ronslanl r + •: diagonals 
parallel bo the principal diagrinah in the bwwJafl and upper-right 
quadrants (positive X%), and diagonal* perpendicular to these in the 
upper-left and lower-right cpiadrants (negative A" :; ). All mines in the 
central cross of the matrix will be identical. A matrix G, associated 
with I constant 0Oi the XVtransformer linkage has entries which in each 
rmv are proportional to AY, U is a constant of the AYt ransfonner 
linkage, G» lias entries which in each column are proportional to X\. 
In either case, the entries in the central cross will vanish if the changes 
in the transformer linkages do not affect the accuracy of the multipli- 
cation for Xi = 0 and X| - 0. 

In varying the dimensional constants of the star grid generator one 
should follow the principles discussed in Sec 9-5; one should make 
changes with one degree of freedom which maintain the invariancc of 
properly chosen elements of the grid structure, and particularly the exact 
performance of the multiplier for A r , - 0 and A' 2 = 0. Such changes 
, m n f course We described by a single parameter g u which may be termed 
a - restricted parameter." It would lie extremely difficult to compute by 
analytic methods the matrices G, associated with restricted parameters; 
the graphical construction is quite practicable if the work is done on a 
sufficiently large scale. The entries in the central cross of these matinees 

are all sero. _ . n 

It remains to make a linear combination of the matrices t and <j<, 
f = 1 2 • r/, that will have all elements as small as possible within 
the domain of interest. Following the ideas of Sec. 7 8, one can maJcetl 
preselected elements of the residual-error matrix vanish exac tly. I I he 
solution will of course be spurious if large A< Jt are required.) One can 
Blio apply the method of least squares (Sec. 7 0). The author prefers 
to build up the required linear combination in a succession ol steps, in 
which there are formed linear combinations of the G, that can be used 
to reduce the elements in one or another of several regions of the error 
matrix E without introducing new errors elsewhere. For simplicity, 
let us divide the domain of interest into two regions, A and B. By 
lnying out the matrices G t> one can see how to make a number ol linear 
combinations of these which are small in some part of region A. By 
linear combinations of the resulting matrices one can build up combi- 
nations of the Gc which an- small throughout region A but large in 
region R; these can be used to reduce the elements of the en or matrix in 
region B without introducing new errors in region A. Similarly, one 
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<ran build up other linear combinations of the G, which can be used to 
reduce the errors in region A without introducing new errors in region B. 
The problem has thus l>een divided into two simpler and essentially 
independent problems: that of reducing the error in region and that 
of reducing the error in region 11. If these problems are not simple 
enough to !>e sol veil by insjieetion, each region can again be subdivided, 
and the process of forming new linear combinations carried through as 
before. The method requires some flexibility of approach, and the 
designer will profit from experience*. The author finds it a completely 
sjit isfactory method. 

9-8. Alternative Method for Cjauging the Error of a Grid Generator. 
It is usually satisfactory to carry out the final analytic adjustment of 
dimensional constants for the grid generator and t ransformer linkages 
<eparatelv. This greatly simplifies the calculations by reducing the 
number of dimensional constants that must be varied simultaneously. 

In adjusting the constants of a grid generator it is convenient to use 
an alternative method for gauging the errors in the almost ideal grid 
structure. \\ V have noted that, in an ideal grid strudure. systems of 
contours of constant .r,, j*.., .r* meet in exact triple intersections, wherea*- 
in a nonideal grid structure these nodal points of the grid disintegrate 
into little triangles. To make a star grid generator ideal one would have 
to make these triangles vanish throughout the domain of interest The 
linear dimensions of these triangles have the essential characteristics 

required of a gauge of the error in the grid structure: On&y change pro 

portionally to small changes in the dimensional constants of the grid 
generator, and vanish when the error vanishes. Since I hey are esjieciallv 
easy to determine by graphical construction, it is very convenient to use 
then) directly as gauging quantities in the final adjustment of linkage 

rrrmiianti 

The star grid generator is Intended to establish a relat ion 

/rx 3 = xix 2 Mi 

l>et\vecn variables .r h J'», .r a , read on associated scales w hich are in general 
nonuniform. Without attempting to control the Uniformity of the 
scales, we shall attempt to make this relation as exact as possible by 
varying the constants of the grid generator and the calibration of the 
scales. As in Sec. '>7, we choose spectral values of the variables which 
form geometric prog ressions : 



xr 1 - | ajfy, 
• Y </■ 



r, .v I - • • • , -2, -1,0, 1,2, • • • . (45) 
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First, we may construct the z r and art-contours in the domain of 
interest/ The intersections in the resulting curvilinear grid can be 
labeled with the index pair (r ± , • + ). Next we construct the Xa-contours 
Verified bj Bq. ( 15). Thews will not, in general, pass through the inter- 
sections of the original grid, hut will serve to complete small triangles 
with one vertex at each intersection. Let the side of the (r±, *±)- 
triatigle opposite the (r±, *± ^intersection have length L?*, taken as 
positive if the jvcontour passes the intersection on the side of increasing 
x it negative if it passes on the other side. The deviation of the grid 
structure from the ideal can then he represented by a matrix 

L U4.H (46) 
identical in structure with the m:.tii\ of Eq. | I0) r except that the quan- 
tities : ' 888 rei>lacc<l by the quantities . 

A change A?/, in a restricted parameter {fl of the grid generator will 
ehange the grid structure; the lengths /±± will become, to terms of the 
first order, 

+ + (47) 

The quantities can l>e graphically determined for some wnaJl Ap,; 

it is ttHHi a simple matter to write down the matrix 



H, - [«gf ], (48) 

which corresponds to the matrix G, of Sec. *r7. 

If each of the restricted parameters of the grid structure is changed 
|>y a small amount, the matrix of triangle dimensions will Iweonie, to 
terms of the lirst onler, 

l + sl - l + Th^. (m 

i 

Tb make the grid structure ideal one would like to choose values of the 
Aft (necessarily "small") that make the matrix L + 5L vanish identically. 
Determination of the A< fx can then proceed as described in the preceding 
section, except that (me will not in general attach the same relative 
importance to reduction of the various (piantities 14.1 Jis to reduction 
of the corresponding output eirors A, ; what weighting factor is to be 
applied will be obvious from inspection of the grid structure. 

When the scales associated with the grid generator have been deter 
mined, it will remain to design the transformer linkages and to adjust 
their constants as described in Chap. 7. Finally, the performance of 
the complete mechanism must be determined by exact calculation. The 
procedure described in this section was applied in designing the multiplier 



s» : , M| (Ml mm TBM MXMOM ni A (mm <n<\ kkatoh 283 

illustrated in Fig. 9-15. The residual error arc shown in Table 9-2, 
which gives x* — .r,.r,. for n series of values «»f .n and when the run- 
stants A, C, D of Im|. (2K) are so chosen that the generated relation 
should l>c ,r, j ,j ... 



Table 9-2.— tam cn iru, K— ff x* - in Mi'i.tmm.ii .u, Via. IMS 
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BAR-LINKAGE FUNCTION GENERATORS WITH TWO DEGREES 

OF FREEDOM 

The preceding chapter has described a technique for the design of 
bur-linkage multipliers — a technique? which is also applicable in the nuse 
of generators of arbitrary 1 unctions with ideal grid structure. The 
present chapter will descril>c and illustrate a parallel techni<iuc for the 
design of bar linkages that generate; a given function with nonideal 
grid structure. Asia the preceding discussion, attention will be restricted 
to the use of the star grid generator. 

101. Summary of the Design Procedure. In designing a star grid 
generator for a multiplier, wc began by considering an intersection 
nomogram for the given function, 

= X 1X2, (1) 

in the form of an ideal grid structure. Wc would have liked to carry 
out a topological transformation of this into an equivalent nomogram 
in which each family of lines would be I t onilv of identical circles. The 
transformed nomogram would necessarily retain the ideal grid structure 
of the original out*; the corresponding star linkage* would then be an ideal 
grid generator. We saw that such a t ransfonnat inn can not lie found, 
but, guided by this idea, we succeeded in laying out three families of 
identical circles which had nearly the desired characteristics within a 
restricted region. Then, using graphical methods in adjusting the con- 
stants of the e or res po 1 h I i n v, st:ir linkage, we were able to make the grid 
structure take on more and more nearly the desired ideal form. 

The same line of thought can he followed in designing a star grid 
generator for an arbitrary function. Differences in the procedure arise 
principally from the fact that in improving 1 lie* initial grid structure 
we cannot concentrate simply on making it ideal, but must at each step 
take account of the special function that is to be mechanized. 

To design a star grid generator for a given function of two independent 
variables, 

x, -Mr4 (2) 

we first represent it by an intersection uomogrriiu consisting of three 
families of lines; 
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xi m z \ r \ (3a) 
9% - *f», (36) 

* - x$\ (3c) 

We desire to apply to this nomogram a topological transformation that 
will transform each family of curves into a family of circles of constant 

radios: 

1. Circles ( "," of radius /. centers A'?, on the line of centers (',. 

2. Ciivle- Of of radius L% centers 4f* f on the line of centers C 2 . 

3. GbeiN < V Of radius £4 centers Af, OB the line of centers (\. 

If we can liml such a transformed nomogram it will be equivalent to the 
original one, and from it we shall Ik* able to determine the constants of 
the desired star grid generator: link lengths Li, L*, L%\ guiding curves 
Ci, C*, C :{ ; scales with the ,r,'-, .r ;i "-ca1ibrat ions at points A\'\ A :\ 

A'f\ rcsj>oetively. 

In seeking such I transformation we can be guided by the special 
characteristics, and especially the singularities, »>f the original nomo- 
gram. Under :» topological transformation, intersections transform into 
intersections and points of tangencv into points of tangeney; these 
features of the original nomogram must then ap|>ear in the transformed 
DOPIOgram, U all lines of constant .r, intersect at one point of the original 
nomogram, then all circles f"," of the transformed nomogram must 
also intersect in a similar manner. If a line X\ = x\* is tangent to the 
line .r\. .r., where .1 .\ : . then the circles < , and C , " must be tangent 
to each Other at a point on the circle Cjp, 

As a first step, we lay down tentat i\ e t rnnslorms of t w o of t he original 
families of lines, let us say the j r :md j-> -contours. These will Ih» 
families of circles that have the invariant characteristics of the original 
.r r and ./.-contours, at least within the domain of mechanization; to each 
will be assigned a tentative value of r, or x>, with due regard for all 
invariant characteristics of the original assignment. The tentative 
choice of those t ransforms is suilicient to determine the form of a tentative 
topological transformation ami a corresponding new form of the third 
family of curves; to determine these curves we have only to plot, in the 
eur\ iliucar coordinate system formed by the x { - ami ^-circles, the curves 
Tj .r\!' as given by Bq, (2). If this tentative transformation should 
Ik* the desired our. these .'-contours will then be circles with the same 
radius. Qf course, *e cannot expect so fortunate a result. I sually, 
however, we can see how to rearrange or renumber t he x r and .<r-eircles 
so as to make the .r r contours roughly circular. We thus obtain a 
tranefonaation of the original nomogram in which two of the families 
of contours have tin- desired circular form, and the third family hiw 
approximately the desired character. On replacing the third family of 
curves by :i system of approximating circles with the same radius, we 
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can now convert it into the grid struct .ure of a star linkage which gener- 
ates, at least approximately, the given function. 

It remains to imxlifv this star linkage in such a way as In increase UU 
prcriidon with which it generate the given function, ami at the same 
tillle to bring its scales into some convenient form, prelernbly circular. 
This mm usually he accomplished by a method of successive approxi- 
mations. Accepting the x r and ^-circles. CV and Qt\ as determined 
above, we can replot the contours .r, = A" ^ hf »q. ( 2 )« Iho * 

will l»c nearly circular; they can be approximated by u new system of 
qMm C\ r1 which can often be so chosen that the line ol centers has a 
Bimplc and convenient form. The resulting star-linkage mHuogram is 
usually more accurate than the first approximate nomogram, and more 
conveniently mechanized. Next, ac • epting the ('V- ami C^-Circlcs 
thus obtained, we ran replot the contours and .-place them by a 

new set of circles (V, and so on. There is no guaranlee that this method 
will converge on a sat isfart ory solution of the problem; if it does not, 
the process must be begun again with a drastically different initial 
structure. 

An alternative method for improving the grid generator will be 

illustrated in Sec. HK*. i 

When a graphical method is no longer adequate tor the blither 
improvement of the grid structure, analytical methods ran be brought 
into play. These, again, are essentially the same as those used in the 
design ol multipliers, The grid generator, considered either separately 
or in combination with transformer linkages, generates a relation between 
the ; n -r..-. .ivseale leadings which may l>e written as 

x* m /(.r„ *«) + «(*,, * 2 ). < 4 ) 

The structural error 6(x u **) is a function of all dimensions of the mecha- 
nism, as well as of g, and S* It can be evaluated for spectral values 
fjp :mi \ x y of these latter variables and brought within specifier! 
tolerances by the methods described in Sec ML There is, however, 
no advantage in making a special choice of the Bpectra x\ r] and x?\ 
except as this may be indicated by singularities or invariant, ol the 
given function. 

10-2. Example: First Approximate Mechanization of the Ballistic 
Function in Vacuum.— As an example, we shall design a star grid gene, 
ator for the ballistie function in vac. ran The deration angle s, of a 
gun that is to send a projeetile through a point at ground range x u 
relative altitude may be obtained by solving 

.r, sin a* s cos x* - x« cos 2 r, ^ xl ( 
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where v Is the initial velocity of the shell and q is the acceleration of 
gravity. We shall take X\ and 9% as input variables in the linkage and 
generate the required elevation of the gun, x h as the output variable, 
lor simplirity in the calculation we shall take r 500 m/see and 
(j 10 in, sec.'- The parabolic trajectories of the shells then have the 
forms shown in Tig. 101. 

It will be noted that for each target position within the bounding 
envelope there are two possible values of .r : ,. The larger value of x 3 
corresponds Ion high trajectory, which Incomes langent to the envelope 
of the trajectories before the target is reached. The smaller value of x a 
gives a lower trajectory, with shorter time of (light to the target; the 
shell reaches the target before it reaches the envelope of t rajectories. 




5000 



20.000 



2&0OQ 



10.000 15.000 

Horizontal range x l in meters 
Fir.. 101. Trnjoc-nnioH of .sheila in vacuum. Tho W:u-«1i<mI r\\\\KHO is the 1im»u» of maximum 
tltii ii'li -. Tin <* .illirii<lrs arc iriclicutcul for hoiuc c»f tin- tnijortm ii«s. 

We shall be interested only in the smaller of the t wo possible values of x 3 
and, correspondingly, only in the portions of the t rajert ories )>etwecn the 
origin ami the envelope. We shall jdso exclude from eonsiderat ion tho 
region it very small slant range, in the neighboring! of the singular 
point Xi = Xt = 0, where x a is not defined. 

It is to be emphasized that the present example || intended only to 
illustrate a general technique and does not necessarily constitute the 
best solution of the stated problem. liquation :.Yl, which is of relatively 
simple analytic form, can In- mechanized by a net of standard com- 
puting mechanisms. Such a device will be less desirable mechanically 
than a bar-linkage function generator, but it will l)e much easier to 
design and free from structural errors. These advantages of a computing 
net are lost in the ease of real ballistic functions, which offer no greater 
dilliculties in bar-linkage design than does the present problem. In such 
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rase.s however, the usual practice is to separate the function to be gener- 
ated into t wo parts, one of simple analytical form, to l)c generated by a 
imputing net. and the Other a residue, to be generated by a bar linkage. 
The resulting problem in bar-linkage design will then usually be less 
difficult than thai hen- considered, and the complete solution can bo 
given much greater accuracy. The present example, nevertheless, 
offers a number of interesting points for discussion. 

Since the trajectories in Fig. 101 an contours of constant ** the 
figure is actuallv M intersection nomogram that could serve for the 
solution of Va { . (5). We shall take it :is the stnrtinj point of the design 
process and attempt to find I topological transformation that will 
transform the parabolas into a family of identical circles, the horizontal 
lines Into a second family of identical circles, and the vertical lines into a 
third. 

Determination of th jg tttrfi. The most difficult stage of the work 
is always the beginning; every pi>ssible clue must be used as a guide. 
We observe first that all the parabolas inh ibit in I common point, 
Xi m x% m Q [f t|,e desired transformation exists, it must carry these 
parabolas into a family of circles, of radius L,, which also intersect in a 
common point, the origin of the transformed nomogram. The centers 
of these circles must then lie on a circle of radius /,* about the origin; 
this is the x 3 -scalc t thus determined as to form and position, but having 
no known calibration points. One calibration point can of course be 
chosen at will, without loss of generality. We therefore begin construc- 
liun Of the transformed nomogram, tig. LO-2, by drawing the jvscalc 
:»nd the circle x 3 = 0 with arbitrarily chosen ratlins L,: the calibration 
point xi = 0 on the xa-seale has l>een chosen to lie directly below the 
origin. 

Next we observe in Fig. 101 that the contour r. - t) is tangent to 
the trajectory x% = 0 at the origin and lies above it everywhere else. 
The transformed circle x 2 - 0 must then be tangent to the transformed 
circle * a = 0 at the origin; in Fig. 10*2 its center must lie directly above 
or di rectly below the origin. Comparison with Fig. 1 0* 1 suggest s t hat its 
center should lie below the origin, ami that its radius, should he 
greater t han /.». It has been so drawn in Fig. 10-2. The choice of 
which has beSO made arbitrarily, can he changed at will if the design 
procedure should fail to progress satisfactorily. This choice of the 
circle .r, - 0 also fixes the point .r, - 0 on the .ivscale at a distance L t 
below the origin. 

Guided by the distribution of intersections of the trajectories Xi = 4° 
with the horizontal line x t m 0, we are now in a position to make a 
tentative calibration of the Xa-scalc. It is a familiar fact that projectiles 
shot in vacuum at elevation angles x, and 90° - .r s will have the same 
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horisontal range; for instance, the parabolas x a = 40° and x% = 50° of 
Fig. 101 intersect qb the line x% - 0. The trajectory x z 15° gives the 
greatest horizontal range. The t ransformed circle r, - lo 0 in Fig. 10 2 

must then intoned the stale x t = o at the pettiest possible distance 

bom the origin a distance equal to the diameter of the .rr-cirelcs. 
This intersection point, fl in Fig. |<M\ can be determined by use of a 
compass. The midpoint of the diameter ON lies on tin* ,r 3 scale at the 
calibration point t% - 45°; calibration points tor j ■, h r >° will lie below 
this point, calibration points for jr 3 > 45°, above it. 




Vml tO* ("onsinirii ( t t : %t i s mtai m mmkmtmMkm td Urn imiiistir- function M , 

vitriiMMi. 



We shall iio\n choose other calibration points on the .ivscale, such 
that the circles r, if and X% - 1H)° - *f interseet the circle *| = 0 
at the same point. Specifically, having chosen calibration points for 
.r 3 = 10°, 20°. 30°, 10°. which interpolate between the known points 
** °° -'"d -r ;l ir>°. we shall construct the corresponding circles of the 
transformed nomogram. Through the intersection of each such circle 
with the line x 7 = 0\ and the origin, we shall const met a circle of radius 
U These circles correspond to x* = 80°, 70°, r>0°. 50°. respectively; 
their centers are the desired calibration points on the Js-scale. Ill pro- 
ceeding thus, we are guided by properties of descending portions of the 
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parabolic trajectories with x* > b r >°, vhkh have no immediate relevance 
to the chosen problem. The relations that we have established arc thus 
useful unities in the preliminary calibration of the jvseale, but they 
Deed D0t be maintained throughout Inter developments. 

First of all, we note that the eirelc g| - 90*, like the associated cu rie 
zi = 0°, must be tangent to the circle x* = 0; its center must lie directly 
above the origin. The - rscale must then extend through an arc of 180°, 
Since the scale from *, = 0° to x* = 45° covers less than 1K)° of this arc, 
the spacing between consecutive .r : ,-cali brat ions must, on the average, 
increase with x%\ we can reasonably assume that this increase continues 
.NM.otlrlv throughout the length of the scale. We shall therefore choose 
calibration points .n - 10°, 20°, 30°, I0'\ winch have gradually increasing 
separations and which lead to the determination of points x, - 50°, (i0°, 
70°, 80°, with separations that fall into the same .smoothly increasing 
Heqiience. Such points are easily found; they are shown in I'ig. 10-2, 
together with the associated circles of radius 

Determination of the x r scale.— Thus far we have established only the 
point Xt m 0 on the .r,-seale. As our principal clue in the further con- 
struction of this scale we have the points of tanuency of the x r and 
.r :r eontouis. In Fig. 10-1 the horizontal line x 375 is tangenl to the 
parabola x A = 10° at its vertex; the transformed circle .r, 375 in 
Fig. 10 2 should similarly be tangent to the transformed circle ar, - 10°. 
The circle x, = 10° has already been determined, but we know only the 
radius of the circle * - its center— the point x« = 375 on the x r 

scale -may lie anywhere on a circle of radius /, ;: - L* with its center at 
the point, ft - 10°. An arc of this circle near the point Xz = 0 is shown 
in Fig. 10-2. Similarly, the scale points I 100, 3125, 5100, 7335, 

0370, 11010, 12130, 12500, must lie on circles of radius Li - L* about 
renters on the .r, -scale, at the points x* = 20°, 30°, 10°, 50°, 60°, 70°, 
80°, 00°, respectively. Ares of then- circles also appear in Fig. 10*2. 

There is another clue to the nature of the j-scale, but it is relatively 
unreliable. It is well known that the points of maximum Xi on the 
trajectories lie on an ellipse (the dashed curve of fig. 101). These 
maxima occur at first close to the origin 0; their .r .-coordinates increase 
with Xz, and then decrease to 0 as .r, goes to 00". Now. t he t ransformcd 
nomogram under construction bears some similarity to the original one, 
Fig. 10 1. in which x<> increases from bottom to top. gj from left to right. 
In view 0l this we may expect the points of tan-ency between the trans- 
formed .r,- and r,-circles to move at fM toward the right, as x, increases, 
and then as far as. possible to the left. If this is to l>e the case, the 
TI A jllllt must then rise to the right of the origin, with its upper end B $ 
corresponding to ;r 2 - 12500, at .about the* Bame level as the scale poilil 
a-3 = 90°. Figure 10-2 shows such a choice of E. 
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A preliminary choice of the /--scale can now be made. For mechan- 
ical reasons it Ml been const ructed in Fig. 10-2 as a circular arc — a 
tentative choice that can be modified at any time. The calibrations on 
this wale are determined by its intersections with the arcs already con- 
structed. For later use, calibration points have been interpolated for 
evenly spaced values of .r>: 1000, 2000, 3000, . . . 12000. These .ire 
easily ami accurately determined by plotting on cross-section paper a 
smooth entire Of distance along the .r -.-scale auainst ( he value of .r, f usinu 
the known calibration points, and reading oft the distances corresponding 
to I he chosen values of x->. 

This completes the determination of our tentative topological trans 
formation. Contours of constant Z% can be drawn in at will, but are 
omitted from Fig. 10-2. 

Dvterminaliou of the r r seaie, — We have next to construct contours of 
constant x x in the transformed nomogram. This is conveniently done 
using computed values of .r ? for a series of values of .r, ami M given in 
Table KM. Only values within our restricted domain of interest are 
tabulated. 
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To construct the curve x } = 2000 we refer to the lust column of 
Table 10 I. We construct, arcs of radius L+ with centers at the points 

= Kor>o, IK3(), 3150, 2150, L6fiO a 1150, 050, 280, intersect in^ raope* 

lively, the circles*, = 80°, 70°, (>0°, 50°, 40°, 30°, 20°, 10°. Thfl points of 
intOIBOOtiOD lie on the curve X\ — 2000. In tin* same way we can d<-t er- 
mine points on the other contours of constant .r ? , as shown in Fig. 10-2. 
Because of irregularit ies in t lie x— and .r.i-scalcs, t hese points do not lip on 
smooth curves, but on rather irregular ones; they have been connected by 
straight lim-s in Fig. 10-2, merely to bring out their relations. 

It woultl have been very gratifying if the contours of constant t\ 
had turned out to be circles, of constant radius The actual result is 
llOt bad, for a lirst t rial, since the curves do resemble arcs of circles. The 
radii of these circle* are not exact ly equal, but it is not difficult to select an 
average radius /,,. 
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We have now to construct the Xi-scale. About each of the established 
points of the contour *, - 2000 we const met ares of radius L x . These 

intersect near the upper margin of Fig. 10-3 and thai determine roughly 

the position of the point x x - 2000 on the ./ r seale. Similar eonstruc- 
lions are shown fat Um Oiloblished points of the other .r, -contours. The 
intersections arc rather diffuse; the form of the .r,-scale is not determined 
very precisely. Fortunately, the most diffuse in tercet ions occur for the 
least critical part Of th»*l Wok, the center. For these values of \x h the St- 
and j\rcotitours are very nearly tangent to each other, and the computed 
value of *| is very insensitive to the value of X\. For instance, let us 
consider a. case in which the central pivot of the star linkage is at a 
point of tangeney of the Xr- and £j-contours. As long as x t is fixed, any 
displacement of the j r input— whet her along or perj>endicular to the 
scale can move the star pivot only along the .r-eirele and thus produce 
nt must a second-order change in Xj. We liave, therefore, to attach little 
importance to the diffusencss of the intersection in the central part of the 
...-scale: we can adjust the position of that part of the scale and its 
calibration points with relative freedom. The reason for this is also 
apparent mi inspection of Fig. 101; for values of ,r, near 12000, a change 
in *] with constant ./•. carries ON very nearly along a trajectory with 
constant .r 3 . (The steeply descending trajectories we have already 
excluded from consideration.) 

It is evident that the ./',-scalc will he nearly circular; in Fig. 10-2 it 
has been given an accurately circular form. It then becomes dear that 
the calibrations in .r, will be almost equally spaced. This fact su^ests 
that an exactly even scale in .r, should be laid down - a procedure that has 
been followed in Fig. 10-2. We have thus given to the r ,-scalc a par- 
ticularly simple form, which we can hojx» to maintain through later stages 
of the development 

10-3. Example: Improving the Mechanization of the Ballistic Func- 
tion in Vacuum. — In following the method descrilied in Sec. 10- 1 for the 
improvement of our preliminary mechanization of the ballistic function, 
we can accept the x x - ami .r , scales already defined and reconstruct the 
jig mlo If should MW be sufficiently clear how this work would proceed. 
We shall therefore apply another useful technique to this problem. 

Lai us accept the very convenient .r,-scale of Fig. 10-2 and the estab- 
lished values of /, i, I * •> , and instead of prescribing the jvscale 
directly, we shall keep unchanged the contour. p a 10°, and shall require 
that the new linkage give an exact solution of the problem whenever 
.r 3 - 40°. This requirement will completely define the .r ..-scale for all 
values of * 2 less than 5100. Por instance, we can locate the scale point 
x 2 m 1000 in the following manner. From the original nomogram we 
read that when .r n = 10° and j 2 = 1000, :r, may he 1300 or 23300. About 
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the points X\ = 1300 and rri = 23300 on the Xi-seale we draw circular 
arcs of radius L u intersecting the contour X* — 10° at points .1 and H 
(Fig. 10*8). These points must both lie on the contour x 2 — 1000; we 
therefore construct about them ares of radius L t . and locate the scab* 
point xt — 1000 at their intersection. The scale points x 2 = 2000, 3000, 
1000, 5000, can be determined similarly by the use of the data in Columns 
I and 2 of Table 10-2. 
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The scale points thus established lie on a circular arts with center Q? 
(Fig. 10-3) ami are equidistant to within the accuracy of the construction. 
We shall therefore complete the tg OOpIo by extending it as a circular arc, 
with equidistant M ale divisions up to Xt = I20<M>. 

It remains to reconstruct the contours of constant .r a ami the 
Tg OflOlp Points on the contours Xg — 10°, 20°, 30° are conveniently 
located by the use of the data in the last three rows of Table 101 ; they 
lie at the intersections of arcs of radius L { and L* about corresponding 
points on the -iv and .r-scales. rcs|>eetively. Points on the contours 
Xi = B0*, 00°, 70°, 80° can lie located similarly by the use of data given in 
Table 10 2. All these points are shown in Fig. 10*3 as small circles. 
Through them we can p:iss circles of radius 7..j. with enroll that are 
appreciable only al the outer ext remity of a few r of the ares. The centers 
of these circles lie on a nonuniform x M jpolo that is only roughly circular. 

The fact that the .1*1- and x ..-scales are even and circular makes this 
solution of the problem attractive, even though the .1 r scale is of the most 
general tyjx\ No transformer linkages will be required for the inputs; it 
remains to design a single bar linkage that will both guide the point of 
the star linkage over the* present noneireular Xs-scale and provide an out- 
put motion linear in Xr t . How this can be done will be shown in Sec. 10*4. 
Figure 10-1 shows a schematic layout of the linkage in its present state. 
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xv it h a curved slide for iho output terminal. The elevation scale is 
restricted to the range 10° < x, < 80°, which alone would be important if 
the mechanized ballistics had practical significance. This function gen- 
erate has a very small error tor slant ranges greater than 2000 in. except 
for a few points close to the envelope of trajectories. (The solution DM 
. r , = = 0 is poor localise no attempt \v:is made to force the contours 
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NMMUH 

of constant a* a to interact at a single point.) This design could he 
impiOVed somewhat by graphical methods, without sacrificing the simple 
forms of the x r and a^-sealcs; still further i mprove ment could be obtained 
hy applying analytic methods. In practice, however, maximum accu- 
racy could he obtained by reformulation of the problem, introduction of 
new variables, and use of the bar linkage to mechanize a function of more 
suitable character. 
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10-4. Curve Tracing and Transformer Linkages for Noncircular 
Scales. — Practical application of a grid generator with a nonuniformly 
curved scale requires solution of two problems: 

1. Design of a constraint for the grid-generator terminal that is more 
satisfactory than a curved slide. 

2. Design of a. transformer linkage to provide a satisfactory external 
terminal, usually with an even scale. 

Horizontal range *i=0 

o 

o5000 

O i 




Fro. 10-1. — Schematic layout of Imllistic computer. 

These problems can often be solved simultaneously by a device such as 
that sketched in Fig. lOai. in which the terminal T of the grid generator 
is pivoted to and guided by a rigid extension QTU of the central link of a. 
three-bar linkage I'iJItS. One of the cranks of this linkage may itself 
serve as the terminal of the transformer, as shown in Fig. HKa, or a. 
harmonic transformer may be added to give a slide terminal. in the 
multiplier of Fig. 8-16. We shall consider hen* the first ami simpler 
alternative; the procedure is easily extended to the second case by use of 
the ideas presented in ('hap. 8. 
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Let us consider that the rigid triangle QTli of Fig. 10 5 consists of 
rigid bare. The device may then be divided into two parts: 

1. A transformer linkage, consisting of the link Til and the crank US. 
When fl» joint V is guided along the scale AH, these elements serve 
to transform readings on the uneven scale AR into identical read- 
ings on the even circular scale (7). 

2. A constraint linkage, consisting of the crank PQ and tin* links QH 
and QT. This, together with the elements of the transformer 
linkage, guides the joint T along the scale .-IB. 

In designing such a linkage these pints are considered separately, and in 
the order listed. 




lU-A Linkage traiMformci from a., uneven uomii <ulu. seule /W* l> :«n rvi-n < ., < uh»r 
MlE ' !*• joint T will MM l/< wo hunt further MMRK 

Zfc Trumformrr /,im*<ii/c— The transformer linkage can be designed 
bv applier.tion of tlie geomotrie method for t hive-bar-linkage design, as 
described in ( hap. 5. 

To imimtand how this can be done without any significant change m 
H„. procedure, we may consider the three-bar linkage from x\ point of 
view not previously «iphasi»cd. A three-bar linkage can be used to 
^net-ate | relation hetween an input xariable ,r,, which ean be read on a 
Uniform seale associated with the input erank. and an output variable X,, 
which ean be read on a uniform seale assoeiated with the output erank. 
\hw, a nonlinear meehanizaf ion of the same relation ear. be obtained by 
use of the output erank alone; the uniform .r^sealc ma> be supplemented 
by a nonuniform r r scale, and the output crank used simply as a pointer 
|0 i, h |i( ate eor responding values of .r, and x t . The function of the input 
erank and eonneeting link in the three-bar linkage is, then, that of 
transforming this eiretilar but nonuniform seale of .r, into a uniform 
cirnihir input seale. It will be observed that the geometric method ol 
t niee-bar-linkage design can be understood from this point of view; it will 
be noted She that the circular form of the output seale play, no essential 
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role in the procedure. This method can be applied, then, whenever it is 
desired to carry out a transformation between a circular seale ami another 
scale of arbitrary form. (Interchange in the roles of terminate as input, 
and output does not affect the procedure.) For example, it ean be used 
in the design of highly nonideal harmonic transformers, in which one seale 
is linear, as well as in the present case, where one scale may have arbit rary 
form. 

To design the t ransformcr linkage one ean then proceed a< follows: 

1. Choose a spectrum of values of the variable i for example, ,r) with 
differences that change in geometric progression, with ration/: 

>r o, . x <o> + <f ~ j . h m 

2. Construct the given seale AH, and on it lay down the points cor- 
responding to these spectral values of .r" . These points cor- 
respond to the point. 1 H "\ Pt» . . . /'<">, of Fig. 5 21. 

3. About the points /'<" construct circles C" with radius li+ - 77?. 
This completes a chart corresponding to Tig. 5 21. 

I. Over this chart move the characteristic overlay of the geometric 
method, Fig. 5-23, constructed for the chosen value of r/. If it is 
possible to find a position of this chart (face up or fnce down) in 
which successive circles C <0 \ C (l) , C (2> , . . . pass through t he inter- 
sections of an overlay circle with successive radial lines, the 
required constants of the transformer linkage can l>e rend olT at 
once. The position of the pivot S is the center of the overlay. The 
circular sctle (/> must coincide with the overlay circle on w Inch the 
lit was found; the calibration points on (his scale corresponding to 
the chosen spectrum x ir) lie at tin* intersection with this circle of the 
circles ('"'. The length of tin' connecting link TU corresponds to 
the arbitrarily chosen length />'. 

5. If necessary, try a succession of value! of B% in order to find that 
which gives the best (it 

Figure 10-6 shows a transformer linkage, thus designed, for .the .r :r sealc 
of Fig. 10-4. 

The Constraint Linkage. — The possible paths of the joint T in linkages 
of this type are the three-bar curves discussed, from a more mathematical 
point of view, by Rolwrts, Cay ley, and Hippisley. 1 liven as restricted 
by the choice of the elements TB ami US of the transformer linkage, this 

! S. Hoberte, "On Three-Bar Motion in Plane Space," /W. Math. .W., fW. f 7, 
11 (1875). 

A. Cnyley, "On Three-bar Motion," Proc. Math. Soc., Lond., 7, 130 (1875). 
R. L. Hippisley, "A New Method of DeseribiiiK a Three-har Curve/' /Vw. Math. 
>W., L<md. t 18, 130 (11H8). 
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is a largo family of curves, with which a great variety of curves AB can 
lie fitted accurately. 

\ simple graphical method suffices f<.r the design <»l these linkages. 
We wish to BhoOM lengths for the bars TQ and QR such that when the 
points 7' ami /.' move over their rosiM-etivo scales the point Q will describe 
a circle. H we then constrain to move on this circle, by means ot the 
crank I'Q- and R to move on the circle R, by means of the crank SR. 
.he joint T will be constrained to move along the scale .Wi, as desired. 
Wo therefore prepare a chart that shows the scales W>' and CD in their 
Draper relation. Over this chart we place a transparent overlay on 
which is marked a line of length B,, representing the bar TR. 1 1 we now 
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move the ends 7' and 8 of this bar along their respective scales, the other 
points of the overlay will have the motions of points rigidly attached 
(„ the bar TR. The path traversed by any point of the overlay can 
uuicklv be laid OOt on the chart. Comparison of a number of these paths 
will usually call attention to a region on the overlay— in addition to that 
near the point R — that traverses a nearly circular path. Comparison 
of (be paths of a few points of this region will then suffice for the location 
on the overlay of the point Q that has the most nearly circular path. 'I he 
length of the bars TQ and QR can then be measured on the overlay; 
the pivot /' will lx- located at the center of the circular path, and PQ Will 

have a length equal to its radius. This will complete It ctcrminatlOO 

of the linkage constant*-*! the accuracy possible- by graphical methods. 

faun 10 7 shows, for the example of the preceding sections, the 
paths of a number of point* of the Overlay. Since tin- point T moves 
over a rougl.lv circular path AB, it was to be expected that a very nearly 
Circular path', QQ 1 , would be found near by- that the bar lentil. IQ 
would be small. A sketc h of the comple ted t ransformer-and-constr.unt 
linkage for this example is shown in Fig. 10 8. 
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TABLES OF HARMONIC TRANSFORMER FUNCTIONS 



An extended discussion of the structure and use of these tables will he 
found in Sees. 1-3 to 17. 

Al. Table Al. Hi as a Function of 0,. Kach unit of this table may 
bfl read in two ways, according to the following schemes: 
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1 - 0, 












v.„ 

A , v 





The defining relations are 

u k = sin + - (sin V,)^ 

(sin A r <) M , M - (sin A\) m „, 
cos (X^ + OAXj) - (CQ8 X .)«.. 
1 (cos - (cos X,),.* ' 

_ (w>« A r ,) inA4 (cos A r ,•)«»■ 
{ (sin X<)-m« - (sin Xi) w J 



(412) 
(4-42) 
(4-31) 



where* max and miu indicate, respectively, the maximum and minimum 
values of the function in question, when 

X tm ^ Xi ^ A r <jf = Xi» + A A',. 

A-2. Table A-2. 0, as a Function of //.. In each column are tabu- 
lated values of 0» corresponding to equally spaced values of H k> for the 
values of X im and X iM shown at the top of the column. Only those 
values of A\ m and A\m/ arc included for which 0, is a single-valued function 
of II k . 
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Tablk A-2.— Vi as a Function of //* — (Cant) 

AXi m 120° 



Hi 


A\„. ■ -<J0° 


-85° 


1 '"" 

-80° 


-75° 


-70° 


1 

-65° 


-60° 


V.jii - 30° 


88 




40° 


45° 


50 p 


55° 


60° 


0.0 


0.0000 


o.oooo 




0 .0000 




0.0000 




0.0000 


0.0000 


O.OOOO 


0.1 


0 2649 


0.8896 


0 2059 


0. 1888 


0 1614 


0.1483 


0.1346 


0.2 


0.3798 


0.3498 


0.8880 


0.8880 


0.8770 


0.2572 


0.2391 


0.3 


0.4719 


0.4443 


0 .} 1S4» 


\i ♦».» Ml 


II « 


U . t5t> 1 I 


0 . 33 1 1 


0.4 


0 5535 


0.5283 


0.5042 


0.4812 


0.4590 


0.4870 


0.4188 


0.5 


0.6294 


0.6067 


0.58*16 


8.0880 


0.5418 


0.8800 


0.6000 


0.6 


0.7022 


0.6824 


8.0887 


0.6431 


0.0234 


0.0081 


0.5831 


0.7 


0.7739 


0.7574 


0.7407 


0.7237 


0.7061 


0.6879 


8.8088 


0.8 


0.8461 


0.8337 


0.8800 


0.8072 


0.7929 


0.7775 


0 7009 


0.9 


0 9207 


0 0135 


0.9067 


0.8973 


0.8879 


0.8774 


0.S654 


1 0 


1.0000 


1.0000 


1.0000 


1 .0000 


1.0000 


1.0000 


1 OOOO 






IL 


A„. 55° 


-50" 


45" 


-10° 


-35° 


OP 




Xm - 65° 


70° 


75° 


80° 


85* 


90° 




0.0 


0.0000 


0.0000 


0.0000 


0.0000 


0.0000 


0.0000 




0.1 


o.im 


0.1121 


0 1027 


0.0943 


0 OK05 


0.0788 




0.2 


0.8886 


0.2071 


0.1080 


0 1792 


0.1063 


0 1589 




0 3 


0 3121 


0.2939 


0.8188 


0.2593 


0.8480 


0 8881 




0.4 


8 8008 


0.8700 . 


0 8888 


0.8878 


0.8170 


0.8078 




8.8 


0.1792 


8.4088 


0 1370 


0 4154 


0.8008 


0 37<Mi 




8.0 


0 5621 


0.5410 


0.5ISS 


0.4958 


0.4717 


Q I486 




07 


0.6489 


0.0278 


0.0001 


0.5814 


0.5557 


0.0881 




0.8 


0.7428 


0.7230 


0.7012 


0.6770 


O.OOOO 


0 8908 




0 0 


0.8517 


0.8356 


0.8167 


0.7941 j 


0.7671 


0.7351 




I 0 


1 0000 


1 0000 


i oooo 


1 oooo | 


1 .0000 


I III Mill 





±x t 130 





Xim 

Xm 


- -90° 

- 40° 


-85° 
15 


-80° 
50° 


-75° 
55° 


-70° 
60° 


-05° 
65° 


0.0 


0 


oooo 


0.0000 


0 . (KKK) 


0.0000 


0 oooo 


0.0000 


0.1 


0 


2562 


0.2256 


0. 1995 


0.1774 


o 1886 


0.1488 


0.2 


(1 


367S 


0.3388 


0.3121 


0.2884 


0.2666 


0.2400 


0.3 


0 


4579 


0. 1300 


0.4018 


0.3808 


8.8888 


0.8808 


0.4 


0 


5381 


0.5128 


0.4882 


0.4617 


0.4 419 


0. 1197 


0.5 


0 


6132 


0.5899 


0.5071 


0.5110 


0.5222 


0.5000 


0.6 


0 


68(50 


0.6652 


O.G444 


0.6233 


0.6020 


0.5803 


0.7 


0 


7586 


0.7408 


0.7886 


0.7037 


0.6SII 


0.6635 


0.8 


0 


8332 


0.8192 


0.8044 


0.7886 


0.7717 


0.7531 


0.9 


0 


9122 


0.9036 


0.8040 


0.8831 


0.8118 


0.8818 


1.0 


1 


oooo 


1 oooo 


l .0808 


1 OOOO 


1 oooo 


1 ,8000 



332 APPENDIX A 



Table A*2. — as a Function or Hu ~— (CotU.) 

AXi m 130° 



Ilk 




-55° 


-50° 


-45° 


-40° 


XiM - 70° 




80° 


85° 


90° 

— 




0.0000 


0.0000 


0.0000 


0.0000 


0.0000 


n 1 


0. 1287 


0.1166 


0.1000 


0.0064 


0.0878 


0 2 


o.m* 


0.2114 


0.1056 


0.1808 


0.1668 


VI . o 


0.315U 


0.2063 


0.2774 


0.1801 


0.211 I 


0.4 


0.3080 


0.37<»7 


0.3556 


0.3318 


0.0140 


0.5 


0 177S 


0.4554 


0.4329 


0.4101 


0.3868 


0.0 


0.5581 


o.. r >:ra 


0 5118 


0.4872 


0.4610 


07 


0.6120 


0.6102 


0.5<»r.l 


0.5604 


0.5421 


0.8 


0.733 1 


0 7116 


0.6876 


0.6612 


0.6322 


0.0 


0.841 1 


0.8220 


0.8005 


0.7744 


0.7*138 


l.O 


1 0000 


1.0000 


1.00(H) 


1.0000 


1 .0000 



AA'< - 140° 



Hk 


Xm - -W° 


-85° 


-80° 


-75° 


-70° 


Km - 500 


55° 


60" 


65° 


70° 


0.0 


0.0000 


0.0000 


0 0000 


0.0000 


0.0000 


0.1 


0.2470 


0.2171 


0.1021 


0.1701 


0 1518 


0.2 


0.3550 


0.3265 


0.3005 


0.2767 


0.9541 


0 3 


0.4496 


0.41. VI 


0.3897 


0.MM 


o .SOI 


0.4 


0.5209 


o IMS 


0.4704 


o 4409 


0.4226 


0.5 


0.0040 


0.5708 


0.5471 


0.5235 


0.5000 


0.6 


0.6673 


0.6452 


0.6230 


0.6004 


0.5774 


0 7 


0.7405 


0.7210 


0.700S 


0.6707 


0.6577 


0.8 


0.8170 


0.8010 


0.7838 


0.7652 


0.74*1 


0.9 


0.0008 


0.81MM 


0.8780 


0.8041 


0.8482 


1 0 


1.0000 


1.0000 


1 0000 


1 .0000 


1.0000 



//i 


Xm - -<tf° 


-60° 


-55° 


-50 


r«r- 75° 


80° 


85° 


90° 


0.0 


0.0000 


0.0000 


0.00(H) 


0.0000 


0.1 


0.1359 


0.1220 


0.1000 


0.0992 


0.2 


0.2348 


0.2162 


0.1990 


0.1830 


0.3 


0.3203 


0.2992 


0.2790 


0.2595 


0.4 


0.3996 


0.3770 


0.3548 


0.3327 


0.5 


0.4765 


0.4520 


0.4292 


0.4051 


0 6 


0.5538 


0.5296 


0.5018 


0.4791 


0.7 


0.6346 


0.6103 


0,1041 


0 5575 


0.8 


0.723H 


0 0995 


0.6735 


0.0460 


0.9 


O.S290 


0.8079 


0.7826 


0.7530 


10 


LOON 


1.0000 


1 .0000 


1 .0009 



APPENDIX B 



PROPERTIES OF THE THREE-BAR-LINKAGE NOMOGRAM 

This appendix includes a mathematical discussion of the contours of 
the thrce-bar-linkage nomogram, and a table* of curve coordinates for use* 
in the construction of a nomogram suitable for an -urate work. The 
nomogram itself appears a* Fig. JM, in a folder in the back of the book. 

B-l. Contours of Constant /.. In the p, |) plane the oontoun of 000- 
stant /> are given by K<j. (511): 

fl m eos 1 (cosh p }§* ,<) ^ | ^ 

Since the function cos"" 1 x is multiple valued, rj is a multiple-valued 
function of p, for any given b. If (/>, ij) is a point on the contour of con- 
stant b, so is (;>, ±t) ± 2kw), for any integral value of k\ \\ 'hen b > 0, 
these points all fall on a single continuous contour; when b < 0, the 
contour consists of a system of isolated closed curves. In any cjlsc the 
complete contour has an infinite, set of horizontal axes of symmetry: 

% = hr, 1 - 0, ±1, ±2, • • • (2) 

Other symmetry properties depend upon the sign of h. 

Contours for b < 0 have a vertical axis of symmetry. W hen /; < 0, 

1 - c 36 > 0, (3) 

and one can define a real constant T by 

T = - .1 111 0 -r*). (44 

= i - (46) 

In terms of the parameter 7\ K<|. (1) Incomes 

v ^ cos" 1 fe * cosh {p + T)]. (f>) 

Thus rj{p f b) is unchanged by change of sign of p + T\ the contour is 
symmetric to reflection in the vertical line 

W m "7 f = ibid -r*). «>) 

The contours of constant b > 0 have no vertical axis of symmet ry ; t he 
above argument does not apply because T as defined by Eq. ( I) is no 
longer real. One can, however, define a real parameter t by the relation 

r* = c 2 * - i . (7) 
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[a terns of t he puMnotec (, lit,. (1) become* 

, - cos- 1 \<-' sinh (f> + 01- (8) 
Ch w in » K n of (/' + 0 "[ the ur K mnent on U.e right ; 

» nn then lie rephiee.l l»y <2fr + l)» - 1- when- /.' - 0. 1 '» - ; 

U foli.L £ i h, oZZb of -nst.,nt b > 0 1— « Enfiafo -l—" of 

centers of symmetry :it 

.p t = _< - | In <«•* - I). j (9) 

J - (A- + J)*. A- =0, ±1, ±2, • • • I 

Ite ,„nit in. omtour, b = 0. dm bo vert lotl i* or rente, of qrmnwl rj 

except at infinity . Its c.|n;.tion is 

n = ,.<«-' (ft*). ( 10 > 

.i mmUm » - o n.1 o = In 2. tuul has no points for 
This curve intersects the a\i* tf - » 7' 

which ;> > In 2. It has horizontal asymptotes 

, = (* + i>*, A-=0± 1, ±2, • • • • (ID 
B-2. Contours of Constant X.-To study the contours of const*.,. V 
it is necessary to eliminate b from Kq. (0 a.ul Kq. U-45): 

p = i In (2 cos X + 2 cosh fe) + ib. (>2) 
The.se equations may bt rewritten in an interim,; ami symmctrieal 

fon,,: t- f -^+r»a--), 

Substitution into Bq. (14) <* * - ^ * < 13 >> »-* * ^ 

„ «»cosi?-l . (15) 

cos A - J| q; c »„ _ 2c' cos if)** 

An equivalent hut simpler relation, 

cos q - <• (gin , sin x > 0) (16) 

" ' sin »j 

f„lh,ws fffNB this by trigonometric rearrangement. 

,.- or tM analysis at hand it is convenient to rewrite Bq. ( lb) M 

sin X cos ii - sin n »» X 1 1 0 

sin (X - ,) = sin Xr>, (sin , sin A" > 0). (18) 
As noted, only that portion of this enrve is to be considered for which 
sin i? has the name sign as sin A 
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Let 0 < Xc < 180°. The contour for which X = X 0 must lie only 
in the region for which sin rj, like sin A' 0 , is positive. This contour ii 
then 

sin (A'o - i?) = sin A>~* (sin ij > 0). .; lin 

On the other hand, the contour X = A' 0 — ISO 0 must lie only in tin- 
region for which sin 17, like sin (A' 0 - 180°), is negative; it is the contour 

sin (Xi - 180°- v ) - sin ( A„ - I80°)c * «n < 0 (90*3 

or 

sin (X 0 - if) - sin AV », (sin ij < 0). (901] 

These two contours join smoothly at the origin, forming a continuous 
curve which approaches the horizontal asymptotes ij A\, ami 

V - Ao - 180° 

as j) — * <» . 

BUM sin A'o > 0, we may write the eomplHe curve fOf any A 0 as 

sin (A'o - i|) - c-^-i-^-v. (21 > 

This is the curve 

cos rj f-#, (22) 

translated upward by 

±V Ao - 90°, r^8) 

and to the left by 

A/> - - In sin A„. (21) 

Thus, all of the curves defined by Kq. 1 21) have the same form, what- 
ever the value of A' 0 . Equation (22) gives directly the form of the curve 
for Xq = 90°, consisting of the contours A = 1)0° ami A - <M)°. 

It will 1h» noted that Kq. (22) differs from Kq. (10) only by a reflection 
ina vertical line ami a translation parallel to the /j-axis. It follows that the 
iWO contours A = A'oand A - A„ - 184)° form (for any 0 < X 0 < 180°) 
a curve of the same form as the contour b = 0 reflected in I vrrlical line. 

B-3. Explanation of Table B-l. Table B-l givee the coordinates in 
the (/>, T?)-plane of the intersection of the con tout's of constant /; and the 
contours of constant A', for 

A - 0°, 5°, 10°, 9 \m°, 

p| = -0.50, -0.49, • • • O.m, 0.50 

Reading the coonlinate p:ii rs from assiN*iat4Ml vertical columns, one can 
plot any contour of constant />; reading them from ;i single row, one can 
plot any contour of constant X. 
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Table Bl- Coordinates or Points us HI Th r ■ k- Bar-Lin hag e 

Nomogram 
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Table ^.--Coordinates of Points on the Tiiree-Bar-Linkaue 
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Table B 1. — Coordinates of Points on the TiiRKE-IiAu-LtNKAOK 
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This book, divided into two parts, 
deals first with rnqum. v :<sp.. n s< 
techniques of servomechanism design. 
The required mathematical background 
is summarized and applications are de- 
scribed. The second section of the 
book presents a new design technique, 
which depends upon minimization of the 
rms errors with which the mechanism 
produces a desired result, in the presence 
of electrical noise and other disturbances. 
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The procedures for measuring propcrtic3 of microwaves and the circuits in which they 
are used are described in detail in this volume. Describes the sources of power suitable 
for measuring purposes and the means for detecting energy at microwave frequencies. 
Standing-wave measurements and the determination of impedance arc considered. 
Techniques arc described for the measurement of power and attenuation covering the 
whole range of power levels which are encountered. Various microwave devices such 
as directional couplers, spectrum analyzers, and impedance bridges are treated in 
detail. 
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Deals primarily with low-power microwave triodes and klystrons, and their perform 
ance as local oscillators, signal generators, and low-power transmitters. Covers the use 
of triodes and klystions as mixers, amplifiers, oscillators, and frequency multipliers, 
and the performance of planar triodes with small electrode spacing as low-powei 
sources of CW and pulse power. Considerable attention is given to the theory and use 
of two-cavity and reflex klystrons. 
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Discusses the theory, properties, and use of silicon and germanium point -contact 
rectifier* which have been dev el oped for use as microwave converters and for other 
circuit applications. Treatment of the theory by semicondutt ors. of the semi-conductor 
metal contact, of frequency conversion by rectifiers and of noise generation by crystals 
is followed by engineer in^ informat ion. 
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Deals with the microwave portions of receivers for very high-frequency waves. 
After a general discussion of the various types of receiving systems and their relative 
merit, the conversion frequency problem is treated in all its aspects. Practical mixers 
arc described and their design problems are discussed. A chapter is devoted to the 
special proper! its of balanced mixers. Schemes are described for maintaining a constant 
absolute frequency of the local oscillator as well as those for stabilizing to a constant 
frequency difference between the transmitter and local oscillator. 
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